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Tzu-Yang Tsai

1 Goal

We focus on the cubic equation

C : x3 “ d,

where d P N is cubic free. For prime p, define

appCq “ #tsolutions of C mod pu ´ 1

Then

appCq “

$

’

’

’

&

’

’

’

%

2 , if p ” 1 pmod 3q and d is a cube mod p;

´1 , if p ” 1 pmod 3q and d is not a cube mod p;

0 , if p ” 2 pmod 3q or p | 3d.

Our goal is to find a modular form θχ, whose Fourier coefficient coincides with appCq. Moreover, we’ll see

it is actually a normalized eigenform. Lastly, we’ll see its image of Galois representation being S3.

2 Construct θχ

For z P C, denote
epzq “ e2πiz.

Let A “ Zrµ3s, B “ 1?
´3
A, and Trpzq “ z ` z˚ for z P C, where z˚ is the complex conjugate of z.

For N P N, ū P 1
3
A{NA, τ P H, define the holomorphic function

θūpτ,Nq “
ÿ

nPA

e
´

N |
u

N
` n|

2τ
¯

.

Lemma 1. Let d,N P N, ū P B{NA, then we have:

θūpτ ` 1, Nq “ e

ˆ

|u|2

N

˙

θūpτ,Nq (1)

θūpτ,Nq “
ÿ

v̄PB{dNA
v̄”ūpNAq

θv̄pdτ, dNq (2)

θū
ˆ

´1

τ
,N

˙

“
´iτ

N
?
3

ÿ

w̄PB{NA

e

ˆ

´
Trpuw˚q

N

˙

θw̄pτ,Nq. (3)
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Proof. (1) Notice that N | u
N

` n|2 ”
|u|2

N
in Z, so

θūpτ ` 1, Nq “
ÿ

nPA

epN |
u

N
` n|

2
q e

´

N |
u

N
` n|

2τ
¯

“ e

ˆ

|u|2

N

˙

θūpτ,Nq

(2) Observe that

θūpτ,Nq “
ÿ

nPA

e
´

N |
u

N
` n|

2τ
¯

“
ÿ

nPA

e

ˆ

Nd|

u
N

` n

d
|
2τd

˙

If we let n “ v ` md for some v,m P A, then

θūpτ,Nq “
ÿ

v̄PA{dA
mPA

e

ˆ

Nd|
u ` Nv

Nd
` m|

2τd

˙

“
ÿ

v̄PA{dA

θu`Nv
pdτ, dNq.

(3) Note that B{NA Ă 1
3
A{NA – A{3NA. Then if we identify A as Z2, for v P B, 3v P

?
´3A Ă A can

also be recognized as an element in Z2.

Let f “ e´π|x|2 . For v̄ P pZ{NZq2, γ P GL2pRq, define

θv̄0pγq “
ÿ

nPZ2

fppv{N ` nqγq.

Also, recall the Fourier transformation of a function F : pZ{NZq2 Ñ C is defined as

F̂ pv̄q “
1

N

ÿ

w̄PpZ{NZq2

F pw̄qµ
´xw,vSy

N ,

where S “ r 0 ´1
1 0 s. We compute, for r ą 0,

rθv̄0pγrq “ r
ÿ

nPZ2

fppv{N ` nqγrq “ r
ÿ

nPZ2

ϕpv{N ` nq,

where ϕpxq “ fpxγrq. Then ϕ̂pxq “ r´2fpxpγ´1qT r´1q. The Poisson summation formula thus gives

rθv̄0pγrq “ r´1
ÿ

nPZ2

fpnSpγ´1
q
T r´1

qe2πixnS,v{Ny

“ r´1
ÿ

nPZ2

fpnγr´1
qµ

xn,´vSy

N

“ r´1
ÿ

w̄PpZ{NZq2

ÿ

nPZ2

n”wpNq

fpnγr´1
qµ

xn,´vSy

N

“ r´1
ÿ

w̄PpZ{NZq2

θw̄0 pγNr´1
qµ

xn,´vSy

N “ Nr´1θ̂v̄0pγNr´1
q.

Back to our problem, let γ P SL2pRq be the positive square root of 1?
3

“

2 ´1
´1 2

‰

, then observe

θ3̄v0

ˆ

γ
?
3N

b

t{
?
3

˙

“
ÿ

nPZ2

e´π
?
3N |p3v{3N`nqγ|2t

“
ÿ

nPZ2

e´2πN |pv{N`nq|2t
“ θv̄pit, Nq.
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Then the above formula by Poisson summation formula indicates

θv̄
ˆ

´1

iτ
, N

˙

“
t

N
?
3

ÿ

ūP 1
3
A{NA

e

ˆ

´
3pvu˚q2

N

˙

θūp3it, Nq,

where vu˚ “ pvu˚q1 ` pvu˚q2µ3. Extend the function of t P R` analytically to ´iτ for τ P H, we get

θv̄
ˆ

´1

τ
,N

˙

“
´iτ

N
?
3

ÿ

ūP 1
3
A{NA

e

ˆ

´
p
?

´3vp
?

´3uq˚q2

N

˙

θūp3τ,Nq

Notice that for any w̄ P B{NA,
ř

nPA e
´

N |
w{N`n

?
´3

|2 3τ
¯

, so

θw̄pτ,Nq “
ÿ

r̄PA{
?

´3A
mPA

e

ˆ

N |
pw ` Nrq{

?
´3

N
` m |

2 3τ

˙

“
ÿ

r̄PA{
?

´3A

θpw`Nrq{
?

´3
p3τ,Nq

Then noting that p
?

´3vw˚q2 “ Trpvw˚q, substituting this formula to the above equation completes the

proof.

We now present a useful lemma computing the sum of exponential:

Lemma 2. For b, d P Z, p3b, dq “ 1, let ϕb,d “
ř

v̄PA{dA e
´

b|v|2

d

¯

, then ϕb,d “ d
`

d
3

˘

Proof. First consider the case d is a prime ‰ 3. If d “ 2, ϕb,d “ epb ¨ |0|2{2q ` epb ¨ |1|2{2q ` epb ¨ |µ3|
2{2q `

epb ¨ |1 ` µ3|
2{2q “ ´2 “ 2 ¨

`

2
3

˘

since b is odd.

For d ą 4, there is an isomorphism Zr
?

´3s{dZr
?

´3s to A{dA, so

ϕb,d “
ÿ

r1,r2PZ{dZ

e

ˆ

bpr21 ` 3r22q

d

˙

If d ∤ m, note that the number of r P Z{dZ such that s ” r2 pmod dq is 1`
`

s
d

˘

for s P Z{dZ, then we have

ÿ

rPZ{dZ

e

ˆ

mr2

d

˙

“
ÿ

rPZ{dZ

´

1 `

´ms

d

¯¯

e
´s

d

¯

“

´m

d

¯

gpχq,

where χ “
`

‚

d

˘

. But gpχq2 “ χp´1q|gpχq|2 “
`

´1
d

˘

d, we conclude

ϕb,d “

ˆ

b

d

˙

d

ˆ

´1

d

˙

d ¨

ˆ

3b

d

˙

d

ˆ

´1

d

˙

d “

ˆ

´3

d

˙

d “

ˆ

d

3

˙

d

by the quadratic reciprocity.

Observe that for x P N´1B,

ÿ

w̄PA{NA

e pTrpxw˚
qq “

$

&

%

N2 x P B,

0 x R B;
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ÿ

v̄PB{NA

e pTrpvx˚
qq “

$

&

%

3N2 x P A,

0 x R A.
(4)

We now return to the original statement of lemma. If d “ pt for some prime p ‰ 3 and t ą 1, we apply

induction on t:

ϕb,pt “
ÿ

v̄PA{pt´1A

ÿ

w̄PA{pA

e

ˆ

b|v ` pt´1w|2

pt

˙

“
ÿ

v̄PA{pt´1A

e

ˆ

b|v|2

pt

˙

ÿ

v̄PA{dA

e

ˆ

Trpbvw˚q

pt

˙

“ ϕb,pt´2p2 “

ˆ

pt

3

˙

pt.

If d “ d1d2 ą 0 for some d1, d2 P N such that pd1, d2q “ 1, consider the bijection from A{d1A ˆ A{d2A to

A{dA by pū1, ū2q ÞÑ d2u1 ` d1u2. Then

ϕb,d “
ÿ

v̄PA{dA

e

ˆ

b|v|2

d1d2

˙

“
ÿ

ū1PA{d1A

e

ˆ

b|u1|
2

d1

˙

ÿ

ū2PA{d2A

e

ˆ

b|u2|
2

d2

˙

“ ϕbd2,d1ϕbd1,d2

Thus, for general d “
ś

i p
αi
i ą 0, ϕb,d “

ś

i

´

p
αi
i

3

¯

pαi
i “

`

d
3

˘

d via induction to the number of prime factor.

Lastly, for d ă 0, ϕb,d “ ϕ´b,´d “
`

´d
3

˘

p´dq by
`

´1
3

˘

“ ´1.

For N P N, define Γ0p3N,Nq “ t

«

a b

c d

ff

P SL2pZq | b ” 0 pmod Nq, c ” 0 pmod 3Nqu.

Proposition 2.1. For N P N, ū P A{NA, γ “ r a b
c d s P Γ0p3N,Nq,

pθūrγs1qpτ,Nq “

ˆ

d

3

˙

θaupτ,Nq,

where
`

d
3

˘

is the Legendre symbol.

Proof. May assume d ą 0 since θau “ θ´au. Observe that aτ`b
cτ`d

“ 1
d

´

1
d{τ`c

` b
¯

, then by lemma,

θupγpτq, Nq “
ÿ

v̄PB{dNA
v̄”ūpNAq

θu
ˆ

1

d{τ ` c
` b, dN

˙

“
ÿ

v̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2

dN

˙

θv̄
ˆ

´
1

´d{τ ´ c
, dN

˙

“
ipd{τ ` cq

dN
?
3

ÿ

v̄,w̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2 ´ Trpvw˚q

dN

˙

θw̄
ˆ

´
d

τ
´ c, dN

˙

“
ipcτ ` dq

dNτ
?
3

ÿ

v̄,w̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2 ´ Trpvw˚q ´ c|w|2

dN

˙

θw̄
ˆ

´
d

τ
, dN

˙
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Observe the sum above fixing w. Notice that cw P NA, we have

ÿ

v̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2 ´ Trpvw˚q ´ c|w|2

dN

˙

“
ÿ

v̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v ´ cw|2 ´ Trppv ´ cwqw˚q ´ c|w|2

dN

˙

“ e

ˆ

´
Trpauw˚q

N

˙

ÿ

v̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2

dN

˙

,

since ad ´ bc “ 1. Notice that the summand depends only on v pmod dAq since N | b, and the fact that

pd,Nq “ 1, we see from Lemma 2

ÿ

v̄PB{dNA
v̄”ūpNAq

e

ˆ

b|v|2

dN

˙

“
ÿ

v̄PA{dA

e

ˆ

b|v|2

dN

˙

“

ˆ

d

3

˙

d.

Back to the original formula, the above induces

θupγpτq, Nq “
ipcτ ` dq

Nτ
?
3

ˆ

d

3

˙

ÿ

w̄PB{dNA

e

ˆ

´
Trpauw˚q

N

˙

θw̄
ˆ

´
d

τ
, dN

˙

“
ipcτ ` dq

Nτ
?
3

ˆ

d

3

˙

ÿ

v̄PB{NA

e

ˆ

´
Trpauv˚q

N

˙

θv̄
ˆ

´
1

τ
,N

˙

“
cτ ` d

3N2

ˆ

d

3

˙

ÿ

v̄,w̄PB{NA

e

ˆ

´
Trpvw˚ ` auv˚q

N

˙

θv̄ pτ,Nq

By equation (4),
ř

v̄PB{NA e
´

´
Trpvw˚`auv˚q

N

¯

“

$

&

%

3N2 if w̄ “ ´au,

0 if w̄ ‰ ´au.
Therefore,

pθūrγs1qpτ,Nq “ pcτ ` dq
´1θupγpτq, Nq “

ˆ

d

3

˙

θaupτ,Nq.

Observe that if δ “ r N 0
0 1 s, then δΓ0p3N2qδ´1 “ Γ0p3N,Nq. This inspires the following construction:

Theorem 2.2. Let N P N, χ : pA{NAq˚ Ñ C˚ be a character extended multiplicatively to A. Define

θχpτq “
1

6

ÿ

ūPA{NA

χpuqθupNτ,Nq.

Then θχ P M1p3N2, ψq, where ψ “ χ ¨
`

‚

3

˘

.

Proof. Observe that for γ “ r a b
c d s P Γ0p3N

2q,

pθūrδγs1qpτ,Nq “ pθūrpδγδ´1
qδs1qpτ,Nq “

ˆ

d

3

˙

pθaurδs1qpτ,Nq,
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since δγδ´1 P Γ0p3N,Nq and dδγδ´1 “ d. Thereby,

θχrγs1pτq “
1

6

ÿ

ūPA{NA

χpuqθurγs1pNτ,Nq

“
1

6

ÿ

ūPA{NA

χpuqθurδγs1pτ,Nq

“
1

6

ÿ

ūPA{NA

χpuq

ˆ

d

3

˙

θaurδs1pτ,Nq

“
1

6

ˆ

d

3

˙

χpaq
´1

ÿ

ūPA{NA

χpuqθupNτ,Nq “

ˆ

d

3

˙

χpdqθχpτq.

It’s left to check the growth of the Fourier coefficient. In fact,

θχpτq “
1

6

ÿ

nPA

χpnq ep|n|
2τq “

8
ÿ

m“0

ampθχqqm.

So the Fourier coefficient ampθχq “ 1
6

ř

nPA
|n|2“m

χpnq “ Opmq, which indicates the last necessary condition

of modular form.

The unit group of A is A˚ “ t˘1,˘µ3,˘µ
2
3u. By the formula Fourier coefficient, θχ “ 0 unless χ |A˚

trivial, so we’ll assume this in the following.

Let π P A be a prime such that |π|2 ‰ 3. For any α relatively prime to π, the analog of Fermat’s Little

Theorem states that

α|π|2´1
” 1 pmod πq

Thus,

α
|π|2´1

3 ” µk
3 pmod πq

for some k “ 0, 1, 2. Therefore, we define the cubic residue character χπ of α modulo π by χπpαq “ µk
3.

Additionally, χπpαq “ 0 if π | α. We have the following properties (without proof, ref. Kenneth Ireland

and Michael Rosen, A Classical Introduction to Modern Number Theory, Chapter 9):

Proposition 2.3. Let π, π1 P A be primes such that |π|2 ‰ |π1|2 ‰ 3. For any α1, α2 relatively prime to π,

1. χπpαq “ 1 if and only if x3 ” α pmod πq has a solution.

2. χπpα1α2q “ χπpα1qχπpα2q.

3. If α1 ” α2 pmod πq, then χπpα1q “ χπpα2q.

4. (Cubic Reciprocity) χπpπ1q “ χπ1pπq.

Then the theorem follows:
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Theorem 2.4. Let d P N be a cubic free integer, N “ 3
ś

p|d p. Then there exist a character χ :

pA{NAq˚ Ñ t1, µ3, µ
2
3u, such that the multiplicative extension of χ to A is trivial on A˚ and on primes

p ∤ N , while on elements π of A such that ππ̄ is a prime p ∤ N it is trivial if and only if d is a cube modulo

p.

Corollary. With the character χ defined in the theorem, appθχq “ appCq, for all p P P .

3 Normalized Eigenform

Let P be the set of all primes in N. Recall Theorem 5.9.2.:

Theorem 3.1. Let f P MkpN,χq, fpτq “
ř8

m“0 ampfqqm, then the following are equivalent:

1. f is a normalized eigenform.

2. Lps, fq has an Euler product expansion

Lps, fq “
ź

pPP
p1 ´ app

´s
` χppqpk´1´2s

q
´1.

Note that A is a principal ideal domain, so every maximal ideal is generated by an irreducible element

t “ a ` bµ3 of A. Then |t|2 “ a2 ´ ab ` b2 is either p or p2 for some prime p.

Notice that a2 ´ ab ` b2 “ 1
4
pp2a ´ bq2 ` 3b2q, so Dt P A such that |t|2 “ p for p ‰ 3 is equivalent to

´

´3
p

¯

“ 1, which is again equivalent to 3 | p´ 1. With this discussion, we may separate p into three cases:

1. For p “ 3, |t|2 “ a2 ´ ab ` b2 “ 3 gives solutions pa, bq “ ˘p1, 2q,˘p2, 1q,˘p1,´1q, which induce

t “ ˘
?

´3, ˘3˘
?

´3
2

. In fact, this solution set is just
?

´3A˚, so every t generates the same maximal

ideal x
?

´3y. Also,

a3pθχq “
1

6

ÿ

nPA
|n|2“3

χpnq “ χp
?

´3q, ψp3q “ 0.

2. For 3 | p ´ 1, there exists πp P A such that |πp|2 “ p, and xπpy, xπ̄py are both maximal ideal. Also,

appθχq “
1

6

ÿ

nPA
|n|2“p

χpnq “ χpπpq ` χpπ̄pq,

since tn P A | |n|2 “ pu “ πpA
˚ \ π̄pA

˚. In addition,

ψppq “ χppq

´p

3

¯

“ χppq.

3. For 3 | p ´ 2, there isn’t any t P A such that |t|2 “ p. But we still get xpy as a maximal ideal. Also,

appθχq “ 0, ψppq “ χppq

´p

3

¯

“ ´χppq.
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Let S “ t
?

´3u\tπp, π̄p | p ” 1 pmod 3qu\tp | p ” 2 pmod 3qu be the set of all generators of maximal

ideals of A, then @x P A, x can be uniquely written as u
ś

πPS π
aπ for some u P A˚, aπ P N0, aπ “ 0 for all

but finitely many π.

By the definition, we compute

Lps, θχq “
1

6

ÿ

nPA{t0u

χpnq|n|
´2s

“
ź

πPS
p1 ´ χpπq|π|

´2s
q

´1
“

ź

p

Lpps, θχq.

1. For p “ 3,

Lpps, θχq “ p1 ´ χp
?

´3q|
?

´3|
´2s

q
´1

“ p1 ´ χp
?

´3q3´s
q

´1;

2. For 3 | p ´ 1,

Lpps, θχq “ p1 ´ χpπpq|πp|
´2s

q
´1

p1 ´ χpπ̄pq|π̄p|
´2s

q
´1

“ pp1 ´ χpπpqp´s
qp1 ´ χpπ̄pqp´s

qq
´1

“ pp1 ´ pχpπpq ` χpπ̄pqqp´s
` χppqp´2s

q
´1

“ p1 ´ appθχqp´s
` ψppqp´2s

q
´1;

3. For 3 | p ´ 2,

Lpps, θχq “ p1 ´ χppq|p|
´2s

q
´1

“ p1 ´ appθχqp´s
` ψppqp´2s

q
´1;

In either case, the second condition in the Theorem 5.9.2. is verified. Therefore, we may conclude

Theorem 3.2. For any N P N and a character χ : pA{NAq˚ Ñ C˚ extended multiplicatively to A, θχ is a

normalized eigenform.

Remark. One can prove that θχ is actually a cusp form when d ą 1.

4 Galois Representation

Embed S3 into GL2pZq by

p1 2 3q ÞÑ

«

0 1

´1 ´1

ff

, p2 3q ÞÑ

«

0 1

1 0

ff

Let F “ Qrd
1
3 , µ3s, then the above gives a representation ρ : GalpF {Qq Ñ GL2pZq. Then

Tr ρpFrobpq “

$

’

’

’

&

’

’

’

%

2 if p ” 1 pmod 3q and d is a cube mod p;

´1 if p ” 1 pmod 3q and d is not a cube mod p

0 if p ” 2 pmod 3q.
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matches the formula of appθχq. Also, the determinant of ρ is defined on conjugacy classes over unramified

primes,

det ρpFrobpq “

$

&

%

1 if p ” 1 pmod 3q;

´1 if p ” 2 pmod 3q.

This coincides with ψppq. So the Galois group representation ρ, as described by its trace and determinant

on Frobenius elements, arises from the modular form θχ.
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