Ochanine’s theorem on spin manifolds

B08201002 Ming Yuan Chang

In this report, we will investigate the integrality of some genera. To do this, we need to view a family of
genera as a modular form, which comes naturally if we defined the genera by power series f(7,z) that are
Jacobi form of weight —1. We will introduce some theory of Jacobi form to investigate elliptic genera of
level 2. The modular form expanding at different cusps (0 and oco) corresponds to twisted A—genera and
signature introduced in subsection 3.1 and 3.2. Using the theory of modular forms and the integrality of
twisted A-genera on spin manifold, we obtain the theorem of Ochanine.

The argument can be applied to more general situation, elliptic genera of level N defined for complex
manifolds. We will introduce the ®-function, which is a theta function, and define a family of complex
elliptic genera. This time, involving twisted x,-genera and Euler characteristic, we can obtain similar result

under appropriate assumptions.
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1 Jacobi form and theta function

1.1 Jacobi form

Definition 1.1. For 7 € H, let U(7,z) be an elliptic function in z (i.e., meromorphic, doubly periodic with

respect to 2mi(Z T+ Z)). Let k € Z, I' C SLo(Z) congruent, then we call ¥ a Jacobi form on I' of weight k if

V(y(r) Jer+d)™" =U(r,z) for y=(24) el

“er+d

Notice that the Weierstrass p-function

ora) =+ Y (—om— o)

we2mi(Z T+ZL),w#0

is a Jacobi form on I' = SLy(Z) of weight 2.

U(r,2) = z, a function only in x, can be viewed as a Jacobi form of weight —1.

Theorem 1.2. Let ¥(7,z) be a Jacobi form on T' of weight k as above. Let n € Z,«, 8 € R, and let g, (7)

be the n-th coefficient in the Laurent expansion of ¥(r,-) at 2mi(ar + 8). Then we have
In[Wksn =gn forall yel with (a,B)y= (o, ) mod Z*

Proof. By the Cauchy integral formula,

gn(T)_L%\I/(T,SU-FQTri(OzT-FB)) dx

T o gntl

Thus by definition,

9n h’]k+n (7—) = 0n (’7(7’))(07— + d)—(k-‘rn)

1 U(y(1), (z(cT + d) + 2mi(a’T + 8))/(cT + d))

" 2ni (@(er + )™ (c7+d) 7 d(x(er +d))

1 % U(r,y + 2wi(a/T + 8))

= % yn+1

dy

where v = (2%) €I" and (o, ') = (e, 8)7. Notice that y = z(c7 + d) preserves the orientation of the closed

loop when changing variable.

O

Corollary 1.3. Define e (1) = p(7,7i), ea(T) = (7, 7iT), es3(7) = p(1, wi(T + 1)), the value of Weierstrass

p-function at the 2-division points i, wiT, wi(7 + 1). Then

e1 € My(To(2)), €2 € My(T°(2)),  and ese M(( 1 §)T0(2)(971))



Moreover, for v € SLo(Z), [y]2 permutes e1, ea, es (This follows directly from the fact that g is a Jacobi form

of weight 2.). In particular,

er[(§ 0 )]e =2, e2f(§ " )]2 =1, esl(§ 5" )]2 = es

1
Proof. e1(7) is the 0-th coefficient of p(7,-) at 2mi(07 + 5), so by 1.2 it is modular of weight 2 with respect

to

1

)7 = (0,

1
5 =) mod Z°%}

{’7 c SLQ(Z) : (O, 5

which is exactly Tg(2). Similar for e3(7). For ez one should check
{v=(2Y%) :a+cb+d odd }=(2§)e(2)(97")

This can be done by, for example, two directions of containment using conjugation.

1 1
In the proof of 1.2, we see that since (0, 5)((1) o) = (5,0), we have e[(§ 1))z = ez. Similar for ez, e3. O

Theorem 1.4. We have

1
p(r,2) = Z (q"/2ea/2 — g—n/2e=2/2)2 Il Z ("% — n/2) 5)

neZ nez, n7é0

where g = ™7,

Proof. For a fixed 7 € H, notice that |¢| < 1, so the first summand converges absolutely and uniformly in

x at least on bounded subset, but it is also periodic in z with respect to 27wi(Z 7 4 Z). It has pole of order

2minTt+x

2 exactly at those = so that e = 1 for some n € Z, which are the lattice points. Moreover the local

1
behavior is — Thus it differs by p(7, ) up to addition of a constant. To determine the constant notice that

1
p(r) = — + O(z), and for z — 0 we have
x

1 1 1
= @
nze:z (qn/Qex/Q _ qfn/267I/2)2 (ex/2 _ 671/2)2 + nz?;o (qn/2 _ q*n/2)2 + ({E)

1 1 1
= -+ Y ey +O0)
22 12 7; (q"/? — q—n/2)2
23

where we computed (e*/2 — e™%/%)2 = (2 + = + O(z*))? = 22 +

1
- —at+ 0(25). O

12

Corollary 1.5. For |g| < min{|e”|, |e™"|},

1 T —dax
o(r,z) = W“LZ S d(ed + e )" +12 1—24201 7"

nld\

where o,.(n) = Z dr.



Proof. Apply

1 a b
(@172 — q—1/2)2 = (1—a)? = Zk a
for |a| < 1 to 1.4, we get
B 1 1
p(r,z) = (€772 — c—u/2)2 + ; (q"2ce/2 — g-nl2e—a/2y2 " 12 Z 72 — n/2)

n

T 7[6 dn 1 - n
(eac/2 eac/2 +sz ¢ ¢ +ﬁ_2zqud

n>0d=1 n>0d=1

1 dx —dx
(ew/Q_e ZE/2 +Z Zd te ))q +121_24201 )

n=1 d|n

O

Corollary 1.6. The functions ey (7) = p(7,7i), e2(7) = p(7, miT), e3(7) = p(1, wi(7 4+ 1)) defined in 1.3 are

modular form of weight 2 (with respect to different groups), and we have the Fourier expansion

er(r) = 1+24Za°dd ") € Ma(To(2))

ea(T) = 112(1+24 Zaodd q"'?) € My(I°(2))

ea(r) = 75 (1+24- Z )"0t (n)g"?) € Ma(( 21 5)To(2)(§ 7))
odd : -1
where 079%(n) = Z d. In particular we see that ex(27) = 761(7’).
d|n,d odd

Proof.

dmi e—dm

e Simply put = 77 in 1.5 and e = 2(—1)? we get the formula for e, (7).

e Note that ™™ — =7 = ¢4/2 _ (=d/2 g4

1 oo
62(’7') + ann/2 + ZZ dq (1+2n/d)/2 + dqd( 1+2n/d)/2 2201(77/)51
n=1 d\ =

oo

:%Jerqm/erZ( Z dg™? + Z dg™/?) — Z

m=1 m=1 1#m/d odd m/d odd n=1

oo

SR ICID ST AL

m=1 m/d odd

The coefficient of ¢™/2, m odd, is 2 Z d = 201(m) = 2099 (m).
m/d odd



The coefficient of ¢™/2, m even, is 2 Z d —201(m/2). Now write m/2 = 2" - a, with a odd. Then

m/d odd
2 Z d= 21+2 Z d= 21+20.i)dd (a)
m/d odd a/d odd

2l+1

Also, we have the formula oq(m/2) = ( —1)0999(a), which can be easily obtained by induction on

[. To sum up, the coefficient is

242534 (a) — 2(2141 — 1) (a) = 207 (a) = 207 (m)

e Finally,
1 = _ =
63(7’) — 12 +Z nqn/2+zz 1+2n/d)/2 ( l)ddqd( 1+2n/d)/2)_22(_
n=1 n=1 d|n n=1
1 = m, . m = m m =
=5t (DM mg" P Y (Y ()M Y (~1)dg™) =2 (-
m=1 m=1 1#m/d odd m/d odd n=1

s AP MCIDUNCIIEEEE) VE

m=1 m/d odd

The coefficient of ¢™/2, m odd, is 2 Z (=1)4d = —201(m) = 2(=1)"09 (m).

m/d odd
The coefficient of ¢™/2, m even, is 2 Z )4 — 2(—=1)"01(m/2). Now write m/2 = 2! - a, with a
m/d odd
odd. Then
2 Z dd 2l+2 Z d= 2l+2 Odd( )
m/d odd a/d odd

Also, we have the formula o (m/2) = (21 — 1)0%94(a), which can be easily obtained by induction on

l. To sum up, the coefficient is

242034 (a) — 2(241 — 1)0Y () = 2054 (a) = 2(~1)" 05" (m)

O

-1 =z

Definition 1.7. Define the ~operator for a function f(7, ) by f(,z) = f( —)(27)* for an appropriate

21 27
weight k for f. If f(7) € My(T'o(2)), a function only in 7, we give it weight k, the weight as a modular form,
then
- -1 B
f(r) = f(zT)(QT) = fI(95")Iw(27)

Recall that T'y(2) has two cusp, oo and 0. Thus the operator on f is simply computing the expansion at 0,
and composing with 7 +— 27 since 0 has width 2. One can easily verify that f[(9 !')]x(7) € My (I'°(2)) and
f(r) = FI(9 3)1k(27) € My (To(2)), and in fact ~ is a graded algebra automorphism of M, (I'(2)).



Corollary 1.8. We can define two modular forms § € M(I'g(2)) and € € M4(T'9(2)) and compute their

Fourier coefficients:

62—*61 7+6Za°dd 1+6q+

€ = (61 — 62)(61 — 63)

_ 7—420'0(1(1 n_Qio_?dd(n n/2 7-420’0(1(1 _22 n odd n/2)
n=1

-1 -1
= (5 — 20" = 6q+ ) +2¢'/* —6g+ )

Notice that for v € T'o(2), [v]2 fixes e; and either fixes ey, e3 or interchanges es with es (1.3), thus indeed
€EC M4(F0(2))
Next, apply the ~ operator we get 6 € M(T'o(2)) and € € My(T'(2)):

5(7—) = _262(27) = %61(7’) = — — 320(1)dd(n)qn

é(r) = (62(27) —e1(27))(e2(27) — e3(27))

+ 2 Z O_Odd ng Z Uodd . Q(i(l _ (_1)n)g?dd(n)qn)

1 +8 Z O,odd n 416 Z a,odd (i (1 _ (271)n)o,§)dd(n)qn)

— q + e
From the above expression, an important observation is that 44, 16e, 86 and ¢ has an integral g-expansion,

which is the key in our proof of theorem of Ochanine.

Theorem 1.9.
M, (T'9(2)) = C[6, €]

Proof. Notice that T'g(2) =T'1(2). —I € I'g(2) so there is no odd weight. By the table in 3.9 of [Diam], we

have for k even,

dim Mj(To(2)) = m +1

Now since 6 is of weight 2 and € of weight 4, in Ma, (Io(2)) we have 627,62 2¢, ..., €% (or 6 1/2 if
2

odd). Since the number matches {IJ +1, we only need to prove they are linearly independent. Suppose there

is such relation, dividing by 6" we know that ¢/d? satisfies a polynomial of constant coefficient everywhere,

hence a constant. But from the Fourier coefficient expanded at oo (1.8),

1
1
52:E+3q+



We see that € and 62 are linearly independent over C, a contradiction. O

Remark 1.10. In the above proof, we see that if n is odd, every modular form in Ms,(T((2)) can be
divided by ¢. In the proof of Ochanine’s theorem, we essentially will use this observation from the condition

dim X =4 (8).

1.2 Theta function

Definition 1.11. Let L C C be a lattice. A meromorphic function f is called a theta function for L
2

d
if — el log f(x) is elliptic with respect to L. The theta functions f(z) = eas’ Hhate for a,b,c € C are called

trivial theta functions.

Definition 1.12. The Weierstrass o-function for the lattice 2mi(Z 7+ Z

~

is defined by the product

T z 1z

= 1 —_— — . —_— —_— —
cro=a I =D e+ 5(0)
we2mi(Z 7+Z),w#0
d2
It is clear that el log(o) = —p(,z). Hence o is a theta function. Also observe easily that
x
o), =) (e +d) = o(r,)

for v = (2Y) € SL2(Z), so it is a Jacobi form of weight —1.

Theorem 1.13. We have a product expansion

o 2 (2 el rp (L=a"e”) (1 —q"e™)
o(r,w) = exp(5Ga(r) @) (2 — /%) - ] (1—q")?

n=1

1
where Go(T Z Z Criler T and the sum omits (¢, d) = (0,0).

d2
Proof. Apply T2 log to right-hand side we get

d 1 x = —q"e” q"e "
2 (2 coth(=
@m+m5m<g S et T )
— Go(r) — izz eke _ ke . gnk)
2 451nh % d
n=1k=1
1 = n dx 7dz
—§+22;odMq‘f:;51;7¢7— ;;%:d +e
=—p(7,2)
We have used the expansion Gy (7 —|— 2 Z o1(n)q" and 1.5.

T)z+e(T) )

We then know that o differs from rlght—hand s1de up to a multiplication of e Both sides begins

with « + O(z?) as « — 0, so ¢(1) = 0. Also both sides are odd, so b() = 0. Hence they are equal. O



Definition 1.14. Define the ®-function
1 2
8(r,2) = 0(7,2) - exp(~ 5 Galr) - 2%)

Then it is also a theta function since o (7, x) is. We then from 1.13 obtain a product formula

o0

a(r2) = (/2 = ) ]| 1_q£ o)
g1 —gne )
= 2smh 1:[ 1 — )2

We are going to investigate some properties of @, which is important for elliptic genera.

Theorem 1.15.

CZL’2

dmi(er + d)

) - (em + d) = exp( ) - ®(7,2)

“er+d

2

O(1, x4 2mi - (AT + p)) = qf%ef)‘x(—l))”r“ - (7, )
for A\, u € Z.

Proof.

1
(a) Since o(7,z) is a Jacobi form, the extra factor comes from the term exp(—=Gs(7) - %) and the formula

Ga(l(r) = Galr) = 5

(b) We only need to prove for A > 0, since changing left hand side to right hand side we get the formula for
(7>‘a 7:“’)

(1 _ q7z+)\ex>(1 _ qn—/\e—x)

(7,2 +2mi - (AT + p)) = (V2 (= 1)"e™/? — g M2 (=102 T q)?
—4q

1
= (=1)F - (=1)g M2 21— ") [ (1-q"eY)
n=A+1
0
H (_qne—m) —n a:

B B B B 3 0 17(]”6‘%)(17(]”6711:)
— (=1 . (=1 )\Jrlq A/2—=X(A 1)/26 )\aze z/2 1 — ¢ (
(1" (1) - [[ 5

u,’:]8
-
|
»Q
S
3
-
|
Q
3
e




Theorem 1.16. For a lattice L and F = C /L, we define Oy, to be theta functions for L and O, the trivial

ones. Then, the assignment f — div(f) induces an exact sequence:

1560, -0, —Div(E) =1

d ! d?
Proof. If f € O, has neither zeros nor poles, then e log(f) = f7 is globally defined, thus ) log(f) is a
x x

ax’+br+c

constant, say 2a, we get f =e for some a,b,c € C.

It is clear that the Weierstrass o-function has divisor (0) and is a theta function, so considering the products

of o(x — x;)™ ensures the surjectivity. O

2 Elliptic genera

Recall the fact that on the elliptic curve E = C/L, a divisor D = an - (P) is principal if and only if
an =0 and ZTLP'PEO (L).

2.1 Elliptic genera of level 2

Theorem 2.1.

(a) For 7 € H, let ¢1(7,z) be the elliptic function in z for the lattice 2mi(Z-27 + Z) with the divisor
1
(mi) + (mi(1 + 27)) — (mi - 27) — (0) and the normalization o1 (7,2) = - + O(1) as ¢ — 0. Then we have

w1(v(7) Yer+d)7 = pi(r,z) forall 4= (‘cl Z) e T'o(2)

“er+d

pi(r,2)* = p(r,2) = ex(7)

ler/2 e /2 2 (14¢"e")(1+q"e")/(1+¢")?
<p1(7',$c)=* /2 _ o—z)2 H — nox _ np—=x _ gn)2
2e e (1—qme®)(1—qe=®)/(1—q")

n=1

(b) For another 2-division point, let pa(7, ) be the elliptic function in z for the lattice 2mi(Z 7 4+ 2Z) with
1

the divisor (7i7) + (mi(2 + 7)) — (273) — (0) and the normalization ¢o(7,7) = — + O(1) as  — 0. Then
x

P2(7(7) Jer+d) 7t =go(r,x) forall y=(2%)eT??2)

“er+d

o1, 2)? = p(7,2) — ea(T)

pa(T, ) = 1 [Tz (1= q"2e") (1 — ¢"2e7) /(1 = ¢"/)?
) er/2 _ p—x/2 Hn=2m+2(]‘ _ qn/ZSI)(l _ qn/2€71)/(1 _ qn/2)2

where the product is over m > 0.

(c)
-1 z

- -1 —
501( - ’T)T 502(7_’1:)
Thus @1(7,2) = @1( Y(27)7t = (27, 1), here we give 1, s weight 1 with respect to the ~

operator (1.7).



Proof.

a e For Jacobi form, for a fixed y=(27) € I'y efine
For Jacobi f f fixed ab I'o(2) defi

U1 (Ta x) = ¥1 (’Y(T)v

CT+d) (er+d)7t = é +0(1)

For A\, u € Z compute

T+ 2mi(2AT + p)
et +d

1(7,x + 2w (2A7 + 1)) = 1 (7(7), Y- (er+d)t

= P11y g 2R 20(0) ) (e )
where (X', ') satisfies (1) (% %) = (1)), that is, (N ) (2 7) = (A p)- So X,y € Zand ¥

1 c
1 1, 11
is also doubly periodic. Also using this on the pair (0 0), (5 0), (0 5), (5 5), one can check that ¢,

has the same zeros and poles as 1, thus they are equal.

e Second, we prove @1 (7,2 + 2miT) = —@1(7,x). Since @1(7,z + 2miT) + 1(7,x) is elliptic with
respect to 2mi(Z 1 + Z) and has at most one pole of order one on this lattice, we know that it
should be a constant. Take x = 7 we find that the terms vanish and the constant is 0. So now
©2(r, ) is elliptic with respect to 27i(Z 7 + Z) and has the same poles of order two as p(7,z), so
021, x) = p(1,2) + C1(7). Again set x = mi we see C1(7) = —ey (7).

e Call the right hand side p;(x). It is meromorphic since |¢| < 1. Denominator gives poles at
x € 2miZ,2minTt £« € 2miZ, n € N, which are 2mi(Z7 + Z). Numerator gives zeros at = €
i+ 2w Z, 2minT £ x € Wi + 27 Z, n € N, which are i 4+ 27i(Z 7 + Z). So the divisors of ¢; and
p1 coincides. It is clear that p;(x + 27i) = p1(x), and

lge” +1 ﬁ (L+ g™ e") (A +g¢" e ™) /(1 +¢")?

2miT) = =
e+ = g1 M a— e = e =y

n=1

oo

11+e™" (14 qe®)(1 +q e *)/(1 + q")?
- H - _ )/( n)z = ()
21 —e* (1—gme*)(1—q"e *)/(1—q™)

1
Finally we see that as © — 0 the product cancel out and the behavior is — + O(1). Thus p; = ¢1.
x

(b) e First two equations are similar to (a).

e Call the right hand side ps(x). It is meromorphic since |g| < 1. Denominator gives poles at
x € 2mi L, winT £ x € 2wi Z, n € 2N, which are 27i(Z T + Z). Numerator gives zeros at minT £ x €
i+ 2miZ, n € 2N —1, which are miT + 2mi(Z T + Z). So the divisors of @9 and ps coincides. It is
clear that po(z + 27mi) = —pa(z), and

1 Hn=2m+1(1 . q(n+2)/2ex)(1 _ q(n72)/2671)/(1 o qn/2)2

p2(x + 2miT) = q2ev/2 — g=1/2¢=2/2 ] 1— ¢ 2)/2e2) (1 — q(n=2/2¢=2) /(1 — ¢*/2)2

n:2m+2(

1 (1—ge”)(1 =g "/2e®) [pmpmyr (1= ¢"%€") (1 — g"/2e™") /(1 — ¢"/2)?
q1/2ea:/2 _ q71/2€7Z/2 (]_ _ q1/261)(1 _ efa:) H (]_ _ qn/Qex)(]_ _ qn/267w)/(1 _ qn/2)2

n=2m-+2

10



_ 1 [mom i1 (1= ¢"2e") (1 — ¢"2e7*) /(1 — ¢"/%)? _ (@)
7= Ly pmia (L~ )1~ e ) [ g7

1
Finally we see that as © — 0 the product cancel out and the behavior is — + O(1). Thus ps = @a.
x

(c) We have (1.3)

-1z -1z
(T D2 = (T, Dy — (8 5h(r) = plr,2) — ea(r) = oalr, @)’
-1z, 4 -1z _; 1
So @1(7, ;)T = tpo(T, ), but @1(7, ;)7‘ = +O(1) as x — 0, so they are equal.

O

Definition 2.2. For each 7 € H, take f(z) = f(7,z) = (p(7, ) —e; (7)) ~'/? with the choice of normalization

1
(p(r,z) — ey (7))/2 = - + O(1). Then f is an odd function and Q(z) = —L_ defines a genus for compact

f(x)
oriented differentiable manifold of dimension 4k:
ok
X) = L VX
o0 = ([T 77

where p(TX) = (1 4+ 22)--- (1 + 23;). Notice that ¢(X) = ¢(X)(7) can be written as a function of 7.
Notice that the choice of normalization says that (p(7,z) — e1(7))/? = @1 (7, x), the function in 2.1. Thus

we can also write the genus as

2k
P(X)(7) = (H zip1(7, 24)) [ X]

Remark 2.3. In [Hirz] 1.7, we say that a genus is an elliptic genus (of level 2) if it is defined by a power

series Q(x) = with f satisfying a differential equation

o
f(z)
fP=1-25-f>+e- f*

for some constant 9, e.
In fact, the genera defined in 2.2 are elliptic genera, and for each 7 € H, the corresponding f(7,x) satisfies

the differential equation with §(7),e(7) defined in 1.8.

Corollary 2.4. For a compact oriented differentiable manifold X of dimension 4k, the elliptic genus ¢(X)(7)
is a modular form of weight 2k on I'y(2).

Proof. Notice that the elliptic genus is defined by the even power series xp1 (7, ). (We can see that this is
2k

even by action of —T to obtain o1 (7, —z) = —p1(7,z).) That is, formal factorize p(X) = p(TX) = H(l +a?)
i=1
and we can write

2k
o(X)(7) = {] [ zier (7, 2i) bar [ X]
i=1

11



where {-}4x takes the weight 4k part of polynomials in x;, view each z; as weight 2 indeterminates. Thus,

for v = (25) € Ty(2),

2k 2k
(X)2e(r) = ([T weor ()2 aw(er + )] = {[] g (1) ) aelX]

2k
= {H zip1(T, i) Yk [X] = p(X)(7)

We have used that zp1(7, ) is a Jacobi form of weight 0 proved in 2.1. It is holomorphic on H and at oo
since from the expansion of (7, x;), we see that ¢(X)(7) is a power series in g converging for |g| < 1.

I'y(2) =T'1(2) has another cusps at 0, we consider

e(O1(Y f{szw — }4k f{prszq Far[X]

which is the elliptic genus defined by xs (7, x), thus has a power series expansion in ql/ 2. We conclude that

»(X)(7) is a modular form of weight 2k on T'(2). O

2.2 Elliptic genera of level N for complex manifolds

Similar to the construction of the real cobordism ring, one can define the complex cobordism ring. This
time, the objects collected are the stably almost complex manifolds, which means that we can give TM & R*
a structure of complex vector bundle for some trivial bundle R*. Then we can again define the cobordant
relation and form a cobordism ring. For details and more general definition of cobordism, see [Ston]. Complex
genera are again defined simply as ring homomorphisms.

Recall that given an odd power series f(x) = x+- - -, we can define a genus on a compact oriented differentiable

(real) manifold X of dimension 4k by

where p(TX) = (1 +22)--- (1 +23,).
But if the manifold is almost complex of dimension 2d, we can use Chern class ¢(X) instead of Pontryagin
class. Then our power series f(x) =z + --- needs not be odd and we can define a complex genus

d .
=1 7y X

i=1

where ¢(X) = (1 + 1) - - (1 + zq).

We are now going to define a particular family of genera called complex elliptic genera.

Definition 2.5. Recall (1.14) the ®-function

Z T A —g"e™)
(T, —2s1nh§H l—q)

n=1
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If the power series f(x) is given by
. O(1,2)P(1, —w)
_ kx ) )
fla)=e O(r,z —w)

for some k, 7,w, we call the resulting complex genus a complex elliptic genus.

In elliptic genera of level 2, we use the power series f(z) = . Also, in Theorem 2.1 we proved that

901(7—7 :,C)

o) = 269”/2 —e /2 ﬁ (1—q¢"e") 1 —q"e*)/(1—q")?*  &(r,2)®(r, —mi)

ey e W e e [0+ 2 T T alre - m)

Thus they are also elliptic genera in this sense with & = 0,w = 7i.

There is a complex analogue of 2.1, called elliptic genera of level N that can be defined on complex manifolds.

Theorem 2.6. Let N € Nand «, 8 € Z, not both divisible by N, that is, 27i ar is a nonzero N-division

point on the elliptic curve C /2wi(Z T + Z). Then there is a unique function f, g(7,z) with the following

properties:

1) &+ fap(T,x) is a theta function on the lattice 2mi(Z 1 + Z).

2) The divisor of f, (7, ) is (0) — (2m‘(m—7]\jﬂ)).

3) fap(t,x) =2+ O(2?) for x — 0 and for all \, u € Z there exists an N-th root of unity v so that
fap (7,0 +2mi(AT + 1)) = v - fa,p(7,2)

Le. z— f5(r,2) is doubly periodic with respect to 2mi(Z  + Z).

Proof. From 1.16, we see that there exists a f, g(7, x) satisfying f. g(7, =), and is unique up to multiplication

ot + 8
N )). But

with a trivial theta function. Now fé\fﬁ is a theta function with divisor N - ((0) — (27

N (0—2mi &7 5

) € 2mi(Z T + Z), so there is an elliptic function g with the same divisor. f, B/g is then a
theta function without zeros and poles, by 1.16 this should be trivial §. So by multiplying f, g by 0N and
constant, we may assume fNB is elliptic with respect to 2mi(Z 7 + Z) and satisfies f, s(7,7) = = + O(2?) as

x — 0. This f '3 is uniquely determined and f,, s is uniquely determined by the normalization condition. [

Theorem 2.7. Let w = ZWiL]\—;_ﬂ, and fo g(T,2) as before.

az/N (I)(T7 x)<I>(7-7 —OJ)

(a) fOénB(Tax):e @(TI‘—LU)

(B) fap(T, @+ 2mi(AT 4 p)) = 2™ Or=BN/N £ (1, ) for all \, pu € Z.

(¢) fap(v(7), ﬁ)(m +d) = fia,p)y(7,z) for all v € SLy(Z). In particular, fo g(7,z) is a Jacobi form on
I'1(N) of weight —1.

13



Proof. To prove (a), we need to show that right-hand side satisfies the conditions in 2.6. From the properties
of ® we immediately see 1) and 2). For 3) we prove (b) for right-hand side and we will conclude (a),(b) at

once. By Theorem 1.15 we see the change x — x + 2mi(A7 + p) produces the extra factor

e—)\2/26—)\m(_1))\+/t

e2‘n’i((1AT+(¥/t)/N .
e—A?/2c—Mz—w) (_1)A+M

2mi(aAT+ap) /N | —2mi(Aat+AB)/N _ eQ'fri(a/l,—ﬂA)/N

=€ - €

Finally, for (c) we again claim that left-hand side satisfies conditions 1),2),3) for (¢/, ") = (, 8)7. For 3),
write (N, 1)y = (\, p),

x +2mi(AT + p) x+2mi(N(at + b) + p/ (e + d))

foz,B(’y(T)a or+d ):foz,ﬁ(v(,r)? or+d )
= fasr(r)s 2+ 2mi(XA(r) + ) (1)

= T =) £ (a(r)

)

Ter+d

This also implies 1), and clearly the function is also normalized as 2 + O(z?) for  — 0. Simple zero at 0,

b d
and simple pole at cri 7= QWiW, x = 27ria(aT i >J—\’—['B(CT +d) = 2mi p T]\—]’— s . This checks 2)
and finished the proof. O

We call the genera defined by these f, 3 complex elliptic genera of level N.

Corollary 2.8. The complex elliptic genera of level N defined by f. s are modular forms of weight d on
I', where T consists of those v € SLy(Z) such that (o, 8)y = (o, 8) (N). For fo s this is T'1 (V).

Proof. Exactly same argument as in level 2. Remember that 2.7 tells us that f, (7, ) is a Jacobi form on

I of weight —1. For v = (2}) € SL»(Z),

B xz/ et +d)
olX B {H o fa( )}Zd(CT+d {H T fap(y l'z/(CT—‘rd))}?d[X}

= {H fwh oy JalX] = (0(0)

So if in particular v € T, this shows that ¢(X)(7) is invariant under [y]q for v € T'. In general [y]4 for
7 € SLy(Z) transforms it to other elliptic genera of level N defined by f(4,3)y. Thus it remains to show that
all elliptic genera of level NV defined by f, g is holomophic on H and at co. We may assume 0 < a, 8 < N.
(aT + B)

Recall that we have the product expansion (w = 2mi ~ )

az/N | (I)(T’ ZL’)(I)(T, 7&))
O(1,2 — w)

oy (€772 — e 2)(1 — ) ﬁ (1—ge”)(1—gre ®)(1 —g"e)(1 - g"e ™)
(ex/2 _ e—m/2+w) (1 _ qnea;—w)(l _ qne—a:—i-w)(l _ qn)Q

foz,B(Ta ’I) =e€

n=1

From our assumption 0 < a < N and all n > 1 we see that the elliptic genera has an expansion in /N,

converging for |g| < 1. O

14



3 More genera and twisted genera

3.1 A genus

Definition 3.1. Let X be a differentiable manifold of dimension 2k and W a complex vector bundle over
X. Then the twisted A-genus A(X, W) is defined as
k

Acew) = 01 gy OV DIX]

where c(I¢ =1+z)--I4+ze) (I —21) - (1 —x), p =(142z7)---(14+x3), and ch is the ern
h TcX TX 2 2), and ch is the Ch

character.

Theorem 3.2. For a spin manifold X, A(X,W) € Z

Proof. Since X is spin, it has a global spinor bundle S — X. Now for any complex vector bundle W, give it
a trivial Clifford module structure and we obtain a Clifford module £ = S ® W. Take a Clifford connection

VE on E, consider the associated Dirac operator D, defined by the composition
E
I'(X,E) L5 T(X,T*X ® E) - (X, E)

where c is the bundle isomorphism from /\T*X to the Clifford bundle C(X). In local coordinates, D =
Zc(dxi)vgi. We see that D : I'(X, E¥) — I'(X, ET), so that we can write
0 D
Dt 0

D =

where D* are the restrictions of D to I'(X, E¥). The index of D is defined to be
ind(D) = dim(Ker D) — dim(Ker D™)
which is obviously an integer. The Atiyah-Singer index theorem says that

ind(D) = /X 2A(X). ch(W)

k
~ i 2 . . . cps 1
where the 2(X) means the class H zi/ here, so the right hand side is exact the definition of A(X, W)

-, sinh(z;/2)
in our article.

O

Definition 3.3. Now let X be a compact oriented differentiable manifold of dimension 4k. Define $(X)(7)

as viewing the components x;p1 (7, ;) as weight 0 with respect to the * operator (1.7), that is,
- {H 2 o1 2 aklX]
27 271
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On the other hand, view ¢(X)(7) as a modular form of weight 2k with respect to I'g(2) (2.4), so that we

have the expression

P(X)(1) = w(X) (5=

—_~—

In fact, (X)(7) = o(X)(7), since

—{H—sol (5 20l —{le 2}anlX] - (2r) 7 = o(X)(52)(2r) % = (X (7)

Since * induces a graded automorphism of M, (T'y(2)), we conclude that ¢(X)(7) is also a modular form of

weight 2k.

Definition 3.4. Let r = rank E. We define formally the expressions

o0 k o0
_ ik _ ko 4k
NE=D (N E)-t* SE=) (S*E) -t
k=0 k=0
Then in view of the formulas
T k) T o0 T
> ch(N\ EF)-tF =] +te ™), > ch(SPET) - tF = (1 +te ™ + 17> + )
k=0 i=1 k=0 i=1

We will denote these expressions by

T

/\ EY) = 1:[1 L+te™™), ch(S;E") = Hﬁ

=1

r = rank F/. Thus we can also put these expression into the twisted genera.

Theorem 3.5.
o . [loamio(—4")% o
( ) a A X n @-‘rl /\ T(C ¢ n:§+2 SanC) (Hn:2m+1(1 - qn)Q)
Proof. "
7= ([ Z e (5 21alx) = ([[rmaCerabulx
i=1 i=1
B Il 21 (1 =g e™)(1—q"e ") /(1 q")?
{H 6““/2 — e w2 ool — qrem)(1 — qre==) /(1 — g)2 Far[X]
xz/Q Hn:2m+1(1 - q”el'i)(l - q’ne—wi) . Hn:2m+2<1 - qn)2 2k
{H Slnh 1‘7,/2) Hn:2m+2(1 _ qnex,)(l _ q”e*zi) }4k[X] (Hn:2m+1(1 — qn)2>

_Ax, ® /\ Tew ® ST - (Hn:2m+2(1 - q")j)zk

n=2m-+1 n=2m-+2 Hn:2m+1 (1 - qn)
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3.2 Equivariant signature of the loop space

Definition 3.6. let X be a compact oriented differentiable manifold of dimension 4k. The equivariant
signature of the loop space is (defined as)
2%k

sonts. # X) = [t e [T e i)

Corollary 3.7.
sign(q, £ X) = 2°% - o(X) - (]|

Proof. By definition and the product expansion of ¢1(7,z) (2.1),

2k 00

ea:i/2 67Ii/2 ne—Ti neTi n\2 0 n\2
i—1

2 eri/Q _ e—at,;/? (1 _ qne—xi)(l _ qnezi)/<1 _ qn)2

n=1

2k

00 n)2
=2 Lt 0] = )™
i=1 "

_ 92k, T Q) o

n=1

O

Theorem 3.8 (Hirzebruch signature theorem). For a compact oriented differentiable manifold X of dimen-
sion 4k,

L(X) = sign(X)

where the L-genus is defined by the even power series

tanh
Proof. (Sketch) The signature is a cobordism invariant, which is compatible with the ring structure, so it is

a genus. Moreover, sign(CP*") = 1 = L(CP?"), and CP?" generates Q ® Q, we have sign = L. O

Corollary 3.9. The constant term of sign(q,.Z X) is sign(X).

Proof. The constant term is

2%k . -2
szl i— 6_1 bar[X] =27 2k{H 11‘ T Yar[X] = {H tanhxz}%[ | = L(X) = sign(X)
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3.3 xy-genus of the loop space

Definition 3.10. Let X be a compact complex manifold of complex dimension d, then the Hodge numbers

are defined as h?”? = h?9(X, QP) and the p-th holomorphic Euler number is defined as

x? is the index of the Dolbeault complex. Further define

d

Xy(X) =D xP(X) - yP

p=0

Then the yields

Theorem 3.11.
1+y-e™™

d
Xy(X) = H(xil_ie—x,-)[X]
i=1

Proof. This is a corollary of the Atiyah-Singer index theorem on elliptic complexes. Apply it on the Dolbeault

complex:
d d » q d 1
=3 = (o AT e AT [T = =
q=0 q=0 =1
d d
= (A T A ) (" =]
q=0 i=1
d
(A1) [[(—= )]
So now

O

This is not actually a genus since the power series does not begin with 1, so we must normalize it to obtain

a genus

d
Xy (X) Ltye ™ 1
A\ i . X
(1+y)d g<x 1—e % 1+y)[ ]

Also, we can define the twisted x,-genus for a complex vector bundle E over X by replacing h¥? = h?(X, QF)
by h1(X,QP @ E), similarly we get
T+ ye i
Xy(X, B) = ([[ s m— = - ch(B))[X]

1—e %
i=1

In the last section, we will turn some expression into these twisted genera and deduce integrality from that

of h9(X, 0P ® E).

18



Definition 3.12. Assume 2N|d. Let —y = e® be an N-th root of unity. We define the x,-genus of the loop

space
d 0o
1+y67$i 1+yqn67mi 1+y71qnemi
ZX) = : X
wie 2 X) = (Lo T AL T e
In view of 3.4,
(e 2 X) =x(XQN, T eQSrT e@N .72 ST
n=1 n=1 n=1 n=1

Theorem 3.13. Assume 2N|d. Let o = 2mik/N with 0 < k < N and ged(k, N) =1, —y = e%, then
Xy(4:Z X) = ona(X) - &(—a)? - (=)

Also, ®(7, —a) % is a modular form of weight d on T';(N). Hence, Xy(¢,Z X) is a modular function on
I’y (IV), that is, an automorphic form of weight 0.

Proof. Simply recall —y = e,

d(z) = (ew/Q _ 6796/2) ] ﬁ (1—q"e®)(1—q"e™ ™)

n=1 (1 a qn)2
P(x)d(x —
and ¢y o(X) is defined by f(z) = W. Now we get
e e
(@ R p— Ih 1—gre ™ 1 — qrevi
B 1= e~ (@i—a) evi/2 — gmwi/2 O(x; — ) 5
= HL e e e ()
O(x; — )
a/2 7\ TNy
H‘Tz ®(z;) )[X]
=1
<
i d . _do/2
—a)®-e
= QI 000
= pn.a(X) - e(=a) - (—y)?/?
Next, using 1.15 we compute for v = (? g) e T'1(N),
—aler + g)
® —a)- - AT Ty,
(y(7), =) - (7 + g) = ®(7(7), e ) - (T +9)
ca®(er + g)?
= — . @ p—
exp( G ) - B ~aler+ )
k2c? k2 —2mik —k —k(g—1
= exp(2mit N2) exp(2m2]\?g) (T, ]z/'m +2mi - ( NCT—|— (?V )))
k2 k2 —ke _ k(g— —2mik
= N exp(@mis ) Y exp(—2ming) - ()T L a(r, =)
k2c(g —2
= eXp(QWi%) (—=1) 7RI D/N P (7, —a)
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Notice that N|c and N|(g — 1). Now if we consider the power ®(7, —a)?*", we will see the difference factor
becomes 1.
Next we show that ®(7, —a) 2" is holomorphic at all cusps. For general v = (Z Z) € SLy(Z), we see during

the above computation that
—k
2(1(r), ~a) ™" (er +9)~ = Cog AN a(r, 2mir () + C)

where C1, Cy are constants independent of 7 that are not important for now. We may assume ¢ > 0, if not,
replacing v by —v. Plug in the product form of ® and try to cancel the negative powers of ¢, it suffices to

show that
k22 ke ke ke

—W+ﬁ+(ﬁ—1)+-~+(ﬁ—l)zo

c
where | = {NJ . Summing and completing the square, the above quantity is

1 1 ke 1
(4 2
2( 2 N )y 8
But by the definition of [,
1 . 1 ke < 1
2 2 N — 2
we thus conclude that the quantity is nonnegative and ®(r, oz)_QN has an expansion in ql/ N oie. it is

holomorphic at every cusp of I'1 (N) and on H.
Summing up, we get ®(7, —a) 2" is a modular form on T';(N) of weight 2N. Since 2N|d, ®(r, —a) ¢ is

then a modular form on I'; (V) of weight d. Quotient and we know x,(¢,.Z X) is a modular function.

4 A divisibility theorem for elliptic genera

4.1 Ochanine’s theorem on spin manifolds

Theorem 4.1. Let W be the complex extension of a real vector bundle over a compact, oriented, differen-

tiable spin manifold X with dim X = 4 (8). Then A(X, W) € 2Z.
Proof. (Sketch) In the proof of 3.2, we consider the Dirac operator D : I'(X, E¥) — I'(X, ET) with

0 D™
Dt 0

D =
where ' =S ® W. The Atiyah-Singer index theorem says that
A(X,W) = ind(D) = dim(Ker D*) — dim(Ker D7)

But when dim M = 4 (8) and that W comes from a real bundle, in fact there is a quaternionic structure on

Ker D™ and Ker D™, so as complex vector spaces they have even dimensions. Thus A(X W) e 2Z.
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For the original proof, see [AtHi].
O

Theorem 4.2 (Ochanine). Let X be a compact, oriented, differentiable spin manifold with dim X = 4 (8).
Then
sign(X) =0 (16)

Proof. First recall that the elliptic genus (2.2)

2k
p(X)(1) = {H zip1(7, i) far [ X]

Recall that *: M, (T'0(2)) — M. (To(2)) is a well-defined automorphism of graded algebra (1.7). From 1.9,
M,(To(2)) = C[6, €], so we know that M, (To(2)) = C[4,¢] as well. Also, recall that o(X)(r), 3(X)(r) €
Ma,(To(2)) (2.4, 3.3). We now can write ¢(X) as a polynomial in 85 and é:
GX)= > cap-(80)"-& =P(8,¢)
2a+4b=2k

-1 x

2—,2—)(27)*1 = @3(27,2). Recall that ¢(X)(7) has the
T 2T

where ¢, € C for now. But @i(1,2) = ¢1(

expansion (3.5)

PX)(r) = A(X, ® /\_qn Ic® ® S¢gnTt) - (Hn:2m+2(1 —q") )2k

n=2m-+1 n=2m-+2 Hn=2m+1(1 - qn)2

The product factor has an integral g-expansion, while the g-coefficient of the other factor is some twisted
A-genera A(X,W).
Now if X is spin, we know that A(X, W) € Z (3.2). Thus @(X)(7) has an integral g-expansion. Recall that

we have computed the Fourier coefficients (1.8)

8 =—1+-,é=q+---

These facts implies that the coefficients ¢, must also be integral by induction. Hence ¢ € Z[SS, €]. Apply
the inverse of ~ we get o € Z[8, €].

Finally, by 3.7,

oo n\2
sign(g, £ X) = 27%p(X) - (]| m)zk

The product factor again has an integral g-expansion, and the other factor
2%k p(X) = 22K P(86, €) = P(326, 16¢)
where we again have computed the Fourier coefficients

326 =8(1424q+---), 16e =1+ 16¢+ - --
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If our manifold has dimension 4k with k& odd, then the polynomial P (324, 16¢) is divisible by 32§, otherwise
the weight could not be 2k. (Note that e has weight 4.) Hence all g-coeflicients of sign(q,.Z X) are divisible
by 8:

sign(q, £ X) =0 (8)
Moreover, by 4.1, in above argument the genera A(X ,W) € 27 since each W comes from real operations of
Tc = TX ®g C, thus a complex extension of a real vector bundle. We conclude that the coefficients ¢, of

P must be even, and that

sign(g, £ X) =0 (16)

In particular this holds for the constant term, the signature of X (3.9).

4.2 Complex analogue
Let X be a compact complex manifold of dimension d.

Theorem 4.3. Let o = 2mik/N with 0 < k < N and ged(k, N) =1. —y = e%, then

(g-expansion with coefficients in Z[y])
(1+y)

PNal(T) =
Proof. Recall 3.13 that
Xy(@:Z X) = ona(X) - &(7,—a) - (—y)*/?
But on the other hand, from 3.12,
(@2 X) =x(XQN T QST oQN . . T S%T)
n=1 va n=1 n=1 v n=1
Notice that the coefficients of ¢* are the sum of twisted Xy-genera multiplying with powers of y, thus in Z[y].
Next we directly expand ®(7, —«):
(1, —a)? = ((e=*/? — e*/?) . (1 + integral g-expansion))?
= e 4%/2(1 — ¢*)?. (1 + integral g-expansion)
= (—y) %1 +y)?- (1 + integral g-expansion)

Combining all of these we get the desired result.

Since the g-expansion of x, (¢, £ X) starts with x,(X), the value of ¢ o (X) at oo is
If N=2and y =1, Z]y] = Z and the numerator is an integral g-expansion.
We consider the expansion at some other cusps. To do this we can also change the N-division point to

a = 2mikT/N.
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Theorem 4.4. Assume ¢;(X) = 0 (N), which is equivalent to that K = L¥ for some line bundle L. For
a = 2mikT/N with 0 < k < N and ged(k, N) = 1, the g-expansion of ¢n,o(X)(7) = ¢n.«(NT) has integral
coeflicients.

Proof. Recall (2.7) that for this N-division point, the power series we consider takes the form

F(z) = et/N)a. @(7,2)®(1, ~a)

O(1,2 — )
.k
Insert @ = 2miT—, we get
d ) _ gF/N e o0 1 — gn+Fk/Neg— _ n—k/N_z; o m\2
el 41 1— e 1 — qk:/N oot 1 —qre .Ll 1 —q 6“)(1 _ qn+k/N)(1 _ qn—k/N)

©N.a(X)(7) is a modular form on T''(N). We replace ¢ by ¢" and obtain a modular form on T'; (N).
d d

Now notice that Hi—m is the Todd class of X and He_(k/N)“ = eF/N)er(K) — ch(K* N, By

' i=1
Riemann-Roch theorem we get
_ 0 (1 _ qu)2
o X =
PN,a(X) nl:ll (1 — q"N+F)(1 = g"N-F)

(X, K*N @ & /\ T*®®S T* ® (% /\ T®®S T)

n=k(N),n>N+k n=—k(N),n>N—k

Thus the integrality of coefficients of ¢' comes from that of x(X, K*/¥ @ W), since ¢;(X) =0 (N).
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