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,

Introducfion ;

Fora selfchualeken lattieT ER "
,

Wedefinu

r = #形 xtpl x . x - 2 m }imnepends on p

Weharethh followiny resules
,

Thml : The rank n of a self dual exen lattie T≤ R
"

muse be

divided by 8
,
ie

.
81 n ,

,

Thm 2 : The geerating functionθ , 1 T ) = Ʃ
q

' m ^

,

q : ezairplms

is a modularfomofweight %

Corl : There exises a asp ffporm of weighe 是 Such thut

OP = E + fewherek =nrk

Cor 2 : We have

p ( m ) = 4
koak

. lm ) t OlmlWhere k = 公
,



Self delariusvenal

We willconsider lorties PERM , Par
s

.t

lil The dual lattie P ' : { YERnl IxYER ExEp } = ⼑

,

( i ) We have Ixx ) x比2 吧⼼

Examples ;

For n = 8 k
. We can take - {xtalXxtra}

and e = 1 i
.
i ,
…

,
ilt R

,

Consider theluttie gemraed by加

部 and ies over a
.

Then
Pno .isaselfdual exenlattice

,

For k ≥ 2 thetecorxosks .
t

. x .x = 2 arethe yecors

- tejei+ ( itj1 ,whichimplies γ a ( 1 ) = 4 .( 8 | = 2 .8 k . 8k -.
1

Theta function ;

Ginenanekenselfdual lattieP asabove, wedefine thh

theta function associated to ⼑ :

p 1 1 = 1 + pim1 q" , q =enx

We hare θ⑦ ( ) = ⾶
q*
* = 冠

eπ
i

-xx←
z



Thm 1 : rank of an exenSelfduallattie is divided by 8 ,

E Suppose rklP ) = o tmod 8) Afarreplacing Pby Pap

,
P *PaT orPa 部 P 那Nemayassume rk ( P) ≡ 4 ( 8 )

,

Now we prove an identity
θ
p
( -Ʃ ) =) θτ ( E)

Since two sids are analyticfunctions ,weondy heed to showthe

idenityholdsfor z = it ,ts

0 /Wuhave θ p ( it )
=i π t > x =Ʃ i

π ly "

XEti部

- π lx . x ]

θ
p(- ) = ⾶

π*=Ʃ e
xttip

By Doisson summation formuwehave

θp ( it ) Ʃ ex
*"

=

上
- Ʃenyy = 式

. θ
p ( - ]

xttY ⼑
V 0 l ( t " P ) y ε t以⼑

Which gives us the desired identity
θ
p
( - i ) =ZiO (E) ]

ie ,Opis a neighe " 是 modular form
.

Now we have

θpl- il
=
E
"on sine 8 tn .and 4 u

,



Let W = Op ( z )dzatbe adifterentinlformzπ
"
p (z) dz

Then W→ - w Uucder z 1→
-Ʃδ:

W W underZ 1 →ztl

But STL P
=
idwhichis absurd

.

So we oncludethat 81 nand
O
is a moduln form of wt %

,

x

2π i τThm 2 : The gemratingfenction ⑤ IF ) =Ʃ
q

= .

,

q :epims

is a modular fom of weight %
.

Corl , There exises a asp form fp of weighe 2 s
.
t

.

Q - E efpwhere k = a
《

Thisfollows from thefacethat OLoI = I + O Erc isausp
form

,

Rmk : Althoughthe etrow term fpisunknown for arbitrary 部

Siegel hasprovedthe following" Weightmeanformula
"

,

Let Cn be theset of equivnlonceclasusofself dual exen lafiu ,

Then IAutfp = 0
/

ie . . lAutip
"
Op=

( aIAuepJE" ()



Examplesi
[ ) h = 8

.

We knowthutthere is ho cusp form of wt 4
,

so

OP = E
4
= 1 t Ʃ r40slmyq

^

Notie that Ps isthe ontyexenself- deal
lattie of rk 8

.

(π 1
.

h = 10
.

For the samereason we hake

Op = Es = 1 + 480 Ʃnlmiq
Nou that thereareexactly 2 non -isomorphicexenseffduallatfius

of ranki6 . Psandpnamelyso theabove formula

gives θp
。 ap

。 = θ P =E 51 +480
器

mlmiqn

recover the identiey
'

This

l 1 t 240冠 σ31 m) q
" P - 1 + 480Ʃ nim ) q

"m
,



( * ) n = 24
.

When n ≥24 ,thspace of cuspfoom is hon - empey So

We have to deurminedthe errowterm fp ,

When h= 24
.
thespueofcuspfoumsisgenerahd by

∞

F = ( 2π I
"

A = q π( 1 - qmj"=Ʃτ lmiqm
M=

、

Sothe thetafunction associntedwiththe lntsie T Can

be lwriften

θ p = Er t CGFwithCG ε R

Now we look at the Eisensteinerie E.n
.

En = 1 ⼀ Ʃπ lm ) q
"m

= 1 + 24 . Ʃ r π ( m )
q

"

…

6 a ,

2n30

= 1 +
65520 Ʃ rlm)qn
bal

m = 、

Compare the loefficient we get

k ( m >= ab5520
.

lm ) tCprlm )tm
.

So we ouly needtoputm=I to
getthecoefficiene CG

i
. e Cp - rpl ) -ab

5520 ( to sinceBIR )
,



la ) . ForIF P

8 P 8 ⽥ P8
.

CG - -

a5

s203.
rpl )

= 3 .240 -65
、

=

0 a143200
( b ) For P = n4

γpl ( ) = # { ± li ± la | ie } = 4 . C≈= 2 - 23 - 24
.

⇒ Cp = 2 - 23 .24
- 69

,5520
=

697344

6 a 1

( C ) J
.
LEECH Construled a lattie T ε C24 s

.
t . R ( , ) = 0 ,

HenQ
Cp =

-655a 1

Rnk: There isonly IlatticeinCo4Satisfies 分 G ) = 0
,



More on Eveu belf dual lattie ;

@ For h = 8
,
16

, 24 ,

# n
= ?C

In Serres book [ GTM7 ], page54, thene is a mass formula
.

|
Mn aAnei "Define 1 mass of n .Then

Mr
=
B π ”

是

( * * )

Using thi 's formulawecanestimate the number ofCn
,

I ) n : 8 : M8
=

B
4. aBr. B 4- B0= 214 355

~

nT

Aut ( Ps | = 214 , .
35
.57

Hena # C 8= I , iieTsis theonlyelement in C8
.

( π ) h= 10 : M 10 = 鍿B 2 B 4 . B 6 . 器

= 691/230, 30, 54 . 7 : 11 . 13

Aut ( PsAP8 ) = 229 , 30 , 54 .
n

,

Aut ( P 0 ) =
25

. 16= 2524 . 3- 5 . 2 . 7 .13 . 23 .3 . 11 , 2 . 5 . 3 ? . 23
。 少5 . 2 .32 = 230

,
36 . 53 .

7

? 11. 13

1 1 2 . 11 . 13 + 34 .5 691

229 . 30 , 54 . n
2

+

210, 30. 53 . 7
?

, 1113 =230 , 3054 . 7
? 11 . 13 =2 "

3

∵ 54. 7 ≥ 11 - 13

Which implies 。C 0
= { 10

,
P8 * P8 }



https://www.math.columbia.edu/
~chaoli/ASWSurvey.pdfIneroduction to siegel - weilformulo he些

The formula (5 ) and tx * )comesfroma depresultsfronte

representation theory
.

To understund the formula we heedtogeneralizethe modular

forums andTntroduce somedefinitions
,

Def : Hn
:

= A +BiI A , B
E SymnlR) : symmetric matrices

, Biposiaive definie了

this is called thesiegels half space .

Def : Symala ) : = {At Mal:a ) | A =At
,
A : i t: }

Symula ) , 0 : the subset of positive semi - defrnitematzices
,

Sprnlal = { g εGln (a ) | g
(0± . 0

)

g =
(

0。 ) }
Def : Let Tt SymnlR )

10
,

We defineq function

qT * e
2* itr( T2 )

: Hu → 4
,

We can then defimtheSiegelEisenstein Series

Fourier expansion

2π itr ( T2 )

Ex ( 2)Ʃ “ =Ʃacrliedet ( C 2 + D )
C

, DEHm ( □ ) τε Symn (□ )
yo

Cipcoprime1

here LiD coprine
i -A

, BENnlal s.
t

.

(A品 ) tSpen(a)
,



Thmi(SiegelWeil formala) .

Let Abea qhacratic lattie, definm

Gen ( N

=thesetofequiralene clusses of quudratic lattices
.tN

Up : prieN 贯 RP ≈ N 是Epand A是 REN 贯 R

For each KEN ,r ( TI -#{ lh ,InIEa "(xixiilii=2T }
Q ( ) :=Ʃ RITI - q2

Tε Symu ( R )
, 0

Then 1

,AntN1iaI-Ʃ imnemam JE ( 2)

Where - dim ⼈ .
E

* ( 2 )is acertainhormalization
s .t.toust= l

Ruk ; This formulaistureforallMttA ,s
0
We cantakesomebpecinl

Ex to get
difterentresults

Now
, our goal is tousethi 'sforngeethdaappopriate

Classiciad Jesalts (x ) and (* * )
,

First weusethe resalein thecdassificutionofunimodularlattice

,

Thm : Let bea unimodular lattice .The
over Ʃ

p

IIMRP ≈ CTCYeILEMM Kitaoka
,

(π ) ∞ 22 ≈ ( 0% ) π… * ( 0 %)
Arithmetic of quadrutic forms
Thu 5.24 tThmb.s



This classification theoremimppies that the set ofunimodular

elienatticeofa givenrank forms a genus ,

Hence
,

take any unimodular exen lattieΛ
,

rKΛ= l

Then C =GentnM le k = t

Sothe Siegel - Weil formulabecomes .

众iAneailai 2 ) = mmea")'… la )
When wetaken = 1 , wereturntothe classical case and

getformula
(* )

⾶ (Ant θ ( z ) = ⾶ IAnelEzn ( z )

To get formula (* x )
,

taken=
l

,
by definition We have

π(τ ) = # { ( v. .
…

,
val ε xe | i ( vi ,

v
; )
= T }

,

Now we fix any
lattice

n
,takeanI -basisTive of 入

,

Let T = i

(

vi,vj
)
, Then for algt Ant( x) , e

Wi; = 9 vi ,

Thenwi, w;gvi,gv ;=vivji =rI1 ( (

For
any ( w , , We ) Eae s

.

t
.

Niiw; = 2T ,



Just take g : Λ→ \ .t .
V; = gw :

,

Then gsatisfiesgviigrg- vi
,vj )

5 gtAut)
,

And also
, gvi = v: ti → g= idx ,

So we concdude( T ) = #tutl )
,

For other luttie NE Ce
,

if alwi: Wnloxll
,

Then Ihiwj =2 T = 12
÷

,
2
} ) ÷]

⇒ Λ→N ( viaVir→ wil

So rtT 1 = 0 tn 'tCe with NeA
.

Now we look atthhFourierwefficientat T

(HsGTI 1 - aiAueia" k ( T | = I ,

For thh RHS,Weneadtolusetheresales about the

Fourier wefficientofthe siegel Eisensein series E2a ( 2 )
,

G + ( RHs ) = e π ( f
' (

refiEuluprudhuaes and

oisusuinarie )
, Shinnvn 1

Which give us the formula ( * * )
,


