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Chapter 1

Solving Equations of One Variable

1.1 Motivation

This part is taken from QSG’s book.

Motivation 1: Investment fund At the beginning of every year a bank customer deposits v euros
in an investment fund and withdraws, at the end of the nth year, a capital of M euros. We want
to compute the average yearly rate of interest r of this investment. Since M is related to r by the
relation
147

r

M:vf:(ur)k = [(L+7)™ —1],
k=1

we deduce that r is the root of

1+7r
T
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v (L 47r)" = 1] = M.

Motivation 2: State equation of a gas The van der Waals equation of state (i.e. the equation that
relates pressure p, volume V' and temperature 1) is

[p + aﬁ (V — Nb) = kNT,

where N is the number of molecules and k is the Boltzmann constant. The parameters a measures
the attraction between molecules and b measures the volume occupied by the molecules (Van der
Waals equation, Wiki).

We want to determine the volume V' occupied by a gas at temperature 7' and pressure p.

Motivation 3: Rods system Let us consider the mechanical system represented by the four rigid
rods ai of Figure 2.1. For any admissible value of the angle (3, let us determine the value of the
corresponding angle a between the rods a; and ay. Starting from the vector identity

a; —ay—ag—ay =0,

1



2 CHAPTER 1. SOLVING EQUATIONS OF ONE VARIABLE

and noting that the rod a; is always aligned with the x-axis, we can deduce the following relation-
ship between 3 and a:

a% + a% — a% + a?l + 2a1a4 cos B — 2ajas cos a — 2aga4 cos(f — a) = 0.

We would also like to mention that a solution does not exist for all values of 3, and may not even be
unique. To solve the equation for any given /3 lying between 0 and 7w we should invoke numerical
methods.

Motivation 4: Population dynamics The population of species or bacteria is modeled by
rT = zR(z)

where x and 2™ are respectively the populations of the present and next generations. R(x) is the
growth rate.

r

e Beverton-Holt or discrete Verhulst model R(z) = 7%

rT

e Redator/prey model R(z) = TR

We look for saturated population where 2+ = x.

1.2 Newton’s method

Goal: solve f(z) =0

Strategy
e it is an iterative method

e it approximate the equation by a linear equation at each step, use the solution of the linear
equation to approximate the root.

f@) ~ f(zn) + f'(zn)(x — 2,) = 0.

Algorithm

Tn+1 = Tn — f,(xn)_lf($n)

Error analysis

Theorem 1.1. Let z* be the root. Suppose it is simple. Let e, = x,, — x«. Then |en11] = O(|en|?).
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Proof. Letg(x) = z—f'(z)~1 f(z). We have g(z*) = x*. Subtract z,, 11 = g(z,,) and z* = g(x*),
we get
1 2

en+1 = g(zn) = 9(a7) = g(z" + ) — 9(a%) = 59" (€)ey,-

Here, we have used ¢’'(z*) = 0 and the lemma below. In computing ¢'(z*), we use

f'(@*)? — f=*) " (2¥)
f'(@*)?

where f’(x*) # 0 is used. O

=0

g @) =1~

Lemma 1.1. If g € C? and g(0) = ¢'(0) = 0, then there exists & between 0 and x such that

g(z) = -g"(§)a*

2

Proof. We use integral form of mean value theorem.

Then use mean value theorem:
X xT
| @-ogwd=g'© [ @-va
0 0

O]

Remark. The proof above requires too many derivatives of f (it uses ¢g”, which is equivalent to
). But we only need f” for quadratic convergence. Here is a shorter proof.

f(zn) _ enf'(xn) — f(2n)

T ) T Plaa)
From
0= f(a) = flan —en) = Fan) — enf'(wn) + 5 F(€)c3,
we get
or

1 f//(x*
(& ~ — e
" ()

~—

2
n
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Important example: Solve 2 = a, a > 0. The corresponding Newton’s method is

2
n

2z,
This was known as the Babylonian method. Heron of Alexandria (AD 10 - AD 70) was a Greek
mathematician who described an iterative method of computing the square root. Heron’s method
can also be derived as a special case of the (much) later Newton’s method (16th century). In fact, an
implementation of this algorithm is found on a Babylonian clay tablet (YBC7289, 1800-1600 BC),
hence the Heron’s method is also known as the Babylonian method. After thousands of years, today
it has been one of the most commonly taught examples in numerical computation and analysis, the
basis of many numerical algorithms of nonlinear equations and optimization problems, and in fact
the most common algorithm for computing square roots. For this method, you can show that

T, —a

Tpal = Ty — = g(xy)

e g:[ya,0) = [ya,) is a strictly decreasing function.

e g:(0,vad] = [a,0).

These two properties assure the convergence of {x, } if zy > 0.

A third order method If we use a parabola to approximate f, we can get a third order method.

£() ~ Fla) + @)z = ) + 5 @)@ = ) =0

This leads to a root

—f'(@n) + \/f/(mn)2 —2f(zn) " (zn)
f"(n)

Tptl = Tn +

You can prove it is third order convergence.

Multiple roots You can check that the method falls to a first order method if the root z* is a
double root. If the multiplicity is p, then the Newton method convergence rate becomes (1 —1/p)".
This can serve to detect the multiplicity of x*. There are two ways to gain high order convergence.
The first one is to modify the scheme to

Y )
provided we have known that the multiplicity of z* is p. You can check that ¢’(2*) = 0.
The second method is to consider the new function
flx
i) = 2
f'(=)

which has a simple root at *. You can apply Newton’s method to this one.

= g(wn),

ITp = g($n—1)7

where
S P Co N 4 ) L)
() f(z)2 — f(z)f"(x)
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1.3 Secant method

Goal: solve f(z) =0

Strategy
e it is an iterative method

e it approximate the equation by a linear equation at each step, use the solution of the linear
equation to approximate the root.

f(n) = fwn-1)

Tp — Tp—1

f(@) ~ f(zn) + (x —xp) =0.

Algorithm

Start from xq, x1.

Avoiding loss of significance The divided difference

_ fxn) — f(zn—1)

n =
Tp — Tn-—1

loses significant digits. To fix it, we replace it by

f(@n +h) = f2n)
h

ap, when |z, — 21| < h.

Here, h is chosen to be a fixed number. For example, we can choose
h = \/gxn

Then
fzn + xn\/g) — f(xn) ~ f/(xn)xn‘/g +O(1)4.

The function difference loses only one digit provided O(1) = 1.
Efficiency In Newton’s method, we need to evaluate both f(x,) and f’(x,). In secant method,

we only evaluate f(zy,). So, if it is time consuming to evaluate f’(x,,), the secant method is more
efficient.
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Error Analysis and Convergence Rate We use Newton’s divided difference to approximate a
function by polynomials. Define the Newton divided difference by

flwo, 7] = M,
Tr1 — X0

Flwo, x1, 22] = f[xl,x;i - igxo’xl].

From this definition, we have the interpolation formulae

f(x) = f(@o) + flzo, z)(z — wo)
f[mo,l‘] = f[quvxl] + f[l‘o,ﬂjl,l‘](l‘ - xl)

The latter leads to
f(@) = f(xo) = flxo, x1](z — x0) + flzo, x1,2](x — z0)(x — 21).

In general,

f(x) = f(zo) + flwo, m1](x — m0) + flxo, 21, 22|(* — 20) (T — 21) + - -~

+ flzo, 1,y ooy T, x) (T — m0) - -+ (T — Tp).
Now, consider secant method. At x,, it approximates f(z) by the linear function
Uz) = f(xn) + flen, Tn_1](x — )
Therefore,
0 =Ll(znt1) = f(zn) + flon, Tp-1)(Tns1 — 2n) = 0. (1.1)
By definition,
f(@) = fzn) + flon, znaal(z — 20) + flon, 2p—1, 2)(z — 20) (T — 25-1).
Atz = x*,
0=f(") = f(zn) + flon, tna](@” — 2n) + flon, Tn-1,27](2" — 20) (2" — 2n-1).  (1.2)
Use e, = x,, — =", subtract the above two equations (1.2), we get
flzn, xn-1lén+1 — fl@n, Tn-1,x%|enen—1

Hence

f[xna Tn—1, Qf*]

En€n—
f[xn;xn—l] nonl

Ent+1 =

By mean value theorem, we have

f{$n>xn—1] = f/(g)’ for somef € (xn’xn—l)v
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1 . . . .
flon, Tn_1,2] = if”(C) for some ( in the interval containing x;,, 1, x*.

Let
_ lmaxy f(z)

2 ming f/(z)
Then
|€n+1| < M‘enenfl‘-

Now, define p,, = M|e,|, then we have
Prn+1 < PnpPn—1-
We choose ¢ and z; so that |pg| < 1 and |p;| < 1. Now, we choose
p =min{pg, p1} < 1.
It is easy to see by induction that p,, < 1 for all n. Furthermore
p2 < pipo < P,
ps < papr < pPp=p°
ps < p3ps < pip? = p°
Pni1 < pqn+1 = an+Qn71

where ¢p4+1 = gn + ¢n—1, @0 = q1 = 1. The solution

1
nzi}\n+l_)\n+l’
q \/5(1 2 )
14++5 1—+5
A1 = 5 0 =

are the two roots of A> — X — 1 = 0. The solution g,, ~ %Xfﬂ. Thus,

pn < (Pl/ ﬁ)A?H
n = )
or
. A+
eal < M1 (pVE)T

1.4 A dynamical system point of view of iterative map

The iterative x,, 11 = g(z,) can be viewed as a discrete dynamical system, which serves as an
important model for a class of physical world. For instance, the discrete logistic map

Tnt1 = axp(l — xp).

models some population dynamics of animals.
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Discrete logistic map For iterative map g(x) starting from x¢, those xo which leads x,, to con-
verge to a fixed point x* is called the basin of convergence of x*. So, each fixed point has its own
basin of attraction. They are disjoint. However, not all points belong to the basins of the fixed points.
For instance, for certain range of a, the intersection of the discrete logic map g(z) = ax(1 — z) has
period 2 stable solution. Then period 4 stable solutions, etc. More precisely, when 0 < a < 1, then
0 is the only fixed point, and it is stable. For 1 < a < 3, the fixed points are 0 and (a — 1)/a. The
latter is a stable one and the whole region (0, 1) is its basin of attraction. When 3 < a < 1 + /6,
there are fixed points of g o g. These two solutions are period 2 solutions. They are stable. This
means that all points in (0, 1) are the basin of these period 2 solution. The bifurcation phenomenon
from fixed point to a period 2 solution as a across 3 is called period doubling. As a keeps increasing,
it exhibits period doubling from period 2 to period 4, to period 8 and so forth. As a ~ 3.56995, It
exhibits so called chaos, where solutions of all periods appear. (see logistic map, wiki)

Newton’s method on complex plane Given a polynomial p(z) on the complex plane, the Newton
method gives the iteration

Zn+l = Zn — p’(Zn) =

For every root £ of p(z), those zy which generates a convergent sequence to £ by Newton’s method
is called the basin of convergence of £. The basins of attraction of roots of p(z) = 0 are disjoint.
However, not all points on C belongs to one of the basin of the roots. There are some points which
do not belong to any of these basin sets. The set of these exceptional points are called Julia set of
p. For example, you can study the Julia set of the polynomial p(z) = 23 — 1. You can partition
the domain [—2, 2] x [—2,2] into 1000 x 1000 small cells uniformly. For each cell, run Newton’s
iteration for 20 step starting from the cell center to classify the class of the cell center. Do the
experiment and analyze what you obtain.

1.5 Fixed Point Method

Goal: Solve f(z) = 0.

Strategy : We change this to a fixed point problem:

=2 - M(z) = g(x)
A # 0. A is chosen so that
IAf(x)] < 1.

Algorithm

Tnt1 = Tn — Af(xn).
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Remarks

1. )\ can vary in each step, i.e.

Tntl = Tp — )\nf(‘I.’VZ) ‘

In numerical ODE, this A, can be viewed as At. In this sense, such fixed point method can
be thought as a forward Euler method for the ODE: & = — f(x). Practically, \,, is chosen so
that |\, f/(z,)| < 1.

2. We can also choose ) to be a function of x. That is,

(241 = 20 = Awn)f(@n).

In particular, A\(xz) = 1/f’(x) gives the Newton method.

Error Analysis

Definition 1.1. A function g is called a contraction map if there exists a constant 0 < p < 1 such
that

l9(z) — g(y)| < plz —y|

for any x,y under consideration.
A contraction map is certainly Lipschitz continuous.

Theorem 1.2. If g is a contraction map, then g has a unique fixed point x*. Moreover, the iterative
map
Tn1 = g(Tn)

converges to x* linearly in the sense
* n *
|0 — 2" < p"|zo — 27|

Proof. 1. {x,} is Cauchy. We can write
Ty =20 + (1 — 20) + (T2 —21) + -+ + (T — Tn-1) = 20 + Z(% — 1)

The series ) ;" ; (z; — x;—1) converges absolutely:

n no o1
D lwi—mial <) e — zo| = — o1 = zo| <o
=1 =1 P

Hence z,, is Cauchy and thus converges.
2. Subtracting x,,+1 = g(x,) and z* = g(z*). This leads to

|#nr1 = 27| = |g(an) — g(a")] < plan — 27| < pPlan-1 — 2"
<o < pMHzg — 2
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3. If both z* and y* are fixed points, then
2% =y = lg(") — g(y")| < pla™ — v,
we get (1 — p)|z* — y*| < 0. Since p < 1, we obtain z* = y*.

Example We consider linear equation ax — b = 0. The corresponding fixed point method is
Tpt1 = Tpn — ANazy, —b) = (1 — Xa)z, + b
We see that
Tpt1 — T = (1 = Aa)(xy — p_1).

Thus, the map x,, — x,1 is a contraction if and only if

|1 — Aa| < 1.

Applications

Theorem 1.3 (Implicit Function Theorem). If F' : R™ x R™ — R"™ F(xo,y0) = 0 and F is
continuously differentiable in a neighborhood of (xo, yo). Further, suppose the Jacobian F,(zo, yo)
is invertible. Then there exist neighborhoods of xy and vy, called U and V respectively, and a
continuously differentiable function f : U — V such that

F(z,f(x))=0 forallx e U.
We demonstrate the proof for n = m = 1. It is easy extended to general case. To solve an
equation
F(z,y) =0
for y with given x, we linearize it about (xq, yo):
F(z,y) = F(zo,y0) + a& + by + k(& n).
Here, { := = — 0,71 := y — Y0, @ = F(x0,%0), b = Fy(x0, o),
h(&m) := F(zo + & yo +n) — Fxo,y0) — a& — by = o(§, 7).
Since F'(zg, yo) = 0, we solve the perturbation equation:
a& +bn+ h(&,n) =0.

for n with small £. This can be rewritten as
a 1
=—=(——-h .
We use fixed point method to solve this equation:

1
Mt = —5€ = Th(E, 1) = 9(Em).

We find that as long as ¢ is small, then this iterative map g(¢, -) is a contraction map. Thus, it has a
fixed point 7. I shall not go into detail of the proof.
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Acceleration technique In the fixed point method, near the fixed point, we want to find find a
better approximation Z,, to the limit x*. Since the sequence converges linearly, we expect the three
points (,,—2, Tn—1), (n_1,x,) and (Zy,, T, ) are co-linear. This leads to

Tn—1 — Tn Tp — Tn

Tp—2 — Z%n Tpn—1 — i'n
We then get a good candidate

(xn—l - xn—2)2
Tp — 2Xp—1 + Tp—2

Tp = Tp_2 —
This is called Aitken’s extrapolation formula, or the Steffensen algorithm.

Tp41 = G(xn)

where

L @ -
Clo) == ) — 2g@) +

Theorem 1.4. The Steffensen algorithm {x*} converges quadratically.

Proof. Without loss of generality, we may assume z* = 0. WE can write g(z) = fz + O(2?). We
claim G(z) = O(=?). By direct computation, we have

(9(z) —x)?
G = Sl —29() +
((E — Dz +0(2?))?
Utz + O(22)) + O((x + O(22))2 — 2(0x + O(22)) + z
(0 —1)%222 + O(x3)
- (-1 +0(=?)
O(z*) 2
= — D% 1 0D = O(z?).

This shows G(z) = O(x?) provided ¢’ (z*) # 1/2. O
For program in matlab, see QSG, pp. 65, program 2.4.
Homeworks 1.1. 1. OSG: pp. 74, Ex 2.9

2. Write a program to solve the Wilkinson problem:

20

f(z):= H(x — i) + ez

=1

Input: €, output, the largest 6 roots in magnitude.
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Chapter 2

Basic Numerical Linear Algebra

2.1 Motivations

Hydraulic Network The hydraulic network can be modeled as a graph (V, E), where V =
{1,2,...,n} is the nodes, £ = {(i,j)} C V x V are the edges. Each edge e = (i, ) is a pipe
connecting nodes ¢ and j, on which, we associate a flow velocity u., area of cross section A, and
length L.. We assume they are uniform along pipe e. The flow direction gives a natural direction
(orientation) of the pipe. So, the graph is a directed graph: each e = (i, j) € E has a direction from
ito j. For (i,7) € E, we define sign(i, j) = 1 and sign(j,7) = —1. On each edge e, we compute
the flow rate
Qe = pucAe,

which is the amount of water passing through the pipe per unit time. At each node ¢, we associate
with a pressure p;. On each pipe (edge), there is a momentum equation which balances the flux in
the pipe and the pressure difference at the two ends of the pipe. Physically, this is Darcy’s law. It
can be expressed as

Pz = —QePUe

where «. is the friction coefficient, and positive x is the same direction of e. We integrate the Darcy

law over the pipe e and get
aeL o
pj —pi = 2 “Qesign(j, i).
e

Here, we have assume p = 1. This is the momentum balance equation on each pipe e. At each
node i, we conservation of water. To describe this equation, let £; = {e € E,iis one end of e},
Ni = {jl(i,j) € E} be the neighboring nodes of i. At each interior node 7,

S sientii)@ = X (25 ) (- ) 0.

ecE; JEN;

At each boundary node ¢, a pressure p’i’ is prescribed. There are two kinds of boundary nodes,
one is node of the end user. The pressure pﬁ? = ( there. The other is the water pump node, where

13
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p? > 0is also prescribed. This equation is a discrete Laplacian for (p;);c x with Dirichlet boundary
condition.

A mass-spring system Consider a spring-mass system which consists of n masses placed verti-
cally between two walls. The n masses and the two end walls are connected by n + 1 springs. If
all masses are zeros, the springs are “at rest” states. When the masses are greater than zeros, the
springs are elongated due to the gravitation force. The mass m; moves down u; distance, called the
displacement. The goal is to find the displacements w; of the masses m;, ¢ =1, ..., n.

In this model, the nodes are the masses m;. We may treat the end walls are the fixed masses,
and call them mq and m,,1, respectively. The edges (or the bonds) are the springs. Let us call the
spring connecting m; and m;11 by edge (or spring) ¢, ¢ = 1,...,n + 1. Suppose the spring ¢ has
spring constant c;. Let us call the downward direction the positive direction.

Let me start from the simplest case: n = 1 and no bottom wall. The mass m; elongates the
spring 1 by a displacement u;. The elongated spring has a restoration force —cyu; acting on mlﬂ
This force must be balanced with the gravitational force on m; EI Thus, we have

—crui + f1 =0,

where fi = m;g, the gravitation force on m, and g is the gravitation constant. From this, we get

_h

&1

Ul

Next, let us consider the case where there is a bottom wall. In this case, both springs 1 and 2 exert
forces upward to m;. The balance law becomes

—C1Uu1 — Cou1 + f1 =0.

This results u1 = f1/(c1 + c2).
Let us jump to a slightly more complicated case, say n = 3. The displacements

ug = O, Ug = 0,
due to the walls are fixed. The displacements w1, uz, us cause elongations of the springs:
€, = U; — ul-,l,z' = 1,2,3,4.

The restoration force of spring ¢ is
W; = C;€;.

The force exerted to m; by spring ¢ is —w; = —c;e;. In fact, when e; < 0, the spring is shortened
and it pushes downward to mass m; (the sign is positive), hence the force is —c;e; > 0. On the
other hand, when e; > 0, the spring is elongated and it pull m; upward. We still get the force

'The minus sign is due to the direction of force is upward.
>The mass my is in equilibrium.
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'Czull I‘C1U1

Figure 2.1: The left one is a spring without any mass. The middle one is a spring hanging a mass
my freely. The right one is a mass m; with two springs fixed on the ceiling and floor.

—w; = —cie; < 0. Similarly, the force exerted to m; by spring ¢ + 1 is w;+1 = cijy1€i4+1. When
ei+1 > 0, the spring ¢ + 1 is elongated and it pulls m; downward, the force is w;+1 = ¢jy1€;41 > 0.
When e; ;1 < 0, it pushes m; upward, and the force w; 1 = ¢;+1€;4+1 < 0. In both cases, the force

exterted to m; by spring ¢ + 1 is w;1.

Thus, the force balance law on m; is

wi+1_wi+fi:07i:17273'

There are three algebraic equations for three unknowns u;, us, u3. In principle, we can solve it.
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Let us express the above equations in matrix form. First, the elongation:

€1 1 u
es ~1 1 !
e = Au, or = U
€3 -1 1
us
€q -1
the restoration force:
wy c1 €1
w c e
w = Ce, or 2| = 2 2
w3 Cc3 €3
Wy C4 €4
the force balance laws:
w
1 -1 ' A
w
Alw = f, or 1 -1 2= £
1 -1 ws ¥
w4y 3

where A' is the transpose of A.
We can write the above equations in block matrix form as

(G 0)(0)-()

This kind of block matrix appears commonly in many other physical systems, for instance, network
flows, fluid flows. In fact, any optimization system with constraint can be written in this form. Here,
the constraint part is the second equation. We shall come back to this point in the next section.

One way to solve the above block matrix system is to eliminate the variable w and get

Ku:= A'CAu = f.

The matrix K := A*C A is a symmetric positive definite matrix. It is called the stiffness matrix. For
n =4, we get

c1 + ¢y —Cy 0
K :=A'CA = —C2 Cco +C3 —C3
0 —cs3 c3+ ¢4

Mimimum principle Consider the functional
1
P(u) i= 5 (Ku,u) = (f, )

where K is a symmetric positive definite matrix in R™. The directional derivative of P at u in the
direction v is defined as

P'luyv=—| Plu+tv)
dt =g
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P’(u) is called the gradient (or the first variation) of P at u. We can compute this gradient: E]

Pluyy = CZtZO;(K(u—Ftv),u—i-tv)—(f,u—i—tv)
= %((Kv,u)—i—([(u,v)) —(f,v)
= (Ku-— f,v).

Here, we have used K being symmetric. Thus,
P'(u) = Ku— f.
The second derivative is the Hessian. It is
P'(u) =K.

If v* is a minimum of P(v), then P’(u*) = 0. This is called the Euler-Lagrange equation of P.
Conversely, If v* satisfies the Euler-Lagrange equation Ku* = f, then u* is the minimum of
P(v). In fact, for any v, we compute P(v) — P(u*). We claim

To see this, since P(v) is a quadratic function of v, we can complete the squares:

P)—P') = S(Kv.w) = (fo0) = S0t ut) + (fo)
= %(Kv,v) - %(Ku*,u*) —(fiv—u)
_ %(Kv,v) - %(Ku*,u*) — (Ku*, v —u*)
= S (Kv0) + (K, ) — (K )
- %(K(v—u*),v—u*)>0

Hence we get that «* is a minimum. In fact, u* is the only minimum because P(v) = P(u*) if and
only if (K (v — u*),v — u*) = 0. Since K is positive definite, we get v — u* = 0.
We conclude the above discussion as the follows.

Theorem 2.1. Let P(u) := 3(Ku,u) — (f,u) and K is symmetric positive definite. The vector
u* which minimizes P(v) must satisfy the Euler-Lagrange equation P'(u*) = Ku* — f = 0. The
converse is also true.

? Here, I use the following properties: (f,g)" = (f',g) + (f,¢). This is because (f,g) = >, figi and (f,g) =
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The physical meaning of P is the total potential energy of the spring-mass system. Indeed,

L (CAu, Au) 5" L ( )2
- w. Au) = Zelw —

2 ’ 2 Ci\U; Uq—1

i=1

is the sum of the potential energy stored in the spring, whereas the term
n
i=1

is the sum of the works done by the mass m; with displacement u; fori = 1, ..., n. The term —(f, u)
is the gravitational potential due to the masses m; with displacements ;.

Principal Component Analysis In statistics, the data set is usually represented as a matrix A. The
data are collected by n experiments. Each experiment has p items, represented by a p row vector.
For instance, a row vector is a biological records of a person, containing blood pressure, glucose,
etc. Suppose there are p items. The data set has n peoples’ data. Another example is the pattern
recognition of a word. The image of a word is represented by a 20 pixel image. We transform it
into a row vector. Suppose there are n experiments (say 100 images with the same words written
repeatedly.)
To analysis the data set, we first normalize it:

n
a; = (Z aij, Ap = a1”.
i=1
A1 == (aij — j)nxp

The matrix A; has zero mean in each column (item). The matrix
C:= ATA1 = ((akl — a;, Qkj — dj>)p><p.

is called the covariance matrix. It measures the covariance between item ¢ and item j. The principal
component analysis is to decompose A into

p
A1 = E UiuiVZT.
=1

Here u; is an n x 1 vector, v; a p x 1 vector. The vectors v; are indeed the eigenvectors of A7A;.
They are orthogonal. This means that v; and v; are uncorrelated. Thus, we can decompose the data
set Ay in terms of p uncorrelated items (vi)le. These v; are recombination of the items. We may
call them the features. In principal analysis, we want to approximate the data set A; by only few
such features.

In matrix completion problem, a typical application is to complete an incomplete table of data
set. The video company Netflix proposed her incomplete table: each row is the rating record of a
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person on a list of videos. This is an incomplete matrix A. The row m are member list, which is
about 500,000. The column n is the video list, which is about 20, 000. The rating is from 1 star to
5 stars. The matrix is certainly incomplete. We want to fill in the vacancy based on an assumption
that the completed matrix is low rank. The singular value decomposition of A is

p

§ : T
A= oV, .

=1

Each class uiVZT represents certain types of videos. For instance, the drama, the action, etc. In a
class uiviT, the row VZT lists those videos with this type (say drama), and u; lists those members who
rate these videos higher. The completed matrix can be used for recommendation to the members.

2.2 Introduction and overview

There are three kinds of linear problems we encounter in applications:
e solving large linear system: Az = b
e solving least squares problem: min, || Az — b]|2.
e solving eigenvalue problems: Ax = Az
e solving singular value decomposition problem.
In solving linear systems, there are two classes of methods:

e Direct methods: which solves the equation directly. This is usually for small system. Basi-
cally, the solving process is a factorization of the matrix A such as LU-factorization.

e Iterative methods: the basic idea is to decompose A = M — N, where M is a major part and
easy to invert, while N is a minor part. Then perform an iteration Mz, — Nz, = b to get
an approximate solution. Usually, a preconditioning is needed, which means that we replace
Az = bby PAx = Pb so that it is easy to have above major-minor decomposition.

In solving eigenvalue problems, I shall discuss the power method and QR algorithm. For least
square problem, I shall discussed weighted iterative method.

2.3 *Matrix Algebra

Spectral Decomposition We assume A is an n X n matrix in C",

Theorem 2.2 (Caley-Hamilton). Let p4 () := det(AL — A) be the characteristic polynomial of A.
Thenpa(A) = 0.

Theorem 2.3. There exists a minimal polynomial p,, which is a factor of p4 and py,(A) = 0.
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Theorem 2.4 (Fundamental Theorem of Algebra). Any polynomial p(\) over C of degree m can
be factorized as

pN) =aJ(r— )
i=1

for some constant a # 0 and A1, ..., A, € C. This factorization is unique.

Definition 2.2. Let A : C* — C™. A subspace V C C" is called an invariant subspace of the
linear map A if AY C V.

Definition 2.3. Let A : C" — C™. A vector v is called an eigenvector of A if there exists a \ such
that
Av = \v.

Definition 2.4. For a matrix A, the set of all its eigenvalues o(A) := {\1,...,\,,} is called the
spectra of A.

Definition 2.5. A vector space V is said to be the direct sum of its two subspaces V1 and Vs if for
any v € V there exist two unique vectors v; € V;, i = 1,2 such that v = vy + va. We denote it by
V=V &V

Remark 2.1. We also use the notation V = V1 + Vs for the property: any v € V can be written as
vV = v1 + Vo for some v; € V;, i = 1,2. Notice thatV = V1 @ Vs if and only if V = V1 + Vs and
VNV, = {0}

Lemma 2.1. Suppose p and q are two polynomials over C and are relatively prime (i.e. no common
roots). Then there exist two other polynomials a and b such that

ap +bg = 1.

Lemma 2.2. Suppose p and q are two polynomials over C and are relatively prime (i.e. no common
roots). Let N, := Ker(p(A)), Ny := Ker(q(A)) and Npq := Ker(p(A)q(A)). Then

Nog = N, & N,

Proof. From ap + bqg = 1 we get

a(A)p(A) + b(A)g(A) = L.
For any v € N, acting the above operator formula to v, we get

v =a(A)p(A)v + b(A)q(A)v := va + V1.
We claim that v; € /\/p, whereas vo € Nq. This is because
P(A)v1 = p(A)b(A)g(A)v = b(A)p(A)g(A)v = 0.
Similar argument for proving v € A,. To see this is a direct sum, suppose v € N, N N,. Then
v =a(A)p(A)v + b(A)g(A)v = 0.

Hence NV, "N, = {0}. O
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Corollary 2.1. Suppose a polynomial p is factorized as p = p1 - - - ps with pa, ..., ps are relatively
prime (no common roots). Let N, := Kerp;(A). Then

Np=Np, @ BN,,.

Theorem 2.5 (Spectral Decomposition). Let p,, be the minimal polynomial of A. Suppose p,, can

be factorized as
S

PN = [[ i) = TTO = Ae)™
=1

i=1

with A, # A, fori # j. Let Ny, = Ker(A — A\, I)™i. Then
o N k; is invariant under A,

¢ C" =N, @ N,

Jordan matrix A matrix J is called a Jordan normal form of a matrix A if we can find matrix V
such that

AV =V,
where
Ji,
Ji
J=J,® @I, = S . V=[Vi, Vi, -, Vi .
Jk,
A 1
A 1
Jk‘()‘k) = ’ Vk: [Vllm"' ,Vﬁ], k:klv'“ak&
A 1
)\k kxk
Z/{Z’:TL
i=1

Here, )y, are the eigenvalues of A, vi € C™ are called the generalized eigenvectors of A, the

matrices Jj are called Jordan blocks of size k of A. The matrix V; = [v,ﬁ, “ee ,v,’j] isann x k
matrix. We can restrict A to Vi, k = k1, ..., ks as

AV =A[vi, -, v =[vh, -, VI, k=K1, ..., ks
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For each generalized vector,

This implies

(A=NI)vi=0
(A - \I2vi=0

(A= ND"E =0, k=ky, .. ks
The set {vil} form a basis in C". Therefore, V is invertible, and
A=VIV

We call A is similar to J, and is denoted by A ~ J.
Notice that the matrix N := J; — A;I is called a Nilpotent matrix, which has the form

0 1
N, = i
0 1
0 kxk
It is easy to check that
0 0 1
N% = 0 0 1 ) vNZ =0
0 0
0 kxk

Theorem 2.6. Any matrix A over C is similar to a Jordan normal form. The structure of this Jordan
normal form is unique.

Example Suppose A is a 2 X 2 matrix with double eigenvalue A\. Let N1 = Ker(A — AI) and
Ny = Ker(A — )2 We assume dimN; = 1. Then A7 C Ny = C?. Let us choose any
vy € Ny \ V1. We define vi = (A — AI)va. Then (A — A\I)v; = (A — AI)?vy = 0. Thus, under
[v1, vo], the matrix A is transformed to Jo(\).
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Orthogonality, Self-adjoint operators There are some other decomposition, mainly when the
under space R™ or C" endowed with inner product structure.
Below V' and W are vector spaces.

1. Orthogonal Projection: Given W C V, there is an orthogonal projection P : V' — W such
that (i) Pw = w forallw € W, (ii) (I — P)v L W forallv € V.

2. Forany W C V, there is a subspace W such that (i) V = W @ W, i) W n W+ = {0},
(i) W L W,

3. Self adjoint operator: we define A* = (a;;). A matrix A is called self-adjoint if A* = A.

4. Alternatively, A* is defined by
(v, A"w) = (Av,w),

and A is self-adjoint if (Av, w) = (v, Aw).

5. A matrix U is unitary if U*U = UU* = I. This is equivalent to that U = [uy, ..., u,] and
{u;}?_, are orthonormal.

Theorem 2.7. If A is self adjoint, then A is diagonalizable by a unitary matrix U and all eigenvalues
are real.

Proof. 1. Suppose p is an eigenvalue of A. By the spectral decomposition theorem, we can find
the maximal invariant subspace W corresponding to i/ — A. Let J = ul — A. We claim that
J=0onW.

2. Since A is self-adjoint, so is J.

3. If the minimal polynomial of J in W is p,,(A) = A™. If m > 1, this means that there exists
v1 and vo which are independent such that

J’Ul = O,J'UQ = V1.

Then we have
(v1,v1) = (Jug,v1) = (v2, Juy) = 0.

This is a contradiction. Hence, m = 1. This also means J = 0.

4. The eigenvalues are real. Suppose A, v are a pair of eigenvalue/eigenvector.

AMov,v) = (M, v) = (Av,v)
= (\v, Av) = (v, \v) = A(v,v)

5. The eigenspace corresponding to two distinct eigenvalues A # p are orthogonal to each other.
Suppose
Av =X, Aw=pw, X#p.
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Then
Mo, w) = (Av,w) = (v, Aw) = p(v, w)

Hence, we get (v, w) = 0.
Ul

The Rayleigh quotient method is a constructive method to find eigenvalues of self-adjoint operator.

A
Al = max (Av, U>.
v (v,v)
Suppose V) be the corresponding eigenspace.
A
A2 = max (Av, v>'
vlVi (v,v)

This process can be proceeded inductively and find all eigenvalues and eigenvectors.

Singular Value Decomposition

Theorem 2.8. Let A : R" — R™(or C* — C™). Then there exist orthonormal bases V =
[V1,...,vn] iIn R® and U = [uy, ..., Uy, and non-negative numbers

01> ..>0p,>0, p>min(m,n)
such that
Avi = O;Uj, 1= 1,...,p,
Av;=0 forp<i<n
Or in matrix form
AV =U%,
where V is n X n unitary matrix, U is m X m unitary matrix, 3 is m X n diagonal matrix:

5 (diag(o1,...,0p),0)  ifm<n
(diag(o1, ..., 5),0)T  if m > n.

Proof. 1. The matrix A*A is self-adjoint. All its eigenvalues are real. They are also non-
negative because if A and v is a pair of eigenvalue/eigenvector, then from Rayleigh quotient

Mo, v) = (A" Av,v) = (Av, Av) > 0.

2. From the spectral decomposition for the self-adjoint matrix A* A, we can find unitary matrix
[v1,...,vy] and A = diag(A1, ..., Ap, 0, ..., 0) such that AV = VA. Here, \; > --- > A, >0,
the rest eigenvalues are 0. The corresponding eigenspace spanned by < vy 1, ..., v, > is the
kernel N(A*A).
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3. We note that A*Av = 0 if and only if Av = 0. Therefor, N(A) is also spanned by

[Upt1, -y Un)-

4. Let 0; = \/\;. For o; > 0, define u; by

AUZ' = O;U;.
Then,
(ui, uj) = P (Av;, Avj) = P (A" Av;, vj) —;(W,vj> =0
1 1,
<ui,ui> = ﬁ(A’Ui,AUZ') = 72<A Avi,vi> = <vi,vj> =1.
g; o;

The space spanned by [uy, ..., up] is R(A). Let us choose [tp41, ..., U] to be an orthonormal
basis in R(A)~ C R™. Then [u, ..., uy,] is unitary matrix.
O

Remarks.

1. A* has the following representation:

1
A*ui = fA*(AUl) = 0;V;.

o}
2. The domain and range of A can be decomposed into
R"™ = [v1, .0, Up] B [Upt1, .o, U] = [U1, ..., 0p] B N(A),
R™ = [u1, ..., tp] & [Ups1, ooy U] = R(A) B [Upt1, .oy U]
3. Anm X n matrix is of rank 1 if and only if it has the form
T

u@U, Uv

where u is m x 1 and vT is 1 x n matrices. The SVD is to decompose A into a sum of rank

1 matrices
o _
T
Uy P
o

_ P . _ } : T
A= [ub ey um] 0 : - giuv; ,

,Ug: i=1

0
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4. The least-squares solution for Ax = b is the minimizer of

Az — bl
With the singular value decomposition, we can represent
P m P
b= Z(b, ui>ui + Z <b, ui>u,- = Z<b, ul)uz + bJ'
i=1 i=p+1 i=1

The least squares solution is

| =

x*zz

i=1

(b, uj)vi + N(A),

S

which minimize || Az — b||?> with minimal value
| Az* — b = [|o™]1*.

P11

The solution z := i=1 o, (b, u;)v;, denoted by ATb, is called the Moore-Penrose solution,

where
Al = vxiu*

% has the same structure as ¥ and replacing o; by o; ! The matrix AT is called the pseudo
inverse of A.

2.4 Matrix Analysis

2.4.1 Matrix Norm

Norm in vector space In analysis, we need to measure how close of two vectors, the concept of
convergence. A natural way is to define the concept of norm for vectors.

Definition 2.6. Let V' be a vector space. A mapping || - || : V' — R is called a norm if
(i) ||z|| > 0and ||z|| = 0 if and only if x = 0;
(ii) ||[Ax| = |A|||x|| for any A € R and any x € R";
(iti) [z + yl| < [lzll + [yl
A vector space endowed with a norm || - || is called a normed vector space.

In R", we define the norms
1/p

n
alp = [ D |l | S 1<p<oo, |oe= max ||
j=1

One can see that [z, — |2|« as p — oo.
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Matrix Norm A m X n matrix A is viewed as a linear map from R™ — R™ (or C"* — C™). The
set of all m x n matrices is denoted by M, «n, Which is a linear space.

The norms in domain and range may be different. Let us call the norm in the domain by || - ||,
and range by || - ||5. The linear map A : (R", || - ||o) — (R™, ]| - ||») induces an operator norm on the
matrix A defined by

[Azfly _
[Allasb : max || Az|lp.
VAl pelle=t

Most of the time, we drop the subindex (¢ — b) when it is clear from the context. It is easy to see
that || - || is a norm in the vector space M, x,. Let us check the triangle inequality:

14+ Bl = max [|(A+ B)z|

< o Az + max | Be|
1

= [[All +[IB]-
The operator has the following two important properties
o [[Az] < [lA] [l

o |[AB| < ||A||||B|| when both A, B € M.

Examples

LA (R | o) = (R™, ] - |oo) Then [|Alloo = max; 32 [as;]

|Allco = sup maX|Za,]xj|—maX sup |Za1]x]|

Z]oo=1 |2|co=
< max sup Z ;] (max lz;]) maxz |aij
( |2|co=1
j
Conversely, if max; Y, |a;j| = >, |aiy;|, we choose

x; = signa;,; = *1.

Then |z|o, = 1 and

|4l > [Aaloc = max | 3 argl = 3 Jaigs]
J J
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2. AR |- ) = (R™, |- 1), then [[Ally = max;; 3, |aij |-

[Axly =) 1Y gz <0 ag] g
=> <§ !%‘!) s < (mgXE \MM) |25
j j i

7

<m,?XZ |aikz|> 2|1
i

max; y . |ai;|. Conversely, if max; Y. |ai;| = Y, |aij,|, then we

Thus, we obtain || A|;
choose

IN

T
x:((S]]O)?le((]? 717"' 70) .

We have |z|; = 1 and
Ax = (ajo, azjo, "+ Gnjo )" -

Thus,

n

Al > [Azly = laij,| = mjaxz |aij.
)

i=1

3. ||All2 = v/p(A*A), where p(B) is the spectral radius of a matrix B, which is defined for a
general square matrix B, by

p(B) = max{[A(B)]; .., [An(B)[},
the largest eigenvalues of B in magnitude.

Proof. Since A* A is hermitian, its eigenvalues are real. Let us order them by
AL > A > 2> A

Then the spectral radius p(A*A) = A;. Suppose z is the unit eigenvector corresponding to
A1, then
|A||%2 > |Az|3 = (Az, Az) = (A* Az, z) = M\ (z,2) = A\

We get ||All2 > /1. On the other hand, for any |z|> = 1, we have
|Az|? = (Az, Az) = (A* Az, z) < A (z,2) = A1
We get ||A]|3 < Ay 0

4. Frobenius norm: it is define to be
JANE = lai;|* = tr(A*A).
/L'hj

This norm is easy to compute. It has the following properties
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o |Azly < [|Al|F[x]2, [[All2 < [|AllF;
e [|AB|[r < [|AllF|BllF;
o |AR|F = |[RA||r = ||Al|F for any rotation matrix R.

The proofs of the first and second follow from Cauchy-Schwarz inequality. For the proof of
the third statement,

|AR||% = tr(RTATAR) = tr(RRT AT A) = tr(ATA) = | A||%.
Here, we have used the cyclic formula for trace:

tr(ABC) = tr(BCA) = tr(CAB).

5. Nuclear norm:
min(m,n)

1AL =Y loa(A),

i=1
where 01 > o9 > --- are the singular values of A, equivalently, o(A) = /A\(A*A). The
nuclear norm is also called Ky Fan ’n’-norm. It is used, for instance, in compressive sensing,
in principal component analysis in statistics, to find a low rank matrix approximation to a
given matrix.

6. *Schatten norm: the above nuclear norm, Frobenius norm, L? operator norm can all be unified
as special cases of Schatten norm, which is defined as

1/p

min(m,n)

1Al = | > oA

i=1
From the functional calculus theory,
AP = tr(|AP), |A| = VA*A.

Thus, the L? operator norm is the Schatten maximum norm. The nuclear norm is the Schatten
I-norm. The Frobenius norm is the Schatten 2-norm.

Remarks.

e The Nilponent matrix is defined to be

v-(30)

has p(N) = 0, but | N|[; = [|[N]|2 = || N|lec = 1. The matrix

cv (00
NN_<01.

Thus, the singular values are 1 and 0. Their Schatten norms || V||, = 1.
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2.4.2 Condition number

Consider
Ax = b,

where A is an n X n matrix and assume it is invertible. We want to measure the sensitivity of solving
x from b. Suppose bisa perturbation of b and Z the corresponding solution of AZ = b. Then

lz = &l = |A™" (0 = B)| < | A~ [l[b — bl

[l — ] -1 LAz yoagy g 1o =0l
< lATHIo = bl < [lA=[11All
] ]l {[o] 1]
Condition number x(A) := || A||||A~Y|| measures the sensitivity of  w.r.t. b.

1. Find the condition number of
A 1 1+e
T\ 1—¢ 1
Ans: k(A) > 4/€2.

2. The Hilbert matrix is given by

1
1= ()
i+J+1)0<ii<n

Its condition number has estimate: x(H) ~ O((1 + v/2)*"/\/n).

3. The discrete Laplacian in one dimension with Dirichlet boundary condition is
A = diag(—1,2,-1).
Since A is symmetric positive definite, we have
4] = max Ai(4) = Xi(4),
1A = max |\ (A™)] = max [\i(4) 7 = A (4) 7"

Thus,

Homework

1. What is the explicit expression of the operator norm of A : (R™, |- |1) = (R™, | |s0)?

2. Show that H(A) = Sup”x” ”y” HAZ/H
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2.4.3 *Functional Calculus

Given an n x n matrix A, we can define p(A) for any polynomial p. Let o(A) denote the spectra
of A, we have the following spectral mapping theorem.

Theorem 2.9 (Spectral Mapping Theorem for polynomial functions). Let A be an n x n matrix
over C and o(A) be its spectra. Then for any polynomial p, we have

Proof. 1. By spectral decomposition theorem, there exists V' and J such that
A=VJv—t
From this expression, we get that
AR =wgv Y. (vagvh..(vavh = vktv L

The Jordan matrix has the form
J=JQ - QJn.

This implies
JF=Ie e Jk.

2. For each Jordan block above, say J, = u,I + N, N is Nilpotent, we can get that J;f is always
upper triangular with diagonal u’;I . Thus, the eigenvalue of JZ’;‘ is ,u’;. This shows

o(Jy) = (a(Jp))".

3. Since
o()=o(Jf@--ay)=]a(})
p=1
we then get
o(AF) = a(J") = | o(J) = a(A),
p=1
and thus

for any polynomial function p(-). O
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Remark. In applications, we will need f(A) for more general functions. For example, A1,
exp(A), sin(A), etc. These operator-valued functions can be defined through the helps of resolvent
(Al — A)~! and the Cauchy integral formula.

The resolvent (A — A)~! can be defined in |\| > p(A), where p(A) is called the spectral radius
of A. The spectral radius p(A) is useful in the power series expansion of a matrix. We have the
following theorem.

Theorem 2.10. A* — 0 if and only if p(A) < 1. ||A¥|| is unbounded as k — oc if and only if
p(A) > 1.

Proof. If A¥ — 0, and suppose \/z be a pair of eigenvalue/eigenvector of A, then
AFz = \Fe — 0.

This implies \¥ —. Hence |\| < 1. This implies p(A) < 1.

Conversely, let us suppose p(A) < 1, which means that all eigenvalues |A\(A)] < 1. Let
us decompose A into direct product of Jordan blocks: AV = V.J with V invertible and J =
J1 ® -+ ® Jy. The power

Ak =vJgtv=t gF =g e Jf.
We can see that A\(A) < 1 < J(A(A))* — 0, which is equivalent to [A\(A)| < 1.
Suppose |A(A)| > 1 for some eigenvalue A\(A), then the corresponding Jordan block

k
JE = (A + N)¥ Z( )Ak_mINm—>oo

m=0

if and only if |A| > 1. O

Theorem 2.11 (Gelfand formula). For any matrix norm || - ||,
p(A) = Tim [[A¥|V",

k—oo
Proof. For any € > 0, we have p(A/(p(A) +¢€)) < 1. Hence

A k
(p(/l)—i—) — 0as k — oo.
€

Thus, there exists N7 such that for all £ > N7, we have
A k
(p(A) + 6)

|A¥|| < (p(A) + )

<1

This means
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or
1ARV* < p(A) + e

Similarly, p(A/(p(A) —€)) > 1. From

o)

there exists Ny such that for all £ > Ns,

— oo as k — oo,

JARIE > p(A) — .
This completes the proof. O

Theorem 2.12. The series y > A™ converges if and only if p(A) < 1. In the convergence case,
the series equals (I — A)™1,

Proof. Suppose p(A) < 1, we want to show (I — A) is invertible. The key is to expand
o
(I-A)'=>) am
n=0

This is called Neumann series. From p(A) < 1, we chooser € > 0 such that p(A) + e =n < 1.
From || A”||*/™ — p(A), there exists N such that for all n > N, we have
A" < p(A) + €=,

or ||A™|| < n™. Thus, Y 2 A™ converges absolutely and uniformly in any operator norm.
It is also easy to see that this series commutes with A because the finite part of the Neumann
series commutes with A. Thus, we get

(1—4) (3 Am) = (S A" (1 - A) = 1.
n=0 n=0

O

Corollary 2.2. The operator Ry(A) := (M — A)~! is well-defined and analytic in |\| > p(A).

> ()

n=0

Proof. This is because the series

converges absolutely and uniformly in any operator norm || - || and uniformly in A for A in the
compact region in |A| > p(A). Since the finite sum is analytic in ), so is their uniform limit. O

The operator R (A) is called the resolvent of A.
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Example Suppose J = pul,, + N, be a Jordan matrix, find the exact formula of (AI,, — J)~L.

Definition 2.7. Let f be a holomorphic function on C and A be an n X n matrix over C. We define
f(a) = [ FOT- 4) " ax
C

where C'is any closed contour that winds once around o(A).

Theorem 2.13 (Spectral Mapping Theorem). Let f be a holomorphic function on C and A be an
n x n matrix over C. We have

2.5 Direct Methods for Solving Linear Equations

2.5.1 LU Decomposition

Goal : Solv small size linear system
Ax =b.

Small size means that n is at most few hundreds.

Strategy

e Decompose A = LU by Gaussian elimination method, where L is lower triangular matrix
and U is a upper triangular matrix.

e Solve LUz = b by solving
Ly=b Ux=y.

These two equations can be solved by forward and backward substitution, respectively.

Procedure If the matrix is upper triangular, i.e. a;; = 0 if j < 4, then we can solve this equation
by backward substitution:

Algorithm 1 Backward substitution
1: procedure BKSBSTITUT(n, A = (a;;), b)
2: fori=n:1do
3: T; < (bl — Z?:i+1) /aii
4: end for
5: end procedure

If the matrix is lower triangular, i.e. a;; = 0if 7 > 4, then we can solve this equation by forward
substitution:
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Algorithm 2 Forward substitution
1: procedure FWDSBSTITUT(n, A = (a;j), b)
2: fori=1:ndo
3: XTi < (bz — E;;ﬁ) /aii
4: end for
5: end procedure

For general matrix A, we factorize it into the product of a lower triangular matrix L and an
upper triangular matrix U:
A=1LU,

called LU factorization. By direct calculation, we get

min(i,j)

aij = Y listis;.
s=1

The procedure to obtain L and U is by the Gaussian elimination method. It is an inductive procedure.
At step k,

e we assume that we have computed rows 1, ...,k — 1 of U and columns 1, ...,k — 1 of L
e we want to update uy;, j > k and £, i > k.

e From
k—1

apr = E Crstust + Lrpng,

s=1

we can determine £y, or ugy if one of them is chosen. So there are three approaches:

— choose ¢, = 1 for all k. Such L is a unit lower triangular matrix, the factorization is
called Doolittle’s factorization;

— choose ugy = 1 for all k. Such U is a unit upper triangular matrix, the factorization is
called Crout’s factorization;

— For symmetric matrix, we can choose /. = wugy for all k. Such factorization for sym-
metric matrices is called the Cholesky factorization.

Let us choose ¢;, = 1 here. With this, we determine u.

e We proceed to compute uy; for j > k and £, for i > k as the follows.

k-1

akj = > Lrstisy + begugg (k+1 <5 <n)
s=1
k-1

ag = Zgisusk +lgugr (E+1<i<n)

s=1
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The corresponding pseudocode is

Algorithm 3 LU Decomposition
1: procedure GAUSSIANELIMINATION(n, A = (aij), b)

2 fork=1:ndo

3 U, =1

4: Ukl = Okl — Z’;;ll Lrstgg,

5: forj=k+1:ndo

6 Ukj < (akj -y usj) /i

7 end for

8 fori=%k+1:ndo

9 lir, < (aik — le;ll fisusk> J Uk
10: end for

11: end for

12: end procedure

With a LU factorization, the system Ax = b can be solved by

In practice, we can store L and U in matrix A. At step k, the matrix A% has the form

1 (1) ) (1)

a/ll a/122 PEEY .. “ e a/lgl

by af) afy)
AT :

ba o lppe a](g’z) . al({’;)

(k) (k)

L R o | Qur "7 Onn
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Algorithm 4 Gaussian Elimination
1: procedure GAUSSIANELIMINATION(n, A = (a;5), b)

2 fork=1:n—1do

3 forz’:k—i—kl:nkdo

. e = 0 al®

5: forj=k+1:ndo

6 az(f+1) _ agf) _ gzka](;;)
7 end for

o plkHD) _ k) _ &-kb;(f)

9 end for

10: end for

11: end procedure

Variants of LU Decomposition
e A= LDU, where L and D are unit lower/upper triangular matrices, D is a diagonal matrix.

e If A is symmetric, then we can factor A into A = LL™. This is called Cholesky factorization.

Stability and Pivoting LU Decomposition It is possible that the LU factorization fails at some
iteration k. In performing Gaussian elimination for the matrix A

(k) (k)

Opr, 77 Opy
Ak — : :
MR

it is possible that a,(clz) is zero, or very small. In this case, the Gaussian elimination is either fails or

unstable. To avoid this, we can perform row permutation to move the largest |a§£) l,i =k, ...,nto
the kth row of the matrix A*). Let us denote such row permutation by P;. The factorization now
becomes

PA= LU,

where P = P,,_; - - - P is the product of these row permutations. Such process involving only row
permutation is called partial pivoting.

In the above pivoting process, it is also possible to find the largest |ag-€)| for £ < i,5 < nthen
perform a row permutation P}, and a column permutation Q. Then the factorization becomes

PAQ = LU,

where P=F,,_1---Pyand Q = Q1 - - - Q,,—1. This is called rotal pivoting.
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Matlab Commands
e [LU] = lu(A) gives the LU decomposition with partial pivoting;
e [L,U, P] = lu(A) gives the LU decomposition with partial pivoting;
o [L,U, P, Q] =lu(A) gives the LU decomposition with total pivoting.
If A is symmetric, then Cholesky method is adopted:
e R = chol(A) gives A = R'R;
e L = chol(A) lower’) gives A = LL'.

Computational Complexity
e Itis in general O(n?) for full matrices.

e For banded matrices with band size b, the computational complexity is O(b?n), provided
there is no pivoting.

e Theoretically, if the matrix-matrix multiplication is M (n), then the LU factorization is also
M (n). There are some fast algorithms for matrix-matrix multiplication:

— Strassen algorithm: O(n?807355),

— Coppersmith?Winograd algorithm: O(n?37477),

The latter may be impractical because large constant.

2.5.2 *Other direct methods
e Cyclic Reduction Method: This is for tridiagonal matrix
A= diag(aj, 1, Cj)

The jth equation is
a;xrj_1+xj+ ¢jTi1 = bj.

We will reduce to half size by eliminating the odd index terms. Let us write three consecutive

equations
a2j—1%2j—2 +T2j—1  +C2j—1T2; = boj 1
a2j%2j—1 +x2; +Coj 241 = by;
agj1T2;  +r2j41 +eojr1T2542 = b2jt1

We can eliminate x2;_1 and x2;j41 and then obtain an equation only involves xo;_2, x2; and
L2j42:

—a2j—102;%2j—2+(1—ag;coj—1—a2j4+1C2j)T2j —C2jC2j+122j4+2 = baj—agjbaj—1—cajbajt1.
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The problem now can be reduced to half size:

NN CRNO NN O}

(0)

Here, all original x;, b;, aj, ¢; will be denoted by x J
variables and coefficients are

0)  (0) (0) (0)

,etc. as an initialization. The new

HON Qg4 109, O —Co5 Coj41
J 0 0 0)’ J 0) (0 0 0
1 - aég)cég) 17 a’;j)—i-lcgj) 1 - aéj)cgj)—l aég)ﬂcg])
0 (0 0),, (0
LD O ) b;j) —ay) )bzg) 17 ( bg])—i-l

J Y250 Y (0) (0) (0) 0) -

1- Qg Coj—1 — Ag541Co;

We perform this process recursively. Suppose the number of unknowns is 2% M at level 0.

(k)

The solution (z J ) is called at level k. We perform the above reduction procedure for k£ = 0
to L. This is a M x M system, a small system, which can the solve it exactly. Once we
have the solution at the coarsest level L, we can go backward to obtain solutions at finer grid.

(k+1)

Indeed, suppose we have solutions at level k£ + 1, that is = i

xé ]) Then the solution at odd grids at level k£ can be obtained from the odd equation:

. These are also the solutions

k) (k k K (k k
aéjl—lxgj) + ng)ﬂ + Céj)—&-lxéj)-ﬂ = béj)—&-l

which can be solved for :cg;)Jrl once xg;) and mg];)Jrz are obtained. But these two are obtained
from the previous iteration steps.

The cyclic reduction method is very similar to multi grid method. If the matrix is diagonally

dominant, then off-diagonal coefficients ag.k), P

;> which changes during the level reduction,
converges to zeros quadratically.

e Block Cyclic Reduction Method: this is particular useful for two dimension problems.

2.6 Classical Iterative Methods

The target problem we can have in mind is the discrete Poisson equation
—Uj—1 + 2uj — Ujq1 :fj, 7=1,...,N—1.
The boundary conditions are
ug = uy = 0.

This can be written in matrix form
Ax = b,

where A = diag(—1,2,—1).
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2.6.1 Splitting iterative methods

Problem Solve Az = b. A is large size and usually sparse.

Ideas This class of iterative methods split A into
A=M—N,
where M and N satisfy
e M is the major part, M is easy to invert
e N is the minor part.

Then perform iteration:
Mxpy1 — Nz, = 0.

This is supposed to be solved easily because we assume M is easy to invert.
Splitting examples For instance, we can express A = D + L 4 U, where D is diagonal, L lower
triangular, and U upper triangular. Then we perform the following splitting

e Jacobi method: choose M = D, N = —-L — U,

e Gauss-Seidel: choose M = D+ L, N = —-U.

Theory The iteration can be rewritten as
Tpi1 = M Nz, + M 1b:= Gz, + M~ 'b.
The matrix G is called amplification matrix.
Theorem 2.14. The sequence x, 1 = Gx,, + c converges if and only if p(G) < 1.
Proof. 1. Subtracting x,,+1 = Gz, + ¢ and x,, = Gx,—1 + ¢, we get
Tpt1 — T = G(xn — Tp—1) = G" (21 — ).

The convergence of the sequence {x,, } is equivalent to the convergence of the series ), (Zy+1—
xy), which is also equivalent to that of ) G™(x1 — o).

2. If p(G) < 1, then, from Gelfand formula, we can choose an p(G) < 7 < 1 and there exists
an NN, such that for all n > N, we have

G <n"

Thus, the series

D (@np1—an) =D G™(z1 — x0)

n

converges absolutely.
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3. Conversely, suppose p(G) > 1. Let A\; be the largest eigenvalue in magnitude and v; be
the corresponding eigenvector. From p(G) > 1, we have |A\1| > 1.We choose x( such that
x1 — xp = v1. This means that (I — G)zg + ¢ = v1. As long as 1 is not an eigenvalue of G,
this is possible. With this xg, we see that

Z(wm.l — ) = Z G"(x1 — x0) = ZG”Ul = Z)\]‘

n

is unbounded.

4. If 1 happens to be an eigenvalue with v being the corresponding eigenvector. We choose
Ty = v, we see that x,, = v + nc is still unbounded.
O

Remark A sufficient condition for ) |, G™(x1 — o) converges is |G|| < 1 for some norm. But
this is not a necessary condition.

Definition 2.8. A matrix A is called

o strictly diagonally dominant if

jaiil > > lag|  foralli=1,...n.
J#i

e irreducible diagonally dominant if A is diagonally dominant:

|ai| > Z laij|  foralli=1,...,n,
J#i

and A is irreducible, i.e. A cannot be similar via permutation to a block upper triangular
matrix.

Theorem 2.15. The Jacobi method or the Gauss-Seidel method converge if one of the following
cases holds

o A is symmetric positive definite;

o A is strictly diagonally dominant;

o Aisirreducible and diagonally dominant.
The convergence rate is linear.

Proof. 1 shall only give the convergence proof for Jacobi method for strictly diagonally dominant
matrices. For Jacobi method, A = D + (L + U) = M — N. The iteration algorithm is Mz, 11 =
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Nz, +b. We get 2,41 = Gz, + M~'b with G = M~'N. When A is strictly row diagonally
dominant, we use operator sup norm ||G||» =, which is

|G oo = max ) _ [gi;| = max )
J

J#i

aij
Qi

=n<l1

it

Thus, the series

Z(xn+1 - l‘n)

n

converges absolutely in | - |s. This leads to x,, converges. Suppose z* is its limit. Then z* =
Gzx* + M~'b. Subtracting this from z,,+1 = Gx,, + M b, we obtain

€nt+1 = Gen»
where e,, :== z,, — z*. Since |G| =1 < 1, we get
lenfoo < [[G"[looleo| < 1™ eoloo — 0.
This shows that the convergence is linear. O
Acceleration techniques: Richardson Extrapolation In the late 50’s, people think that one can

accelerate the convergent rate by performing Richardson extrapolation techniques. Let us take Ja-
cobi method as an example.

1. Damped Jacobi method. Suppose we use Jacobi method to produce ;41 from x,,. We can
extrapolate it to £,,+1 by
Tnt1 = (1 —w)zp + wTpt1,

where w will be properly chosen. Usually it will be larger than 1 for extrapolation. Now,
suppose x4 is produced by Jacobi method. Then

Tni1 = (1 — W)y, +wD H(—=(L +U)x, +0).
We drop hat in &, 1. The resulting scheme is:
Tpp1 = (1 —w)zp + wD Y —(L+U)zp +b) = 2, + wD (b — Az,,).
This is called damped Jacobi method.

2. Successive over relaxation method (SOR). Suppose x,,11 is produced by Gauss-Seidel method.
We extrapolate it from x,, 11 to a new &y 1 by

Ty = (1 —w)zp + wTpt1.
In this case,

Fni1 = (1 —w)zy, +w(D+ L) (~Uz, +b) = 2, +w(D+ L) b — Azy,).
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3. Symmetric Successive Over Relaxation (SSOR). For symmetric matrix, the above amplifi-
cation matrix G is not symmetric. But, we can perform Gauss-Seidel method twice in one
iteration, one use lower triangular matrix L, the other uses the upper triangular matrix. In this
procedure, we can maintain symmetric of the amplification matrix. So, the scheme reads

Tni1j2 = Tn +w(D+ L) (b— Az,)
Tpt1 = Tpy1y2 tw(D + U)~H(b— Axpi1/2).

Tnp1 =Tn+w [(D+ L) +(D+U)" —w(D+U)"AD+ L)' (b — Azy).
Note that U = LT and the amplification matrix
G=w[D+L) '+ (D+U) ' ~w(D+U)TAD+ L) A
is symmetric.

The goal is to find proper w which minimize p(G(w)). It depends on specific A. For discrete
Laplacian on box, one can compute the spectrum explicitly, then obtain an optimal w. For symmetric
positive definite matrix, we can also do similar things.

Remarks.

1. SOR in the standard textbook is not expressed in the form above. It is derived and expressed
as below. Originally, the Gauss-Seidel can be written as

Tpt1 = D_l(b — Lzpy1 — Uxy).

Hence, one can design SOR as

Tnt1 = (1 —w)zy + wD_l(b — Lzpy1 — Uxy).
From this, we obtain

Dzxyy1 = (1 —w)Dxy +w(b— Layy1 — Uxy)

(D+wLl)zpt1 = (1 —w)D — wU)zy + wb.
Thus, we split A = M — N,
M=D+wL, N=(1-w)D-uwU.

Or we can express it as

Tpi1 = Tp +w(D +wL) (b — Azy).
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2. SSOR: We perform two SORs:
Tng1/2 = Tn + W(D +wL) (b — Axy)
Tt = Tpp1y2 +w(D +wU) (b — Azpi ).
This gives
Tni1 = Tp +w [(D+wl) '+ (D+wlU)™' —w(D+wU) "AD +wL) '] (b — Axy)
=z, +wP Y (b— Ax,)
where
Pl=D+wl) '+ (D+wU)™ —w(D+wU) P AD +wL)™!

=(D+wU) ' D+wL—wA+D+wU](D+wL)™?
=(2-w)(D+wlU)'DD+wL)™".

2.6.2 Preconditioned iterative methods

To solve
Ar —b=0,

we shall solve the equation
P 1Az —b) =0

instead, where P is called a preconditioner, which is designed to satisfy
e P~ liseasy to compute,

e P~!isan approximation of A~! in the sense that P~! A has smaller condition number of that
A has.

With a preconditioner P, we can design a fixed point method as

Tpal = Tp + wnP_l(b — Axy,).

One can see all classical iterative methods can be expressed as this preconditioned iterative method.

e Jacobi method: P =D, w =1

Damped Jacobi method: P = D, w € (0, 2),

Gauss-Seidel: P=D + L,w =1,
e SOR: P=D +wlL

SSOR: P = ;1 (D +wU)D (D + wL).

2—w
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Homework

1. Discretize the one-dimension Poisson equation —u” = f by central finite difference method.
Solve the resulting linear system

diag(—1,2,—1l)u = f

by above classical iterative methods. Choose proper w, Compare them.

2.6.3 Conjugate Gradient Method

Goal: Solve Az = b, A is symmetric positive definite and b # 0.

Ideas and derivation: ~Solve the problem successively in the space spanned by {b, Ab, ..., A¥~b}.
The reason is the follows. Suppose p is the minimal polynomial of A, that is p(4) = 0 and
deg(A) < n. If A is invertible, then p(0) # 0. Otherwise 0 would be an eigenvalue. We may
normalize p such that p(0) = —1. Thus

0= p(A) = —T+ Aq(A).
This shows that A~! = g(A) with deg(q) < n — 1. Thus,
z=A"1b = q(A)b.

To derive an iterative method, the above observation suggests us to solve this equation iteratively in
the spaces

VowcVvic---CV,=R"

where
Vi =< b, Ab, ..., A" 1p >,

the space spanned by {b, Ab, ..., A*~1b}, called the Krylov spaces. The details of the derivation are
the follows.

1. The problem can be written in variation form:
) 1
min ¢(x) := §<Aa:,:c> — (b, ).

The minimum occurs at
Vo(z) = Az —b=0.

2. Let us look for optimal solution in V. Let us call it

xy = arg min {p(z)|x € Vi }.
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3. We start from xg = 0. Let us define the residual

ro :=b— Az,

which is not zero. We define Vi =< rg >=< b >. We look for optimal solution in Vj.
The search direction is called p;, which is p; = b. An element in V] can be expressed as
x = aqp;. Plug itinto ¢(x), we get

a?
¢(a) = 5 (Ap1,p1) — (b, apy).

The optimal solution is
(b, p1)

xr1 = o1p, o1 = 7(Ap1 p1>-

. The residual 7y := b — Ax;. Suppose 71 # 0. We find

r1 € Vo i =< b,Ab > .
Hence,
Vo =<rg,r1 >.

Furthermore, the residual r; = —V¢(z1), it is orthogonal to V; because x; is the optimal
solution of ¢ in V7. Thus,
™ 1 To-

. Now, suppose we have found an optimal solution z} € V} and suppose the residual

rg :=b— Axy # 0.
We extend V}, by adding r. Then
Vip1 = Vit <1 >=<b, Ab, ..., A¥b > .
For any z € Vj,1, we express it as

T =Y + Qk+1Dk+1

where y € Vi, pp+1 € Vi1 \ Vi is the search direction to be determined later. We plug it

into ¢
2

() = ¢(y) + (y, Aprt1) + %<pk+1; Apps1) — a(pr+1,b).

If (y, Apr+1) = 0, then the above minimization in Vj; is separable:

2

. . .«
min ¢(z) = min ¢(y) + min — (Prr1, Aprt1) — a(pr+1,b)-
xEVk+1 yGVk aER 2

This gives
Tl = T + Qpr1Pk+1
with

b, Py 1
o dathe own = NS
Y
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6. The search direction py, is chosen to be

Dk+1 = Tk + Brt1Dk-

Since it is required
(Apk+1,px) = 0.

This gives
(Apk, )

Prr =~ (Apr, pr)

7. Residual: The residual of ;. is defined as

The1 = b — Axpyq.

8. If r+1 = 0, then we are done. If not, we repeat the above procedure. This will continue at
most to k = n, where the search space V,, is the whole space R".

Theory Below, we assume A is symmetric positive definite n x n matrix. The matrix A defines
an inner product

(,y)a 1= (Az,y).
Theorem 2.16. Given ro # 0. Let Vj, = [ro, Aro, ..., A¥"1rq] be the Krylov spaces. Set py = 0.
Fork =0,...,n — 1, define

<Apk7 Tk)

Pkl = Tk + Bet1Phs  Brt1 = — Apr. i)

<7“k>pk+1>
Thil = Th — 1 ADrg1,  Qpq1 = A il
< pk+1,pk+1>

then,
1. eitherri41 =0, or

2. (l) Vk‘-i—l — [rOa r1, "'?Tk] — [plava "'apk‘-f-l]’ dika-‘rl =k + 1.
(ii) {p1,...,Pk+1} are A-orthogonal,
(iii) Te+1 L Viga.
Proof. 1. We prove (i), (ii), (iii) by induction.

For k = 1, since p; = 7y, it is clear that V; = [rg] = [p1] and dimV; = 1. Moreover,

(ro,p1)

r1,p1) = (ro — a1 Ap1) = 0 because a1 = .
< = > (Ap1,p1)

2. Suppose (i) (ii) (iii) are true for k, that is,
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(i) Vi = [ro, 1, ., 7k—1] = [p1, P2, -, Pi]> dimVy = k.
(i) {p1,...,px} are A-orthogonal,
@iii) rp L Vi,

we want to show they are also true for k + 1.

. To show (i), we show that 7, € Vj1 and r;, & V. These two together give V1 = Vip+ <

r, > and dimVy41 = k + 1. The reason for r, € Vi1 is due to
Tk =TE_1— CkkApk eV + AV, = Vk+1.

The reason why . & V. is due to the induction hypothesis r | Vi, unless 7 = 0, which is
also contradicts our assumption.

. We show that Vi1 = Vi+ < prpa1 >. We have pry1 = rg + Brr1pr € Visr1. Since

T € Vg1 \ Vi and pg, € Vi, we get that pg 1 € Vg1 \ Vi. These two show Vi1 = Vi+ <
Dk41 >

. We show (Apky1,px) = 0. From pg1 = rg + Brr1Pk, We see that Sgq is chosen so that

(Apg+1,pK) = 0.

. We show that (Apyy1,p¢) = 0forl =1,....k — 1. We have

(Aprs1,p0) = (v + Brg1pr, Ape)
= (T, Ape) + Br1(pk, Ape) = 0.

For (ry, Ape), we have used (a) Ap,; € Vi if £ < k, (b) the induction hypothesis r; L Vj. For
(P, Ape) = 0 for £ =1, ...,k — 1, this is the induction hypothesis.

. We show (rg+1,pr+1) = 0. We have

Thil = Tk — Qi1 APE41.
The coefficient a1 is chosen so that
(Tht15 Pht1) = (T — Q1 APrt1, Pit1) = 0.

That is, ;41 is obtained by removing the errors of r in the direction of pg 1.

. We show (rg41,pe) = 0 for £ < k. We have

(Pht1,pe) = (Tk — k1 Apy1,pe) = 0.

Here, we have used the induction hypothesis r L Vi and {py, ..., px } are A-orthogonal.
O
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Remarks

1. In conjugate gradient method, if we start from any xg and define

Ty = XTp_1+ appr, TE=0— Ax.

then r, = 0. This means that the exact solution can always achieved in n step iterations.

2. We can avoid some matrix-vector multiplication in CG method as shown below. We claim
that

oy = (Tk—1,Dk) _ <7"k7177”k71>’ 2.0

(Apg, pr) (Apk, pr)

(Apg, i) (T k)
= — = . 2.2
P (Apg,spk)  (Ph—1.Tk—1) (22)

This means that we only need to evaluate matrix-vector multiplication Ap; once in each
iteration. To show (2.1)), we use py, = rg—1 + BrDPk—1,

(Pk—1,Pk) = (Tk=1, Th—1 + BkDPr—1) = (T"h—1, Tk—1)-

To show (2.2)), from 7, = ry_1 — oy Apy, we have

(T, ) = (Th—1 — e Apr, 1) = —p(Apk, ).
Hence,
1 (Apr, pr)
Apg,TE) = — =— Thy TE)-
(Apk, ) (T, k) <7"k—17pk>< ko T)
Thus,
 {Apk,rk)  (rkeTe) (TR TR)
Br41 = — = =

<Apk7pk> <rk—17pk:> <Tk—1vrk—l> ‘
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Algorithm 5 Conjugate Gradient Algorithm
1: procedure CG(n, A = (ai;), b)

2: rog = b;]p>: b
P

SR )

4: T =ap

5: r1=b— Ax

6: Co = <7“0, T0>

7: Cl= <T1,7’1>

8: while |r1| > Tol do
9: 8= —%

10: p=r1+08p
11: o= %
12: r=x+ap
13: o =T1

14: rn=0b— Ax
15: Co="C1

16: Cl= <T1,T1>
17: end while

18: end procedure

Algorithm

Theorem 2.17. Suppose A is symmetric positive definite. Then the conjugate gradient method
converges and has the following estimate

wA) 11" .
VE(A) +1 |

o — axlla <2 2" — ol a.

Proof. 1. zy, is the best solution of Az — b = 0 in the space V},. This means that
0= (rg,v) = (b — Axy,v) = (Ax™ — Axy,v) forall v € V.

That is,
({L‘* — .%'k) J_A Vk.

This implies

(A(z" — xp), 2™ — zg) < (A(z™ —v), (2% — v)) forall v € V.
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2. Now, we choose v = pg_1(A)b = pr_1(A)Ax*.
(A(z™ — zy), 2" — zp) < mirg(A(I = pe-1(A)A)z", (I — pr-1(A)A)z")
= min (Agr(A)z", qx(A)z")
= min max |g(\)[*(Az*, z*)

ar(0)=1 A€o (A)

< min max N2 (Ax*, z*
< min | o ) (4" 27)

where
a = Amin(A), b= naz(A).
3. We choose
o=t (=)
Q - (bﬂ>
b—a
where ( ) )
_J cos(kcos™'t if [t| <1
Ti(t) = { cosh (kcosh™'¢) if [t| > 1.
Then
q(0) =1
and ) o)
Tk< ta )‘Slforall)\e[a,b].
b—a
Thus,
b+a\]"
M| < | T, :
syl < |5 (525)
4. We set
b+a ~ cosho — e’ +e’?
b—a 7= 2
This implies
VE(A)+1 b
o= VI TL gy b
Kk(A) —1 a
We get
ko —ko 1
cosh(ko) = % > §6k0
k
VE(A) +1

_1
2| /k(A) -1
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Hence, we get

k
. k(A)—1
ax |\ < 2 [ VD~ 2
oty gy (BN =2

O

Preconditioned Conjugate Gradient Method In the CG method, the convergent rate depends on
the condition number. The convergence performs faster if we have a smaller condition. This is why
the preconditioned CG method (PCG) is favored.

Proposition 1. Suppose A is symmetric positive definite. Suppose P is a symmetric pre-conditioner
of A. Then PA is symmetric positive definite with respective to the norm

[z,y] := (P 'z,y).

That is,
[PAz,y) = [z, PAy] > 0.

Proof.

[PAz,y| = <P_1PA:U7y> = (Az,y) = (z, Ay)
= (PP 'z, Ay) = (P~ 'z, PAy) = [z, PAy].

Now, we solve
PAx = Pb.

The PCG is as the follows:
1. 2o =0,r9 = b, p1 = Pry.
2. ag = (Pro,ro)/(Ap+1,p1), 21 = a1p1, 1 = b — Ax;.
3. Fork =1, ..., the residue is Pry := Pb — PAuxy,

B . [PTk,PTk] . <P7'k77'k>
k+1 — [ -

Pri_1,Pri—1]  (Pri—1,7k—1)

Pk+1 = Br + Brt1pk-
sy = [P?“k,PT'k] _ <P71PT’k,P7'k> _ <P7“]€,7“k>
* [PApit1,pk+1] (P 'PApk+1,Pk+1)  (APk+1,Prt1)

Th+1 = Tk + Qp+1Pk+1

Tk+1 = b— AIk-s—l
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2.7 Power Method for Finding Eigenvalues

Goal Find the largest eigenvalue in magnitude of A.

Algorithm Let \;(A) and v; be its eigenvalues / eigenvectors. Suppose
[A(A)] > [A2(A)] = [As(A)] = - -

and suppose g has nonzero component in the direction v;. Then

Axy,
l‘ = —
T Ay

has a subsequence converges to v, and

 (zp, Axy,)

Bk = —F———

(ks Tk)

converges to A1 (A) with geometric rate |Aa/A1].

Proof. 1. A can be expressed in Jordan form:
A=VJV-1

where V' = [vy, ..., v,,] are the generalized eigenvectors. We can express

T
xTo = g cjuj =Ve, c=lci,...,cnl" .
J

By our assumption, ¢ # 0.

2. One can prove by induction that
Ak g,
T AR

From this, and A¥ = VJ*V —1, we obtain
VIVl VIRVTIVe ViR

|VJEV =Lzg||  ||VIEV -1V ||V k¢
(M Foeu + V(I o ¢e))
B <|M> leror + V(I/A)R (51 ¢ie))|

. c1
= elk(bflq + 7
|c1

- A A
i — 2L o (|2
e’ = , TE =

|A1] F ( A1

Lk

where

)
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3. We see that the sequence is bounded and thus has a convergent subsequence. Indeed, as k
large enough, zy, is closed to v; up to a scalar.

4. The Rayleigh quotient is

<A$k’ -Tk> <)\1€ik¢|zﬁvl + ATk, eikdjcflvl + Tk>

_ le1]
(@, 1) (ehd Sy + 1y, ethd Cloyy + 1)

le1] el
k

A2

A1

Algorithm 6 Power Method
1: procedure POWERMTHD(n, A = (a;j), p, x, Iter)

2: x = rand(n)
3 x <+ z/||z|
4 for i=1:Iter do
5 y=Ax
6: n=(y,z)
7 z < y/llyll
8 end for
9: end procedure
Algorithm
Remark

1. One can also use ||z||o for normalization.

2. The convergence of iy is linear. One can use Aitken’s acceleration technique to speed up
convergence of u. But we cannot speed up x;. We have
k)

LA A
Mkzwz)\leO( 2

M

(T, Tk)

We use pg, ptr—1, fk—2 to find a better approximation of pu:

Pt — [ Pk [
Pk—2 = fb Hg—1 — [
This leads to )
N Hi—1 — HEp—2
B -2 — ( pk=2)

Mk — 2k—1 + fk—2
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2.7.1 Inverse Power Method

Goal Find the eigenvalue A\; of A which is close to a prescribed number q.

Idea The eigenvalues of
(A—q)™"

are
1 1

)\1_(]’ 7/\n_q.

We can apply power method to (A — ¢I)~! to find ).

How to locate eigenvalues

Theorem 2.18 (Gershgorin’s Theorem). Let A = (a;j)nxn. Then

n n
sA)ycJSzeC:lz—aul < D layl
=1 j=1

J#

Proof. Suppose A and x be an eigen pair. We can normalize x such that ||z|/~ = 1. Suppose the
maximum component is |x;| = 1. We have

n
E aijzvj = )\.I‘Z'.
j=1

n

()\ — a”)xl = Z ai]’x]’.
j=1
J#i

n
A= ail < ) agl

j=1
J#i

Thus,

Remark. We can also apply this proof to the left eigenvector and obtain

n

n
oA c|JlzeCilz—aul < D lajil
=1 j=1

Jj#i

Thus, o(A) is contained in the intersection of the row Gershgorin disks and column Gershgorin
disks.
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Chapter 3

Approximation Theory

3.1 Motivations

Data and signal representation In experiments, we collect data, which are usually discrete. We
want to use a function to connect them. This can be in one dimension such as planetary orbits,
asset values in market, in two dimensions, such as images, or in three dimensions, such as video, or
molecular energy plots in chemistry, or in general, just a data cloud in some high dimensions.

Numerical approximation to functions, partial differential equations In numerical partial dif-
ferential equations (PDEs), we approximate our solutions by splines, nodal functions, Fourier modes,
etc. in order to project the equations to finite dimensions to solve. All of these are fo represent our
objects in terms of some known atoms.

e The objects can be signals, images, solutions of PDEs, or in general, a functions, or a un-
ordered data.

e The atoms can be polynomials, splines, Fourier modes, wavelets, some special functions, or
even object-dependent atoms.

The classical approximation deals with approximation of smooth functions by polynomials, splines,
Fourier functions, wavelets. It can be used for numerical differentiation, integration, solving PDE
problems, etc.

3.1.1 Basic Notion of function spaces

Normed linear spaces Let X" be a vector space over R (or C). A norm || - || is a function maps X’
to R which satisfies

1. ||z|| > 0 forall z € X, and ||z|| = 0 if and only if x = 0;

2. |laz| = |af

3. Mz +yll < llzll + llyll.

57
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A vector space X endowed with a norm || - || is called a normed linear space. We are interested in
those function spaces.

Examples of function spaces
e Space of continuous functions:

Cla,b] = {u: [a,b] — Ris continuous.}, ||ulle := sup |u(x)|.

e Space of continuous differentiable functions
C™a,b] = {u : [a,b] = Rlu,/, ...,ul™ are continuous on [a, b]}.

The norm is
m .
[ullmoo = > 0 oo
i=0

e It is also common to use LP norm in these spaces. The LP norm is defined as

b 1/p
||urrp=(/ |u<x>|pdx) Cl<p<oo

Similarly, in C™]a, b], we can define
m .
[ullmp =D u@,
i=0

Limiting processing in normed linear spaces

e A sequence {x,} in X is called a Cauchy sequence if for any € > 0 there exists an N such
that for any n,m > N, ||z, — x| < €.

e A sequence {x,} is called convergence if there exists an x € X” such that for any € > 0 there
exists an N such that forany n > N, |z, — z|| <.

e A normed linear space is called complete if all its Cauchy sequence {z,, } has a limit z in X
e A complete normed linear space is called a Banach space.
e Theorem: Given a normed linear space X', there exists an extension space X such that
(i) X C X,
(ii) || - || can also be extended to X,
(iii) X is complete,
(iv) X is the smallest such kind space.

e The space (Cla,b], | - ||p) is not complete. Its completion is called LP space, denoted by
LP(a,b).

e The completion of (C"(a,b), || - ||m,p) is called Sobolev spaces, denoted by W™ (a, b).
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LP functions Below, we want to give examples and characterization of L functions without hav-
ing background on measure theory. However, we do need the concept of measure O set.

e The function 1/|x|* € LP(—1,1) if and only if —ap + 1 > 0. This is because the improper
integral

1 1 p 1
/< >da?:]w\ap+1‘_l<oo & —ap+1>0.

1 \|=|*

e The function 1/|z|* € LP(1, 00) if and only if —ap 4+ 1 < 0. The improper integral now is

'] 1 p 0
/ <|x|a) d:v:|a:|_°‘p+1‘1 <o & —ap+1<0.
1

Two LP functions f and g are identical in LP sense if they differ only on a measure zero set.

Measure 0 sets A set .S C R is measure O if for any € > 0, there exists a sequence of intervals [,
such that S C |J,, In and ), [I,] < e.

e Countable union of measure zero sets is measure 0.
e (Q is a measure zero set.

e The Cantor set is a measure zero set.

3.2 Approximation by polynomials: Interpolation Theory

In this section, we approximate a function by polynomial through interpolation at some prescribed
nodes. We are concerned with the approximation in Cla,b]. An important example is the Runge
phenomenon, which shows that Chebeshev nodes are better over the uniformly distributed nodes on
an interval.

Goal Given zg, x1, ..., 2, distinct and fy, f1, ..., fn, find polynomial P, (x) such that P,,(z;) = f;
for:=0,...,n.

Uniqueness If we express P, (z) = > a;x;, then P, (x;) = f; gives the linear equation

1 e 1 ag fO
Lo - In ai fi
T i an fn

The matrix is called a Vandermonde matrix. Its determinant is []o; ;< (z; — x;), which is
nonzero, provided x; # x; for 0 <7 < j < n. Thus, we get uniqueness of P,.

The Vandermonde matrix has very poor condition number. Below, the Newton’s approach is
more stable.
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3.2.1 Newton’s interpolation

Newton’s Interpolation Formula We express

n 7j—1
Po(z) = cigi(x), gqi(z) =[] — o).
j=0 =0
Then the condition P, (z;) = f; gives the linear equation with lower triangular matrix:
1 0
1 z1—x9 0 20 jio
1 T2 — X0 (.%2—.1‘0)(.1’2—.%’1) 0 ‘1 — .1
c
1 @y —x0 (xn —w0)(TH — 271) " Fn
This gives
co = fo, Po(z)=co
_ fi—eo B
c] = = flxo,x1], Pi(x) = Py(x) + flxo, x1](x — x0)
Tr1 — X0
f2 — Pi(x2)
pry = P = P - - .
I P, flxo,z1,m2],  Po(x) = Pi(x) + flwo, 21, 22](x — o) (2 — 21)
In general,

fm = Po—1(@m)
G (Tm)
Pm(x) = m—l(x) + f[x07 s axm]Qm(fE)'
Thus, the polynomial P,, which interpolates f at xg, ..., x,, can be expressed as

Cm = = flzo, T

‘Pn(x) = flzo] + flwo, z1](x — wo) + -+ + flwo, ... wnl(x — w0) -+ (w - xn—l)-‘

Lemma 3.1.
flzt, - s xm) — flzo, -+, Tm—1]

flzo, - am] = .
Tm — X0

Proof. We prove this lemma by induction. Suppose ¢ interpolates f at x1, ..., x,,. Then,

(x — xp)

Pu(a) = ala) + 2=
Tn xO)

q(z) — Pp1(z)) -

By comparing the coefficient of ", we get

Flzo, ooy Tn] = flzi1, ...,xn:in—_f:[;g, '--v$n—1]‘
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Lemma 3.2. Let o be any permutation on {0, 1,...,n}. Then

f[x0(0)7 '--71:0(71)] = f[an ,l‘n]

Proof. The interpolating polynomial is unique, independent of the order of the interpolateing points.
O

Theorem 3.1. We have the expression of the interpolation error:

f(z) = Pp(x) = flxo, ..., Tn, T H T —xj). (3.1

Furthermore, there exists an § € [ming<;<p{z;, ©}, maxo<;<n{zi, x}] such that

)
(n+ 1)1

flwo, s Tn, @) = (3.2)

Proof. 1. Consider P which interpolate f at g, ..., , and z. Then

n

P(y):P()—I-fxo,.. Ty, T H Y — ;).

7=0
Evaluate y at z, we get (3.2).
2. Consider

n

$(y) == f(y) = Pu(y) — flzo, sz, 2] [ [ (v — 7).

7=0
We have
P(wo) = - ¢(xn) = ¢(x) = 0.

By Rolle’s theorem, there exists & € [ming<;<,{xi, x}, maxo<j<n,{x;, x}] such that
o (g = 0.
By direct calculation,
otV (€) = () — (n + D) f[zo, ..oy T, 7.

Thus, we obtain (3.2).
0

Hermite Interpolation Suppose x; is no longer distinct. This is so-called Hermite interpolation.
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Uniqueness The polynomial P, has m + 1 coefficients which are determined by the interpolation
conditions. There are ) ;" k;. Thus,

Zn:kz‘:m-i-l.
=0

The polynomial P, is unique based on the non-zero determinant of the corresponding system for
finding the coefficients.

Divided Difference with Repetitions When the interpolation points x, ..., x,, cluster to a point,
the divided differences are reduced to ordinary differentiation, and the New expansion formula is
reduced to ordinary Taylor expansion formula. You can check:

b f[x())xO] — limxlﬁxo f[l’o,l’l] = f,(.fﬂo).
o flzo, ... z0] = Hf® (o)
o flzo,...,xn) = 5 f (n)(¢), even with repetition.

Thus, Newton’s interpolation formula holds with repetition.

Lagrange Interpolation Formula Lagrange takes the following expression

Pn(x):Zfi&(x), li(z) = H i

J}i—.%j

Barycentric interpolation formula The interpolation polynomial P, can be computed by the
following barycentric formula, which can lead to smaller interpolation errors as n increases.

-1

zn:() ivlfz L
Py(z) = 217171527 Wy = H (x; — ﬂs‘j)

=0 r—x; 0

i

g
J
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To derive this formula, we rewrite ¢;(x) as

n

ty= 1 =Tl | -~

T —x;
=0 ‘

J
J

Noting Y, ¢;(x) = 1, we can get the barycentric interpolation formula.

Usually, for n < 50, there is no difference between Newton interpolation formula, Lagrange
interpolation formula and barycentric interpolation formula. But for n > 50, there is a significant
difference.

3.2.2 Runge Phenomenon

If we perform polynomial interpolation with uniformly distributed nodes zo, ..., Z,, on some interval,
it is found that the error increase after n increases. The Runge example is

f(x)

=112 on I = [-5,5], with g, ..., z,, evenly distributed.
x

We have seen that the error is

o I AARIGR ,
Enf(z) = f(z) — Py(x) = Mil;[)(ﬂf - Ti).

For uniformly distributed nodes, the behavior of the function

n

n1(2) = H(x )

=0

oscillates near boundary. In fact,

V2 10
|Gns1(z)] < n! T~ T7Tn”Jrl/ze*”lO"n*"*1 — 00, h=—.

The maximal value can be achieved near the boundary. The error

hn+1
zel 4(n/+-1) ’

Unfortunately, the quantity

max | £ ()]
zel

grows very fast as n increases, while g,41(2z)/(n + 1)! decays to 0 slower. We observe

A Ry o (] = oo

The lack of convergence is indicated by the severe oscillation of the interpolating polynomial versus
to the original function near the boundary. Such phenomenon is called the Runge phenomenon.



64 CHAPTER 3. APPROXIMATION THEORY

Homework

1. Reproduce this result, plot the functions f**1)(z) and g, 41 (z) on interval [—5, 5] to observe
their behaviors.

Chebyshev-Gauss-Lobatto nodes As we have seen that the interpolating polynomial on a uni-
form nodes on an interval I oscillating severely on the boundary. The error containing the term

n
Qn-I—l H x _mj

oscillates on the boundary. However, the Chebeshev function
T, (x) := cos(ncos™ ' x)
is a polynomial of degree n. We have |1, (x)| < 1 for all z € [—1, 1]. Its roots are
27+ 1m .
Tj = —cos (71—1—12) , 7=0,...,n.

They are called the Chebyshev-Gauss-Lobatto nodes. With these nodes, omen can show that the
leading coefficient of T},41(z) is 2. Thus, both 27"T,,11 and gy, +1(z) have leading coefficient 1
and they have same roots and same degree. We have

n
Gn+1(x H (x —xj) =27 "Th41(x).

The interpolation error E,, f for ChebysheV—Gauss—Lobatto nodes on [—1, 1] is

FE)

Enf () := f(2) = Pul@) = "

27T} 41 (2).

Homework

1. Plot the functions f(**1)(z) and g,,11(x) on interval [—5, 5] over Chebyshev-Gauss-Lobatto
nodes. Find the error E, f(x). Observe their behaviors.

2. Prove that T}, is a polynomial of degree n. Prove that its leading coefficient is 2771,

Stability of Polynomial Interpolation The issue is: if f; is perturbed to fl fori =0,...,n, what
is the error between the interpolating polynomials P, and P, on the interval I. The answer is the
error depends on where you interpolate. Let z; € I, ¢ = 0, ..., n be the interpolation nodes. P, and
P, be the polynomials which interpolate f and f at these nodes. The error is

z”: (f(fi) = fi($i)) li(x)
f(zi) — f(azl)

P, Py (z)| <
ey 1P = Palol < e

< Anl2) 0Sien

)
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where
n

Anz) = max > [6i(a)
1=0

is called Lebesgue’s constant. It serves as a condition number which measures the stability of the
interpolation. It depends on the nodal points zg, ..., z,,. The Lebesgue constant has the following
estimates

e For equispaced node,
2n+1

A ~—
n(®) en(logn + )’
where e = 2.718, v =~ 0.548;
e For Chebyshev-Gauss- Lobatto nodes,
2 8 s
Ap(z) < - (logn + v + log W) + o2
Homework

1. Plot A, (z) for equi-spaced nodes and for Chebyshev-Gauss- Lobatto nodes.

Best approximation

Definition 3.1. A modulus of continuity is a function w : [0,00) — [0, 00) with lim;_,o w(t) = 0. A
Sfunction admits w as a modulus of continuity if

[f(x) = f(y)] <w(lz—yl)
forall x,v.
e If w(t) = O(|t|), then this is Lipschitz continuity.

o Ifw(t) = CJt|* 0 < a < 1, then this is Holder continuity.

A function is uniformly continuous on [0, 1] if and only if it admits a modulus of continuity w.

Theorem 3.2 (Jackson). Let IP,, be the set of polynomials of degree less or equal to n. For any
f € C"[0,1], for any n > 0 integer,

distos(f,Pp) < Crlw(FT), h).

where h = 1/n and w is the modulus of continuity.

Applications

!For reference, see Quarteroni’s book.
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3.3 Approximation by Trigonometric polynomials

Motivations
e Trigonometric polynomials can approximate smooth periodic functions very efficiently.
e Fourier transform can diagonalize differential operators, convolution integral operators.

e Fourier expansion can be used to analyze data and signals. For instance, image debarring,
image denoising.

e Fourier transform is a fundamental tool in magnetic resonance imaging (MRI).
3.3.1 Definition and examples

Definition We study Fourier expansion for 2w-periodic functions. Suppose f is a 2mw-periodic
function. Let us expand f as

To find the coefficients aj, WE take the following inner product, defined by
(fg) = o /ﬂf( )g(x)d
= X X X
: or | 1@ :

with e"™*_ Using

(eimm’ einx) — 5mna
we can get
1 [T »
U = 5 flx)e "™ d.

—Tr

The coefficient a,, is called the Fourier coefficient, or Fourier multiple, of f at wave number m. We
usually denote it by f;,.

Examples

) = 1 forO<zxz<m
VT =1 for —m<az<0
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3.3.2 Basic properties

A 27-periodic function can be identified as a function on circle, thatis T = R/(27Z). An important
properties of Fourier transform are

o The differentiation becomes a multiplication under Fourier transform. It is also equivalent to
say that the differential operator is diagonalized in Fourier basis.

e The convolution becomes a multiplication under Fourier transform.

Differentiation

Lemma 3.3. If f € C'[T], then

iy, = ik fi.
Proof.
—~ 1 [27 .
e = o/, (@)™ do
L ke e=2m 1 /2” N —ik
= _ [, _ k, IRT d
5 @] g | e (@) e
= ik f.
Here, we have used the periodicity of f in the last step. O

Convolution If f and g are in L?(T), we define the convolution of f and g by

(fxg)(z) = /Tf(x —y)g(y) dy.

Many solutions of differential equations are expressed in convolution forms. For instance —u" = f
in T, its solution can be expressed as u = g * f, where g is the Green’s function of —d?/dz? in
T. Another example is that we can smooth a function through convolution. Namely, consider a
C*>-function p(x) > 0in (—1/2,1/2) and p(z) = 0 elsewhere, and [ p(z) dz = 1. We consider

pela) = ~p (g) )
€ €
and
fe=pex*f.
The functions f. € C* and if f € L'(T) and f. — fin L(T).

Lemma 34. If f,g € C(T), then

(m>k = 27 f k-
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Proof.
— 1
(F9), = 37 LU *o)@e ™ do
k
= //fx— y) dye” kT g
= = / / flz —y)e =¥ g(y) dye " da
= </f z — y)e H*E=y) dac> g(y)e™ ™Y dy
= = f@)e ™ dz ) g(y)e ™ dy
271' T T
= 27 -
Here, we have used Fubini theorem. O

Remarks The above two lemmae are valid for f, g are in L2. The proof is based on the L?
convergence for nice functions and the density theorem in the next section.

Regularity and decay: Riemann-Lebesgue lemma If f is smooth, then its Fourier coefficients
decays very fast. Indeed, by taking integration by part n times, we have

fr = 2:;/# f(z)e ™ dx

1 1 " n —tkx
- (—ik’)"%/ S @) do

Thus, if f € C™, we see fj, = O(]k\_”) This can also be observed by the following arguments.

We notice that ) -
_/ f(l,)e—ik(:v—l-w/k) dr
™ —T
Hence,
fo = f e d
_ f@) = fa—a/k) o,
o o 2
1 iy

= o= | Dupfla)e ™ da

—T

_ / Dﬂ-/kf 71kx dax

2If fact, we shall see later from the Riemann-Lebesgue lemma that f = o(|k| ™).
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Here, Dy i is a backward finite difference operator. We see that if f is smooth, then D” Ik f=

O(|k|™™). Thus, f, measures the oscallation property of f at scale m/k. We conclude with the
following lemma.

Lemma 3.5. If f € C™(T), then fi = o(|k|™").

When f is not so smooth, say in L', we still have fi = 0as |k| — oo. This is the following
Riemann-Lebesgue lemma.

Lemma 3.6 (Riemann-Lebesgue). If f is in L'(a,b), then

. b
fa = / f(z)sin(Azx) dz — 0, as A — oc.

Proof. (i) First, we show that the lemma holds for uniformly continuous functions. We have

b b
2y = / F(x) sin(Az) dz — / (@) sin(A(z — 7/A)) da
b

= — /a f(x 4+ m/A)sin(Azx) dx +/ f(z)sin(Ax) dz

—A/x b—m/A

b—m/A
+/ (f(z) = f(x + A/7)) sin(Ax) dz

From the uniform continuity and integrability of f, we have |f4| — 0 as A — .

(ii) When f € L'(a,b), we use density theorem, which states that every L' function can be
approximated by smooth functions in L!-norm, that is, for any e, there exists a smooth function g
such that || f — g||;1 < e.

(iii) It holds for any A

- b
F—g)l < / (@) — g@)] da = |1 — glls <e.

From (i), there exists M such that for A > M, |ga| < e. (iv) Given f € L'(a,b), and given any
e > 0, from (ii), we can find a smooth function g such that || f — g||;,1 < €. From (i), there exists an

M > 0such that forany A > M we have [§4| < e. From (iii), we have (f — g) 4| < |[|f—gll11 <e.
Combining all these together, we get

[fal <194l +1(f = 9)al < 2¢
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Remarks.
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1. If f is a Dirac delta function, we can also define its Fourier transform

fo=— 6(z)e 0 doy =

1

~ o -

1

%.

In this case, § ¢ L' and 6, = 1/27 does not converge to 0 as |k| — oo.

2. If f is a piecewise smooth function with finite many jumps, then it holds that f;, = O(1/k).
One may consider f has only one jump first. Then f is a superposition of a step function g
and a smooth function . We have seen that h; decays fast. For the step function g, we have

gk = O(1/k).

3.4 Convergence Theory

Let denote the partial sum of the Fourier expansion by fy:

N
fn(x) = Z fkeikx.
k=—N

We shall show that under proper condition, fx will converge to f. The convergence is in the sense
of uniform convergence for smooth functions, in L2 sense for L2 functions, and in pointwise sense

for BV functions.

3.4.1 Convergence theory for Smooth function

Theorem 3.3. If f is a 2mw-periodic, C*°-function, then for any n > 0, there exists a constant Cy,

such that

[fn(x) = flz)] < CuNT".

Proof.

fn(z) =

Z fkeikx

<N

3.3)

1" ik(z—y)
> 5 | ety

k<N

1 [T sin(N + 3z —y)

on | sin(ha—y) * ) dy
1 (™ sin(N + 3)t

% . 75111% f(l' + t) dt

L[ Dn(t)f(z+t)dt

2 J_,
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Here, we have used D (%) := 35 <n ethr = % Using [ Dy (z)dx = 7, we have
1 (7 sin(N + )t
(@) = flz) = - Tf(f@‘*‘t)—f(@)dt
. 5
1 (" . 1
= — sin((N + -)t)g(t) dt
2 J_, 2

The function g(t) := (f(x +t) — f(x))/sin(t/2) = fol f(x + st)ds - t/sin(t/2) is 27 periodic
and in C*°. We can apply integration-by-part n times to arrive

_1\n/2 o7
) = 1(@) = 8+ S [T g sinv + Do a

for even n. Similar formula for odd n. This completes the proof. O

Remark. The constant C,,, which depends on [ | g(")] dt, is in general not big, as compared with
the term N ~". Hence, the approximation (3.3)) is highly efficient for smooth functions. For example,
N = 20 is sufficient in many applications. The accuracy property (3.3) is called spectral accuracy.

3.4.2 L? Convergence Theory

The Fourier transform maps a 27-periodic function f into its Fourier coefficients ( fk),‘f’:_ o We
may view the Fourier transform maps L?(T) space into £2 space. The function spaces L? and /2 are
defined below.

™

L*(T) := {f | fis2x periodic and / |f(x)]? dx < oo}

—T
with the inner product

(19) = 5= [ 1@)i@) ds
and L%-norm: || f|| = v/(f, f).

An important fact is that all L2-function can be approximated by smooth functions. Such a
smooth function can be obtained by convoling f with a smooth function, called mollifier. Let
p € C°°(T), which is positive in a neighborhood of 0 and is zero elsewhere, and [ p(z) dz = 1.
Given a function f € LP(T), define

ayi=t [o(Z2) sy

Then f,. is a C* function and f. — f in LP. This is called the density theorem. We shall not prove
here.
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The space ¢?(Z) is defined as

C(Z) = {(an)P2 Z jax|* < oo}

k=—o00

with inner product (a, b) := Y, aby.
It is easy to check that *** are orthogonal in L?. From this, we have for any N,

<= f =t =FP = D AP

|k|<N

Or equivalently,

AP < A (3.4)

[k|<N

This is called the Bessel inequality. It says that the Fourier transform maps continuously from L?(T)
to /2(Z).

Theorem 3.4 (Isometry property). The Fourier transform is an isometry from L*(T) to (*(7Z):
9) = frdr-
k

Proof. To show this, we first assume that f is a smooth function. We can apply the convergence
theorem for f. This yields

(f,9) = 5= f()()
- /_ > et
- Yia
k

To show this formula is valid for all f,g € L?, we notice that any function in L? can be approxi-
mated by smooth functions. R
The isometry property is valid for f. and g: (fe,g9) = (fe, §). Ase — 0,

[(fe = F. ) < I.fe = fllllgll = O,

and R R R R
[(fe = F,91 < e = fllllgll < M1 fe = Fllllgll — 0.

The last inequality is from the Bessel inequality. O

The isometry property says that the Fourier transformation preserves the inner product. When
g = [ in the above isometry property, we obtain the following Parseval identity.
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Corollary 3.3 (Parseval identity). For f € L? we have
1A% = 1l
k
Theorem 3.5 (L?-convergence theorem). If f € L?, then

N
fN = Z fkeik:m — f in L2.

k=—N

Proof. First, the sequence {fy} is a Cauchy sequence in L. This follows from || fxy — fa||? =
> N<[k|<M | fx|? and the Bessel inequality. Suppose fx converges to g. We see that

(f— e = % /T(f — fn)(x)e * dx = 0if |k| < N.

Thus, for each fixed k, taking N — oo, we get

(f - g)k; =0.
This holds for any k& € Z. Thus, the Fourier coefficients of f — g are all zeros. From the Parvesal
identity, we have f = g. O

3.4.3 BYV Convergence Theory

A function is called a BV function on an interval (a, b), that is, function of finite total variation, if
for any partition 7 = {a = zp < 1 < -+ < z, = b},

| fllBv == S:PZ |f(z:) — f(wi1)] < .

An important property of BV function is that its singularity can only be jump discontinuities, i.e., at
a discontinuity, say, xo, f has both left limit f(z¢—) and right limit f(zo+).

Further, any BV function f can be decomposed into f = fo + f1, where fy is a piecewise
constant function and f; is absolutely continuous (i.e. f; is differentiable and f] is integrable). The
jump points of fy are countable. The BV-norm of f is exactly equal to

Iy = SNl + [ 1fi(a)] da.

where x; are the jump points of f (also fy) and [f(z;)] := f(x;+) — f(z;—) is the jump of f at x;.

Theorem 3.6 (Fourier inversion theorem for BV functions). If f is in BV (function of bounded

variation), then
N

Px(e) = 30 fee™ o L(ft) + feo).

k=—N
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Proof. Recall that

@) = oo [ " Dl — )/ () dy

:%(/ /)DN Flz+1)dt

= fN )+fN(
ikx sin(N+1/2)x 7 sin(N+1/2)z
Here, Dy (z) = X jp<n € ke — W Using [; %dw = 7, we have

T sin 1
o [ a0 - st

F@) — 3 fat) =

27 sin%

L (v + Dyg(e) de
= — sin =

o Jy 29

From f being in BV, the function g(¢) is in L' (0, 7). By the Riemann-Lebesgue lemma, f5 (z) —
$f(z+) = 0as N — co. Similarly, we have fy(z) — 3 f(z—) — 0as N — cc. O

3.4.4 Pointwise estimate of rate of convergence

In applications, we encounter piecewise smooth functions frequently. In this case, the approxima-
tion is not uniform. An overshoot and undershoot always appear across discontinuities. Such a
phenomenon is called Gibbs phenomenon. Since a BV function can be decomposed into a piece-
wise constant function and a smooth function, we concentrate to the case when there is only one
discontinuity. The typical example is the function

fz) = 1 forO<zxz<m
]l -1 for —w<2x<0

The corresponding fy is

dt

o) = o [ SN D L

— dt — — i AL PAts
21 Jouo sin(t/2) 27 sin(t/2)

First, we show that we may replace by 1 + with possible error o(1/N). This is because the

2s n(t/2)

function 1 — %Tl(tﬂ) isin C! on [—7, 7] and the Riemann-Lebesgue lemma. Thus, we have

t

z sin((N + 3)t T+ sin((N + 1)t
f(z) = 1/ Sln((+2))dt_1/ Mdt+o(1/N)
L P— t T Jy t
1 [e(N+1/2) 1 [letm)(N+1/2)
= / sinc(t) dt/ sinc(t) dt + o(1/N).
T J(z—m)(N+1/2) z(N+1/2)

Here, the function sinc(¢) := sin(¢)/t. It has the following properties:

/OOO sinc(t) dt = /2.
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/:o sinc(t) dt = O (i) .

To see the latter inequality, we rewrite

9 nmw (n+1)m
/ sinc(t) dt = / + Z / sinc(t) dt,

k>n

For any z > 0,

where n = [z/m] + 1. Notice that the series is an alternating series. Thus, the series is bounded by
its leading term, which is of O(1/z). Let us denote the integral [, sinc(t) d¢ by Si(z).

To show that the sequence fy does not converge uniformly, we pick up z = z/(N + 1/2) with
z > 0. After changing variable, we arrive

z 1 [7 ) 1 [FH(N+1/2)7 .
fN(m) = = ~/Z(N+1/2)7r sinc(t) dt — — /Z sinc(t) dt + o(1/N)
_ 717/ sinc(t) dt — 717/“” sinc(t) dt + O(1/(z + N)) + O(1/(z — N))

— 1/2 sinC(t)dt+1/_Oosjnc(t)dt+0(1/(z+N))+O(1/(Z_N))

s m

_ i/ sinc(t) dt + (1/(z + N)) + O(1/(z — N)
= 2/Zsinc(t)dt+(1/(2+N))+0(1/(2’—N))
™ Jo
— 1—72T/Oosinc(t)dt—i-(1/(2+N))+O(1/(Z—N))

In general, for function f with arbitrary jump at 0, we have

) = f(O—I—)—[Wf]/Oosinc(t)dt+(1/(z+N))+O(1/(z—N))

= f(0+) +[flo(1/z) +O0(1/(z = N)).

where, the jump [f] := f(0+) — f(0—).

We see that the rate of convergence is slow if z = N® with 0 < o < 1. This means that if the
distance of  and the nearest discontinuity is N !9, then the convergent rate at z is only O(N ~).
If the distance is O(1), then the convergent rate is O(N~1). This shows that the convergence is not
uniform.

The maximum of Si(z) indeed occurs at z = m where

z

fN((N+1/2)

1
~Si(m) ~ 0.58949

This yields
T

NN

) = f(0+) 4+ 0.08949 (f(0+) — f(0—)).
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Hence, there is about 9% overshoot. This is called Gibbs phenomenon.
Homeworks

1. Derive the Fourier expansion formula for periodic functions with period L.
2. What is the limit of the above Fourier expansion formula as L. — oc.

3. Derive the Fourier expansion for the following functions: f(z) = || — 1/2 for |z| < 1 and
f is a periodic function with period 2.

4. What is the convergence rate of the above function in L? and pointwise convergence rate at
=07
3.4.5 Fourier Expansion of Real Valued Functions

We have . .
f = 27r/Tf(ac)e“"”zal:c, fon= 27T/f(:v)em:‘”dgs.

Thus, when f is real-valued,

fﬁ::fin-

If we express fn = %(an — iby,), where a,, b, € R, then f_n = %(an + iby,) and
(

flz) = anemx

neZ
1 1 — e 1 :
= 540 + 5 Z(an — ibp)e™* + 5 Z(an + iby)e” "
n=1 n=1
1 o0
= 540 + Z (an cosnzx + by, sinnx)
n=1
Here,
}(a —iby) = 1/f(a:)em” dx
D
1
=50 / f(z) (cosnz — isinnz) dx.
T
Thus,
1 2m 2w
ap = — (x) cosnzdz, b, = — (z) sinnz dz.
T™Jo T Jo

The functions {cos nz, sin mx} are orthogonal to each other. Further,

1 27 1 27
— / cos’nzdr = — / sin’ nx dz = 1 for all n.
™ Jo ™ Jo

The Parseval equality reads

1
27T/Tf($)2d:z::2zn:(ai+bi).
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3.5 Discrete Fourier Transform

3.5.1 Definition and inversion formula

Given a 27-periodic function f. Let us sample f by f; := f(z;), where ; := 27j/N. Define the
discrete Fourier transform for the sampled data by

_ 1 V= "
. i— _/L x'].
ey L 5

This is exactly the trapezoidal approximation for numerical integration of the Fourier multiples:

1

o " fa)e i da,

When f € C°°, according to the Euler-MacLaurin summation formula for periodic functions,

1 2T " 1 N-1 "
o f(z)e " dx — N Z fie kil = O(N™™)
7=0
for any n. Thus, the discrete Fourier multiples can approximate Fourier multiples with spectral
accuracy, provided the underlying function is C*°.
From f, we define

N/2-1

Inf(z):i= > fre™

k=—N/2

‘We claim that

Inf(z;) = f(z).

In other words,  f is a trigonometric interpolant of f at {z; }jV: _01. To see this, we plug the formula

for f, into the formula for fy:

N/2—1
INf(iU) _ Zf] ik(z—x;)
k=— N/2 k=0
1 N-1
= § 2 D@ —=))f
=0
where y
N/2—1 .
_ ihe _ —io/28I(NZ/2)
Dya)= ), ¢ =c sin(z/2)
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We find that
y_ J 1 forj=0(modN)
DN(‘%J)_{ 0 forj % 0( mod V).

Hence, Iy f(z;) = fj.
Let Sy be the space of the trigonometric polynomial of degree N/2:

Sy = span{Ey(z) = ¢'*® | —N/2 < k < N/2}.
In this space, the inner product defined by

(1.9 =55 [ Fe)@da,

is equivalent to the discrete inner product

=

1

J

Il
o

It is easy to check that { () } /2<< n/2 are orthonomal in both inner products. Hence, these two
inner products are identical any f, g € Sn.
Again, from orthonomality of { E ()}, we have the isometry property:

(f>g)N = Z fk%a

~N/2<k<N/2

and the Parseval identity:

1 ~
NZ!J‘HQ = > IR~
=0

—N/2<k<N/2

3.5.2 Approximation issues

Given a 27-periodic function f, the mapping

Pyf(z):= Y fre™

—N/2<k<N/2

is an orthogonal projection from L?(—, ) to Sy Similarly, the interpolation operator I f:

Infle):= > fue™

—~N/2<k<N/2

is a projection from C'(—m, 7) onto Sy, and is characterized by Iy f(z;) = f(z;),j=0,--- ,N —
1. The difference between Py and Iy is called “aliasing error.” It can be characteristized as the
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follows. First,

m # 0
From the orthogonality of E}, in L?, we see that
Ryf=INf—Pnf= Y, > fermn | Er
—N/2<k<N/2 | -—oo<m<oo

m # 0

and

IR £II?

> A=A
_N/2<k<N/2

Z Z |fk+mN‘2

—N/2<k<N/2 —oo<m < oo
m # 0

= > kR

k>N/2,k<—N/2

IN

Since Py is an orthogonal projection, we have

If = InfI? = If = PnfI? + [|RN I

It is not difficult to find the approximation error for Py. Indeed, let H® denote the Sobolev space of
order s:
H? := {f is 2m-periodic, f, - - - f) e L%

with the norm || f 12, := 3% _o I £7™]||%. From the Parseval identity, this norm is equivalent to
Son (14 |k[%)%| fe|>. We have the following approximation theorem.
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Theorem 3.7. If f € H?, then
If = Pxfl < CN*IIf ]

Proof. We use the facts that { Ej } ,c7 is a basis in L? and the Parseval identity:
If =Pufl? = > Il
|k|>N/2
= > IR
|k|>N/2
O(N2)If 2.

IN

O

For the interpolation operator, we have similar result. In other words, the aliasing error has the
same spectral error as that of the truncated Fourier polynomial for smooth functions. This follows
from

IRNfI? < > | fl?.

E>N/2,k<—N/2

THus, we have proved the following theorem (Kreiss and Oliger). We refer its detail proof to
(p.28027?).

Theorem 3.8. If f € H®, s > 1, then

If = InfIl < CN7#||FE).

3.6 Fast Fourier Transform

Spectral methods become practical due to the birth of fast Furier transform which reduces the oper-
ation counts from O(N?) to N In N. We explain Cooley-Tukey’s fast algorithm below.

3.6.1 The FFT algorithm

Recall that both f and f are periodic, and the transform can be rewritten as

_ 1 V! .

fk = X7 fjeilkxj7k:07”'7N_1
N &
N-1 o

f] = kelkzjvj 07 : 7N_1
k=0

Wy = e VN,
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Note that

FNFn = NIygn.

For simplicity, below let us call f = Fy f instead of f = %]—" ~f. Let us suppose N is even, say
2M. Then we have

i N-1
fk = ij
7=0
M—1
k(2j+1)
= Wi faj + Z wy (Z5+1) J2j+1
7=0 7=0
We define f* = (fo, f2,---, fan—2), f" = (f1, f3,- -, fan—1). For 0 < k < M, we have
i M—1 M—1
fo = D w Wi faj + why > Wil foja1
7=0 7=0

= (Fufi +wh (Faef" )

Here, we have used
2

Wy = Whp-
For fyryx, K =0,...,M — 1, we have
M-1 M-1
; (M~+Fk)2j M+k)(2j+1)
fornr = Y wy foj+ Y wiy fojir
j=0 j—O
M—1
kj k (M+k)j
= Wi fo; +whl T Z iy 7 foj41
j=0 §=0
M-1

= wy f2j why Z WMf2J+1

J 7=0
= (Fufe — o (Fauf"

I\
o

Here, we have used

]2VM—1, w%:—l.

Thus, the discrete Fourier transform can be calculated as the follows.
L. Spht f = (f07 e 7fN—1) into

= (fo, fos s In=2)s 1" = (f1, fa, -+, Fn-1)

2. Perform } 3
f=Fuf, 1" =Fur"
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3. For 0 < k < M, compute

fro = fetwkfl
foonr = fL—whfl

In matrix form, F can be splitted into

B Fnjg 0
]—"N_QN[ ) }_N/Q]PN. 3.5)

Here, Py is a permutation matrix which maps

73N : (f()vfla"' >fN—1)t = (f0>f27"' afN—27f17f3>"' 7fN—1)t;

the matrix () is defined as

QN = [ IN/Q DN/2 ] , I : identity matrix, DN/2 = diag(l,w,--. ,wN/Q_l)
Ing2 =Dy

Notice that both Py and @)y are sparse matrices. The amount of work to perform Py and Q
is O(N). Let the operation count to perform Py and Qx be CN. Suppose N = 2. Let Cyr be
the operation count to perform F5.. Then we have

Cor = C2L 4201 = 2028 4 22Cyr0 = --- = LC2L + 21 Cy.
Thus,
Cny = CL2l' = CNlog, N.

3.6.2 Variants of FFT

Trigonometric representation

When all f; € R, then, similar to the continuous case where fk = f,k, we also have

fo=fr=fy_p fork=0,..,N—1

Let
M- N/2 for even N
| (W+1)/2 forodd N

and let

fk:CQk—l_iCQkia kZ:].,"',M—].,

co = fo, cN-1= fny2-
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Then

i

and

N/2-1 o
= Jot+ (=D fnp+ D (fre™ + fre )
k=1
‘ M
= ¢+ (-1)eny-1+2 Z cok—1cos(kxj) + cop sin(ka;)
k=1
N-1
1
Co = N i
7=0
| Nl
Ch-1 = Z fjcos(kxj),k=1,--- ,N/2—-1
§=0
L Nl
ok = W Z fisin(kz;),k=1,--- ,N/2
§=0
L Nl '
v = 21V
§=0

Fourier Cosine Transform

When f; is an even sequence, i.e. fy—; = fj,j =1,--- ,N/2,thenfork =0,---N/2 — 1,

Its inverse transform is

L Ve
o =y 2 fe™
j=—N/2
. N/2-1
= ¥ f0+(—1)ka/2+ Z 2f; cos(kxy)
j=1
N/2—-1
fi = > fee™™
k=—N/2
N/2—-1

= fo+ (—1)ij/2 + Z 2 fr cos(kx;)

k=1
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Fourier Sine Transform
When f; is an odd sequence, i.e. fn_j = —f;,7=0,--- ,N/2,thenfork =1,---N/2 — 1,

N/2-1

~ 1 . ]
fe = 5 X fe™
j=—N/2
L N2

= N Z 2f;sin(kx;)
J

=1
Its inverse transform is, for j = 1,--- | N/2 — 1,

N/2-1

i = Z fre®®i
k=—N/2
N/2-1

= Z 2 fr sin(kz;).

k=1

3.7 Fast Chebyshev Transformation

For boundary value problems, it is more favorable to use another representation for functions on
bounded intervals, the Chebyshev representation. Without loss of generality, we consider the do-
main [—1, 1]. The Chebyshev polynomials are defined as

T, (z) = cos(ncos™! ).

The Chebyshev expansion for functions f defined on [—1, 1] is

f e anTo().
n=0

The Chebyshev expansion can be view as the Fourier expansion through a composition of the trans-

formation:
1

0 :=cos " x.
For f define on [—1, 1], we can define a function F on the unit circle by
F(0) = f(cos#).
Then F' is 2m-periodic and even. The Fourier expansion of F'is

F0) = % + Z a, cos(nb),

n=1
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where .
ap = 1/ F(0) cosné db.
T Jo
The corresponding Chebyshev expansion of f is
oo
flz) = % + ; an cos(n cos ™! x)

oo
a
n=

The coefficient

1 ™

an, = — / F(0) cos(nb) db
T Jo

1t dx

— )T () ——

- rone2=

We may perform discrete Chebyshev transformation through the help of discrete Fourier trans-
formation. Let

0; = jm/N, x; = cos(f;), 0 < j < N.

3.8 Approximation by Splines

A general function on an interval can be approximated by piecewise polynomials.pii These piece-
wise polynomials are called splines. To be precise, let us consider an interval [a, b]. It is partitioned
intoll ={zp=a<x; <--- <, =b}. Let

h = max(a:l - xi—l))
i

which measures the maximal size of the partition. A spline function S of degree k is a function on
[a, b] which satisfies

e S(-) is a polynomial of degree < k on each (z;_1,z;) fori =1, ...n;
e ScCFla,b].
The hat function at node x; is a piecewise linear continuous function which satisfies

¢z($]) =0;5,1=0,...n.

Piecewise linear functions Let
S1 := { piecewise linear continuous functions on the partition IT}

The space S; has a basis {¢y, ..., ¢, }. Indeed, any function s € S; can be represented as

n

s(x) =) s(zi)dilx).

=0
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Question: Given f € C?[a,b], we want to find a function s € S; which is closed to f. There are
many choices of such s. Let us introduce two:

o I1(f) =310 f(@i) i

e 7i(f) := arg min ge§1||f —9gll2.

It is clear that both mappings are projections. The first one is an interpolation projection, while
the second one is an L? projection, or the best least squares approximation. We shall discuss their
approximation errors.

Approximation Error for [;(f)

Theorem 3.9.
15 = I flloe < GH20F oo
1
V90
Proof. 1. On (x;—1,x;), there exists an &; such that

_ 1
2

If = Iifllz < —=h?[Lf"]l2-

(x — zi—1)(x — ).

flx) = Lif(x)

Thus, for z € (z;_1, z;), we have

- $i—1>2 | f" ()]
2 2

|ﬂw—zﬁmns(“

This shows

h2
15 = Diflloo < 17" le.

2. Letw = f — I f. Then (i) w(z;) = 0 fori = 0, ...,n, (ii)) w” = f”. Our goal is to estimate
||wl|2 in terms of ||w”||2 We can express the interpolation error w on (x;_1, ;) in integral
form. We recall that for w(z;) = w(x;4+1) = 0, w has the representation:

T o —x oy -
w(w)Z—hQ/ g( T >w”(y)dy

where g is the Green’s function of —d?/dz? on (;, 2;11). Thus, we can estimate |Jw||o in
terms of ||w”||2 on (x;, z;+1). Namely,

Tig1 T -z Y — T 2 Tit1
mmWs#</ oS0 Nd@(/ )P dy).
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Tit1 Tit1 Tit1 T—T; Y — T 2 Tit1
[wwra < [T (0 )‘ ayde [ )P dy
1 Tit1
< 7h4 i 2d )
S O
Aswesumover:=1,--- ,n—1, we get
1 2 "
[wll2 < 7ﬁ90h w2

Remark The expression for w(z) in terms of w” on an interval (z;, z;41) with w(z;) =
w(z;4+1) = 0 is equivalent to solve

—w"(x) = f(z),z € (0,1)
w(0) =w(l) =0.
We integrate it once to get
y
W) == [ fs)as+n
1
Next, we integrate it from 0 to 2 and use w(0) = 0 to get

w(z) = —/Om /lyf(s) ds dy + Cyz.

By integration-by-part,
—/j/lyf(S)dsdy = —/;F(y)dy =—[yFWls +/OmyF’(y)dy
=xL1f(y)dy+/0xyf(y)dy
From w(1) = 0, we obtain C; = — f01 yf(y) dy. Hence

T 1
w(z) = /O y(1— 2)f(y) dy + / (1~ y)f(y) dy

Let us define
_Jz(l—-y) f0<z<y<l1
g(w’y)'_{y(l—x) ifo<y<z<l1.

Then the solution above can be represented as

1 1
w(x)—/o g(z,y) f(y) dy——/o g9(z, y)w" (y) dy.
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Cubic Spline The cubic spline g approximate a function f on [a, b] by piecewise cubic polyno-
mial. Suppose [a, b] is partitioned into

ro=a<x1 <---<xp=>0

On [z;, zi+1], g(x) = pi(z), a cubic polynomial, which has 4 parameters. Natural conditions for
them are
pz(%) = fi pi($i+1) = f(l‘z‘+1)-
We need another two conditions. Let us choose them to be
p;(l‘i) = S, p;(!ﬂiﬂ) = Si41-

With these 4 parameters, p; can be expressed as

pi(x) = fitpilwi, v](x —x) Fpilai, v, i ] (2 —20) 2+ pilws, iy wigy, v (@ — ) (@ —2i11)

where
pilTi, i) = Si,  DilTit1, Tig1] = siq1
pilei, i, zis1] = pilri, i) — pilwi, i)
i iy Liy Li+1 AIZ
_ pilzi T, Tiva]| — pilTi, T, Tig]
PilTi, Tiy Tiy1, Tiv1] = A .
Ty
Or
pi(z) = co + e1(x — ;) + co(x — 3)* + c3(z — 3)°,
where
co = fi
Cl1 = 8;
= Tl =8
AZEi
on = St Siv1 = 2f 20, Tiga]
s (Az;)?

Choices of s; We introduce two choices to determine s;:

e Hermite: s; = f/: with this, I3 f(z) := g() has the following estimate

T

If = I3 flloo < max |(z — 2:)* (% — zi11)

(Y Y s
—<2> T
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e Cubic Bessel interpolation: we choose
~/
Si =D (ml)a
where p; interpolates f at x;_1, x;, ;41. Hence

_ Aziffrioy, @i + Az flas, wig]
’ Az + Ax;q

With this interpolation, call such g by . f f, we have
If =15 flloo < CH2(1 4+ L f Y| cc).

e Cubic spline: s, 51, ..., s,, are determined so that g € C?. This requires

pi1 (i) = py (x4).

hi—18i—1 +2(hi + hi—1)s; + hisiy1 =b;, i=1,...,n—1,
bi = 3 (flwi—1, xilhi + flzi, wiv1]hi) .
This is a second order finite difference equation. There are n + 1 unknowns s, ..., Sp, 7 —

1 equations. We need two boundary conditions. There are different choices of boundary
conditions:

— Complete cubic spline:
so = f'(w0), sn=f'(xn).
— Natural spline:
s"(xg) = " (x,) = 0.
Not-a-knot condition
Po = P1;Pn—2 = Pn—1,

or g"" is continuous across x1 and x,,_1.

Let us denote this cubic spline approximation of f by I5f. We have the following approxi-
mation estimates: suppose f € C*[a, b], then

1f = I3f oo = O f Y |oo-
1" = U3£)" oo = OB f Do

3.8.1 Splines on uniform grid systems
In this approach, we first set up a grid system
.%'jk = 2_jk

on R. The index j represents the scale, whereas k is the location index. In the spline approach, we
fix the scale index j, say j = J. We choose a spline function ¢. For instance, the box function
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Box spline We define ' '
b = 22p(2x — k).

It is clear that
o |[pjill2 =1
o (Djk, Pji) = O

If we define ‘
S} ={f : R — R|f is constant on each (z;j, ; k+1)}

Then a general function can be approximated by
f(x) = fi(z) == Z(ﬁ G k) Pjk(T)-
keZ
If f € H'(R), then we have ‘
If = fill2=O(277).
Hat splines We define
qZ)Q(:E + 1) = 1[071) * 1[071)($).

This function is the hat spline

T if —1<x<0
pa(x) =< 2—2z f0<z<1
0 otherwise.

We define ¢, = ¢(27z — k). We also define
S{ :={f : R — R continuous| f is linear on each (z; 1, % k+1)}

As we have seen before that any C' N H? function can be approximated by

f@)~ f=> fla;)dji(x)
€7
with approximation error

1f = filla < O@27%).

General B-splines In general, we consider splines ¢, = 1jg 1) * ... x 1o 1). Support of ¢, is [0, 7].
¢, has the following properties

e ¢, is a polynomial of degree » — 1 on each interval (i,7 + 1) for all i € Z;

4 ¢r € CT_2;
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e ¢, satisfies the following scaling relation:

¢r(x) =2 Z hk¢r(2x - k)

k=0

where

h(z) = kz;ohkzk _ <1"2”>

In particular, for the box function, h(z) = 1;“2 , ho = 1/2 and hy = 1/2. The box function satisfies

o) =2 (ol2o) + jo(22 - ).

For the hat function,

1+2\2 1 1 1
h(Z)=< 2Z> :Z+§Z+122'

The hat function satisfies

b(z) =2 <i¢(2x) + 50022 — 1)+ 79(2 - 2)) .

When r = 0, h(z) = 1. We find that the function that satisfies the scaling relation

¢(x) = 2¢(2x)

is the Dirac delta function §(z).

Scaling function and mask The above box spline functions are called scaling functions. A gen-
eral scaling function on R is defined as the follows.

Definition 3.2. Given a series h(z) = > 5o hxz" with h(1) = 1, the function ¢ satisfying

$x) =2 Y heop(2z — k) (3.6)

k=—o00
is called a scaling function with mask h(z).
Remark. The factor 2 here is for the consistence condition ~(1) = 1. Indeed, we have
/gb(a;) dr =2 Y hy / ¢(2x — k) dx = () _ hy) / o(x) dz.
k=—00 k

Thus, the consistence requires h(1) = >, h = 1.



92 CHAPTER 3. APPROXIMATION THEORY

Construction of scaling function There are two standard ways to construct scaling functions.

e Cascade algorithm:

Gnp1(z) =2 D hppn(22 — k)

k=—oc0
with (b[) = 1[0’1).

e Fourier method:

B(&) = h(e**)(¢/2).

5@ = T[n (5).
j=1

e Subdivision scheme. This is a simple to construct a general function. We notice that if ¢(z)
is known at all integer points, then the scaling relation immediate gives us its values at half
integer points. We can proceed this inductively and get the values of ¢ at 2774 points for all
v and j. Eventually, the points xj; := 277 is dense in R, we obtain ¢ by a limiting process.
This algorithm is called the subdivision algorithm: if we have computed ¢(2~7+17) for all 4,
then we compute

We can find

$(2791) =2 " hypd(277Hi — k) for all i.
k

But how do we obtain ¢(k) for k& € Z? From the scaling relation

$i) =2 Y hd(2i —k) =2 haij$(j)
J

k=—o00

This is an eigenvalue problem. We can write it in matrix form:

b0 ho b0
1 —9 ho h1 hg 1
®2 o hs hs ho hi hg G2

Lemma 3.7. Suppose hy, = 0 for k < 0 and k > r, then the corresponding scaling function ¢ has
support on [0, r].

Regularity We call a scaling function ¢ with mask h(z) is of order r if —1 is a multiple root of
h(z) = 0 with multiplicity r. In other words,

o - (452 e

for some @ with Q(—1) # 0. We shall study the regularity of scaling functions later.
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Example B-splines. The figures are B-spines, B,_1 = 1jg,1) * - - - * 1jg 1), 7 times convolution.
The mask of B,_1 is

0 0.5 1 1.5 2 2.5 3 "0 0.5 1 1.5 2 2.5 3 3.5 4
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0.6

0.6

05f

0.4

0.3}

0.2}

0.1F

We shall come back to the construction of scaling function later.

Dual scaling functions ¢ (with mask /(z)) and ¢ (with mask h(z)).

Definition 3.3. Two scaling functions ¢ and ¢ are dual to each other if

/qﬁ (x —1i)dx = dp,;

Proposition 2. Two scaling functions ¢ and ¢ with masks h(z) and h(z) are dual to each other if
and only if

h(2)h(z™Y) + h(—2)h(—2"1) = 1.

Let us postpone the construction of h and d~> later. Suppose we have such dual scaling function.
We can define

e translation: ¢(z — 1)
e dilation: ¢(2/x)
e dilation and translation: ¢;; := ¢(27z — ). It is a local function at 274 at scale 277.

We can represent a function f successively by

F@) ~ fi(@) = (f, bji)bsi(x)

€L
The meaning of (f, ¢;;): local average of f at scale 277 at Tji= 2774,

Theorem 3.10. Strang-Fix theorem:

If = fill 2 = O27).

10
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3.9 Approximation by Wavelets and Framelets

3.9.1 Motivations

Wavelets are a local oscillators. They are designed to provide multi-resolution analysis for func-
tions, signals, images and data. The flamelets are similar stuffs except they form redundant basis
instead of basis in function space.

Images are multiscale Images can be composed of

e macroscopic parts

e microscopic parts (texture, fractal,...)

e noises
Image can be presented more effectively by multi-resolution representation. For example, the image
of Tiffany (Figure[3.9.1)) has 256 x 256 pixels. The wavelet representation Figure[3.9.T]of this image
has the same number of coefficients, but most of them are closed to zeros. Therefore, this image
can be compressed by setting those small coefficients to zeros. The compressed image here uses

only 1/7.4873 of the original wavelet coefficients and the corresponding recovered image shown in
Figure[3.9.1] which has almost no difference from the original one from the view of human eyes.

Origin Graph
T

»
-
50
100 <Y -+,
P ¥
¥
150 ﬁ ’ .
f * e h‘.\
200 \ i
’ L]
r >
250 a

L L L L L
50 100 150 200 250

Figure 3.1: Original image
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(9,7)filter, NPT=256"256, NZ= 8753, CR=7.4873

100

150/ . o -

200} e,

L -
50 100 150 200 250

Figure 3.2: Wavelet transform of the image.

Tools for multiscale representation of functions Signals can be viewed as one-dimensional
functions, whereas Images and video can be thought as two-dimensional and three-dimensional
functions. A function in time can be represented by atoms in time-domain, or in frequency domain,
or in both time-frequency domain. Examples of these atoms are

e Time (space) domain representation: by local functions such as splines, scaling functions
e Frequency (scale) domain representation:

— Fourier analysis

— Spectral representation (by eigen-modes of special systems such as Chebyshev, Legen-
dre, etc)

e Time-frequency (Spatial-Scale) representation:

— Variants of Fourier methods:

+ windowed Fourier (Garbor transform)

* Wigner distribution (Wigner transform)

+ Empirical modes decomposition (Hilbert-Huang transform)
— Wavelets

* continuous wavelet
* discrete wavelets

* curvelets, shearlets,

— Framelets, redundent bases
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Reconstruction Graphe

50

100

150

200

250

-

L L L L L
50 100 150 200 250

Figure 3.3: Image reconstructed from a truncated wavelet coefficients with compression ratio
7.4873.

Below, we give a simple example of single-resolution and multi-resolution representations of an
one-dimensional function (or one-dimensional data). Imagine we have a function c(x) defined on
R. Let us define the grid points

Tjp = 277k,

e Single resolution representation: The data ¢y == c(zx), k = 0,...,27 — 1 can be thought

as sampling the continuous signal c¢(z) on [0, 1] at rate 2~7. This is a single-resolution repre-

sentation:
J
Cj = (CJ7]€),]€ = 0,...,2 — 1.

Tj k1
Crk = 2‘]/ c(x)dx

Tk

We may also choose

which is the average of ¢ in a 2~ neighborhood of ok

e Multi-resolution representation: We perform the following transformation recursively for j =

J to j = 1. Atscale j, we assume that we are given c; . We define
G-k = (Cok + Cany)
dji1k = (Ciak = Cj2kt1)

k=0,..,271 1.

The meaning of these quantities is

cjr = averages of data at resolution level j

d;r := fluctuations of data at resolution level j
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Here, j is the scale index and k is the location index. The representation
(cordo,dy -+, dy1), ¢ = (¢jp)ks dj = (djp)k-
is called an multi-resolution of c. It means that ¢ is represented as

local averages at coarsest level + fluctuations at various levels.
The transformation
TJ : (CJ) = (607 dOa d17 T 7dJ—1)-

is called the discrete Haar wavelet transform. It is a simple example of discrete wavelet
transform. Its inverse transform Tj_1 can be obtained recursively by performing

Gk = g (Cj—1p +dj—1k)
1
Gokrr = 5 (C1k = djk)

An advantages of multi-resolution representation is that the representation is more efficient (or
sparse) if the underlying data are piecewise smooth. Therefore, it is useful for image compression.
We can also have other kinds of multi-resolution representations.

Example 1 Let ¢;, be the value of ¢(x) at z;; := 277 k. We define

Ci—1,k = Cj2k
1 ; .
dj—l,k = Cj2k+1 — B (Cj,gk + Cj,2k+2) k=0,.,20 -1, 4j=1L,....J.
Thus,

e c;: data of c at resolution level j

e d; 1 interpolation error (use piecewise linear interpolant) at resolution level j

Example 2

Ci—1k = Cj2k
di—1k = Cjok+1 — L(%j 21415 Tj2k—2, Tj 2k» Tj 2k425 Tj,2k+4)

where L(x; x; 2k—2, % 2k, Tj 2k+2, Tj2k+4) is the Lagrange interpolant of degree 3 which interpo-
lates c(-) at = ok—2, Tj 2k, Tj 2k+2> Tj 2k+4-
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3.9.2 General Discrete Wavelet Transform

Discrete Wavelet transform In wavelet representation of an one-dimensional data, the data are
represented multiscale form (¢, d; ), where j is a scale index and £ is a location index. The
data c; = (c¢j i )kez are the “averages” of c(-) at scale j. The data d; = (d; ;)rez are the “fluctua-
tions” of ¢(+) at scale j. A wavelet transform decomposes averages at finest scale into averages and
fluctuations at various scales. Such transformation depends on two sets of coefficients {hy}, {gx}-
Usually, only finite of them are non-zero. The data at finest scale, say c; can be decomposed into
averages and fluctuations at coarser scales by the following recursive process:

{ the low-pass data: ¢;_1; = V2>, hicjoi—k, 3.7)

the high-pass data: d;_;; = V2 > i 9kCj2i—k-
We perform this recursively for 7 = J, ..., 1 and obtain the transformation
Ty: cyw (co,do,dy, - ,dj_1).
Thus, ¢y is decomposed into
local averages at coarsest scale + local fluctuations at various scales.

We call the transformation 7T'; the discrete wavelet transform.

The inverse transformation 7'; ', which depends on two sets of coefficients {hy} and {g;}, can
be performed recursively by the following reconstruction process. For j =1, ..., J,

Ga=V2)_ [ﬁ%—iCj—l,k + Gok—idj—1k| - (3.8)
ks

We can obtain ¢ from (co, do, dy, ...,dj_1).
Condition for perfect reconstruction The discussion below is to find conditions on A, g, h and g
such that we can have perfect reconstruction. This means that we can transform ¢; into (¢;—1,d;—1)

by h and g, and transform them back perfectly by h and g. In order to find perfect reconstruction
condition, we introduce the notion of generating functions.

Definition 3.4. Given a sequence of coefficients {hy }rcz, we define the generating function:

h(z) = Z Ry 2",

keZ

The generating function h(z) is sometimes called mask or filter bank.
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Lemma 3.8. It holds
S (S ainby)e = a2
O aingb)t = al2)b(="")
g
(3 aningby) 2 = S{a(2)b(2) + al—2)b(—2)

i

Z(Z ai—zjb2j) 7" = G(Z)%(b(Z) +b(—2))

i

Proposition 3. The perfect reconstruction condition for and (3.8) is

g(z) = zh(—2z71) (3.9)
g(z) = zh(=z7"), (3.10)

and
h(z)h(z7Y) + h(—2)h(—z"1) = 1. (3.11)

Proof. 1. The decomposition (3.7)) can be expressed in terms of generating functions by

V2

¢j-1(z%) = 5 (Wz)e;(2) + h(=2)¢;(=2))
41 = L (g1, (2) + g(~2)es (=)

The reconstruction (3.8) can be expressed as

¢i(2) = V2 (="M () + 3(2)d;1(=9))
= Rz (h(=)e5(2) + h(=2)e; (~2))

This gives

2. If we choose
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then the second equation is satisfied automatically
h(z)h(—z"1) + zh(—2"1)(=2)"th(z) = 0.
The first equation becomes
h(z)h(z™Y) + h(=2)h(—z"1) = 1.
O
Design filter banks To design a wavelet transform, we need to design the four sets of filter banks
h(z), g(2), h(z) and g(z) such that they satisfy the perfect reconstruction condition. The filter banks
h(z) and g(z) are called analysis filter banks, while /(z) and g(z) are called synthesis filter banks.
The mask h(z) plays the role of averaging. A simple average filter is h(z) = (1 + z)/2. This means

that —1 is a root of A(z). The mask g(z) plays a role of differencing. A simple differencing filter is
g(z) = (1 — 2)/2. In general, we look for h(z) and g(z) having the following properties

1 T
h(z) contains a factor ( ; Z)

) 1—2\"
g(z) contains a factor 5
for some positive integers r and 7. Example of these analytic masks are

e Nh(z) = 1=: averaging

o h(z) =271 (1‘52)2: 2nd order averaging

e g(z)= 152: differencing

o g(z) =21 (%)2: 2nd order differencing

1 1

e The filter bank g(z) = (%)p annihinate monomials z°, z!, ..., 2P~

We can obtain g(z) and §(z) from h(z) and h(z) via the equations (3.9) and (3.10). Equation
(3.11)) gives condition on h(z) and h(z). In this equation, only the product h(z)h(z 1) is involved.
Thus, we call

and (3.T1) reads
H[)(Z) + Ho(—Z) =1.

Notice that from (3.9) that g(z) containing a factor (1—z)/2 is equivalent to /(z) containing a factor
(1 4 2)/2. Thus, the desired property that h(z) and g(z) contain factors (1 + z)/2 and (1 — z)/2
respectively is equivalent to that Hy contains a factor (1 + z)/2.

Let us summarize the procedure of designing filter banks as the follows.
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e Find a mask Hy(z) which satisfies

Ho(z) + Ho(—2) = 1.
and also containing a factor (1 + z)/2)""".

e Split Hy(2):
’ Hy(2) = h(2)h(=")

such that h(z) containing ((1 + z)/2)" and h(z) containing ((1 + z)/2))".

e Define

Design of Hy(z) We have seen that Hy(z) should satisfies Hy(z) + Ho(—z) = 1. This is equiva-
lent to

e Hj(z) has no even order terms except k = 0
e The constant coefficient is 1/2.

In addition, Hy(z) should contains factor (1 + z)/2. Here are two tricks to design Ho(z).

Method I Let H(z) = 21 (142)% K(2) = H(-z), we have
H(z)+ K(2)=1

We raise it to nth power
(H+ K)" =1"

From the binomial expansion, we can easily find Hy. Let us see the following examples.

1. n=2:

(H+K)?=H?+HK+KH + K*
=HH+K)+K(K+H)

We choose Hy(z) = H(H + K)
2. n=3:

(H+ K)? = H? + 3H°K +3K°H + K3
= H*(H + 3K) + K*(K + 3H)

We choose Hy(z) = H*(H + 3K)
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3. n=2>5:
(H+ K)> = H*(H? + 5HK + 10K?) + K3(K* + 5HK + 10H?)
We choose Hy(z) = H3(H? + 5HK + 10K?).
4. (Homework) Derive general formulae for general n.
Example:
e r=1: Hy=272(1,2,1)
o r =2 Hy=2%-1,0,9,16,9,0, 1)

Method II  We shall construct Hy(z) having the following form
Ho(z) = H(2)"@r(2),

1+2\%2 z2+2+ 271
H(z) = 271 =
<z>z(2) -

is the symmetric average polynomial, @, (z) is the polynomial of lowest degree such that Hy(z) +
Hy(—2) =1.

where

Proposition 4. The polynomial Q,(z) has the form:

=S () (2

n=0

Lemma 3.9 (Bazout). Two polynomial py and po with degree ny and no are relativily prime, then
there exist unique q and qy of degree na — 1 and ny — 1, respectively, such that pi(z)qi(x) +

p2(z) + q2(z) = 1.
Proof. of the Proposition.
1. Proof I: Denote H (—z) by K (z) From

(H(z)+ K(2)* ' =1

We get
r—1 2r—1 9 1
- 2r—1-ngn __ _
(Z+Z)< . )H K™ = Ho(2) + Ho(—2)
n=0 n=r
where

r—1
o) =Gy S (P ) R = Hera)
n=0

We notice that Q(z) has no factor H(z). Since the degree of @, is from (—r+1) tor —1, we
obtain this ((z) must be the unique @), (z) of the lowest degree which satisfies H" (2)Q,(z)+

H"(-2)Q,(—z) = 1.
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H(z)=1—-H(—=%)

The polynomial H(z) and H(—z) are relatively prime. By Bezout’s theorem and the sym-
metric property of H(z), we see that there exists a unique @Q,.(z) of degree from —r + 1 to

r — 1 such that

we get

Qr(2)

H (2)Qr(z) + H (—2)Qr(—2) =1

Hrl(z) (1—H"(-2)Qr(—=2))

(1_Hl(_z))7. (1= H"(=2)Qr(=2))

S () CHEA - 0 -2)
n=0

r—1

> ( v ) H"(—2) + O(H'(~2))

n=0

Since degree of ), (2) is from —r+1 to r—1, we obtain that the O(H" (—z)) term is identical

to zero.

3.9.3 Examples of filter banks

In this subsection, we introduction concrete examples that are popular in use. These include

e Lagrange interpolation filter banks,

e Daubechies orthogonal filter banks

e Cohen-Daubechies-Feauveau filter banks.

Their designs are all based on the basic filter bank that we construct in the last section, namely

Ho(2) = H' (2)Q.(2).

Lagrange interpolation filter banks In the Lagrange interpolation filter bank, we split

Ho(z) =1- Ho(z) = h(2) - h(2).
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That is,
h(z) = 1, g(z)==

- 1 " 1—2n
h = Z 1|1 E | | 2n—1
(2) 2 + 2m — QnZ
m=—r+1 —-r<n<r
n#m

1 d 1-2n o, - L
= — — _ = h —z
g9(2) z E H o ? zh(—2z77")
m=—r+1 —-r<n<r
n#m

Proposition 5. The Lagrange filter bank has the properties

Ci—1,k = €Cj2k

di1k = ¢jakr1 — L(Cak—r+1)s " 5 Cj2(ktr)) (3.12)
the Lagrange interpolation error.

Proof. 1. Let us compare the two filter bank: g(z) above and the interpolation error filter bank
@.12).
1—2

2. Since g(z) contains a factor z =" ( 3 )2T, it annihilates polynomials of degree less than 2r—1.
This means that

> geay =0, forallm = 0,1,...,2r — 1,
k
where z;, := k.

3. We notice that degree of g(z) is from —2r + 1 to 2r — 1. Thus, g(z) is the shortest filter bank
that can annihilate ™ form =0, ..., 2r — 1.

4. The Lagrange interpolation error (3.12) has the same property. Because this interpolation is
unique. Thus, g(z) must be the Lagrange interpolation filter bank (3.12).
O

Daubechies orthogonal filter banks
e Since Q,(z) = Q,(271), we can split
Q:(2) = Q(2)Q(="1)
where Q(z) = agp + a1z + -+ +a_12"" L

e We can split H(z)" into

(L)Y (L2 1\ (142 (1t
2 S\ 2 2 S\ 2 2
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e Then we can split Hy(z) into h(z)h(z71):

We shall see in the next section that the scaling function ¢(z) and o(z) associated with the masks
h(z) and h(z) are identical, and ¢(- — k) and ¢(- — £) are orthogonal for k # /.

Cohen-Daubechies-Feauveau biorthogonal filter banks

e Split H"Q), into

QT(Z><1+2z_1>d<1—;—z>d

-~

h(z—1) h(z)

where d + d = 2r.
e c; 1 local averages of order d at level j

e d; ;. local fluctuations of order d at level J

3.9.4 Multi-resolution Analysis framework

In this section, we shall construct scaling functions and wavelets corresponding to the masks A(z)
and g(z). They are basis (or atoms) of the L?(R) space. These bases give a multi-resolution
structure of the L?(IR) space.

Scaling functions and Wavelets Given four set of masks h(z), g(z), h(z) and §(z) satisfying the
perfect reconstruction condition. Associate with them, we define

$x) = 2 hpp(2z — k),
k

P(a) = 2> ged(2z — k).
k

dlx) = 2 hpd(2z — k),
k

Plx) = 2)  Gkd(2z —k),
k

The functions ¢ and qg are called scaling and dual scaling functions, respectively, whereas v(z) and
Y(x) are called wavelet and dual wavelet, respectively. Through dilation and translation, we define

bia() = 250(27 - —i).
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We define ¢, ;, qzﬂ and g; ; similarly. They are called atoms in a vague terminology.
The regularity of ¢ depends on the factor (1 + z)/2.

Definition 3.5. A scaling function with mask h(z) is called of order r if —1 is a multiple root of
h(z) with multiplicity r.

Our goal is to represent a function u € L?(R) in terms of ¢jq or 1;;, etc. Below, we outline the
main results. Their proofs will be given later.

Dual properties

Proposition 6. For each fixed j, it holds

(650 Bjk) = Oik- (3.13)
Forany j,t and i, k, it holds
(g0, D) = Bipdje. (3.14)
Proof. 1. We only need to prove

/¢(x )z — 1) dz = b
We assume that ¢ can be obtain by the cascade algorithm (see next subsection)

"=2) "2z — k), 6 =X
k

and ¢" — ¢.
2. We prove for all n > 0, it holds

/qbn(m — )" (x — 1) dx = 8. (3.15)

This can be proved by induction. For n = 0,

/¢0(ﬂf — )¢ (x — 1) dw = /X[O,l)(x —)X[p1) (@ — 1) do = 6.
Suppose (??) holds up to n,

(@ = 0,6 @ ) = [ 4 > a2l =) = 1) 3 el (20— )~ O
=2 Z Z hihebaisk2j+e
[
=2 Z h’JL?(i—J)Jrlf
k

The generating function of 2 , hkh2i+k is

Z Z Qhiyihrz"% = h(2)h(z71) + h(—2)h(—271) = 1.
ik
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Multi-resolution structure We define

Vi = span{¢jrtvez, Wj= span{djx}rez
Vi = span{@jrtrez, W;= span {vx}rez
Then we have
Proposition 7.
Vier = Vi+ Wy, Vi =V + W,

|_

W Vi, W; LV
IAR) = UV, L(R)=U7,
L*(R) = aW;, L[*R)=aW;
In other words, we can expand u € L%(R) as
u = Z Z(U, ViR ik = Z Z(U, D) ;e
ik ik
In connection with the wavelet coefficients in the previous section, we have
cir = (u,¢;r) (local averaging)
dir = (u,vjy) (local differencing)
Riesz basis property

Theorem 3.11. If ¢ is a scaling function of order r with r > 1, then ¢q , constitute a Riesz basis in
Vo := span {¢o i} kez, i.e. there exists two constants A > 0 and B < oo such that

AN el < 1Y adlh P < BY el
k k k

Theorem 3.12. There exist positive constant vy, v, I and T such that for any u € L*(R), it holds

Y2 Ml <Y daal® < T Y Jdal?

ijez i.jEZ ijeZ
O ldal? < 1Y diadal> <T Y Jdjl?
ijEZ ijEZ i.jEZ

Approximation power

Theorem 3.13 (Strang-Fix, Unser). Suppose ¢ is of pth order and V} is the span of {¢; j; }rez. Let
Qj be any projection from L? onto V;. Then

|Qju — ull e = Co2 7 + O(279?+1)
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3.9.5 Construction of scaling functions and wavelets

Goal: To construct a function ¢ such that V; := span {¢; 1 }rcz constitutes a multi-resolution
analysis. It is also served as a basic element to build wavelet functions.

Definition 3.6. A function ¢ is called refinable (or a scaling function) if there exist coefficients
{hi }rez such that

$(x) =2 hi(2x — k)
k

Let h(2) = ")y hiz", called the generating function of {hy}. It is necessarily that h(1) = 1.
h(z) is called the mask of ¢.
We outline the theory:

e Existence and construction of the scaling functions
e Three examples of scaling functions

— B-splines
— Lagrange interpolation functions

— Daubechies orthogonal scaling functions.

Properties of scaling functions:

— Support
— Regularity

e Riesz basis property

e Approximation power

Construction and Existence of scaling function We introduce three methods to construct scaling
functions.

e Cascade algorithm
¢"(x) = 2 hpd" (22 — k)
k

o' = 1oy
The function ¢™ will converge to ¢.

e Fourier method: Taking Fourier transform on the refinable equation, we obtain

$(&) =m(2)o(2)
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where m(£) = h(e®). Performing this successively and taking the normalization 5(0) =1
(ie. [ ¢(z)dz = 1), we obtain

~ © ¢
P(§) = H m <2J>
j=1
e Subdivision scheme

1. Step 1: Find {¢(k) }rcz by solving the eigen system:
¢(i) =2 hai rd(k)
k

2. Step 2: Find the value of ¢ at ;1 x points recursively by the subdivision scheme
027 UDi) =23 Thpo(270i — k)
k

Or equivalently,
P(xj11,4) = Sn(d(zj,.))i
where S}, : (?(Z) — (*(7Z) defined by

(Shb)i =) _ 2hi_opby.
k

Remarks on subdivision scheme

1. The subdivision scheme can be understood through the superposition of S},. First, a general
b : Z — R can be written as b = b;0;, where §; € €Q(Z) is defined by

PPN mboxifi = j
6i(j) = o(i j)_{ 0 otherwise.

Thus, Shb = Zz bZShél
2. Spdo = h.

Lemma 3.10. If h(1) = 1 and m (&) = h(e*) is Lipschitz continuous at 1, then the corresponding
scaling function ¢ exists as a distribution.

Proof. The assumption for m(§) is
m(€)] = [m(0) + (m(&) — m(0))| < 1+ Cle| < L.

Hence
o0

II

Jj=1

m(;)‘gexp ZC’\Q*jf\ < el

J=1

The convergence is absolute and uniformly for £ in any compact set in C. Thus, the Fourier inversion
of this infinite product function exists as a distribution. Ul
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Proposition 8. Cascade algorithm is equivalent to subdivision: algorithm

¢"(z) = 2(5}350)@0(2"1‘ — i)

)

Proof. 1. The subdivision scheme S}, is defined by

(Shb)i = 2hi_opby,
k

In particular, 2h = S} d¢.

2. A cascade algorithm is
¢"(x) = 2D hig" (2w 1)
= Z:Z(Shéo)iqﬁn_l(% — i)
= 2; > hi Y b (2% — 2i — k)
= Z(ZZ 2f;2i2hi)¢”‘2<22x — )
= ZZ:(SZ(%))elqﬁ”‘?(?% — 1)
= ﬁ: S2800"2(2% — 0)
’

3. In general, we have

¢"(z) = Z(Sﬁ%)@o(?% — 1)

)

Three examples:

e h(z) = (2)", the corresponding ¢ is the B-spline of order 7.

o hz)=27" (1%) QTQT(Z) the corresponding refinable function is the Lagrange interpolating

function. Here,
r—1 1\ 7
r+n—1 2—z—2z
- (") ()

n=0

o h(z) = (42)"Q(z), where Q,(2) = Q(2)Q(z ). This corresponds to Daubechies orthog-
onal scaling function.
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B-spline

Proposition 9. The scaling function corresponding to h(z) = (1J2FZ)T is 1,1y % - == Lyg ) (r times)

Proof. 1. Using Fourier method,
o0
S §
P(§) = 1_[1 m <2j
J:

where m(€) = h(e'). One can show that when h(z) = 12, then m(€) = €¢/2 cos (%)

2. Using sin(2¢) = 2sin§ cos &, we obtain

B-spline is refinable:

e The rt" order B-spline ¢!l is refinable and the corresponding mask is (142'2 )T.

r]

1. Suppose the mask of ¢["! is hl"l with coefficients hL .

2. From definition, ¢l = ¢! « ... x ¢[1], we have

orl(z) = ol s oll(z)
- / =1 (y)pl) (@ — y)dy

— 2 / > ny ol 2y — k) (o120 - 2y) + o120 — 2y — 1)) dy
k
= 230 [y - Rl 2o - 20)dy
+23 b / o112y — k)¢ (20 — 2y — 1)dy
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= SoH oo — k- yyay
+>on / </>[’“—” ()6 (20 —k—1—y)dy

= Sonl el er — k) + 3Rl (20 — k- 1)

= Swl- ”+h[’“ ”)¢H(2x—k).

3. This implies A" = (R~ + Al 1) /2.
4. Ttis easy to see that hlll(z) = (1£2).

Support ") = [0, 7]

¢l € CT=1=¢ for any € > 0.

We may define #l% = § which satisfies

ie b0 =1,

Riesz basis property: for r > 1, ¢y j, constitute a Riesz basis in Vj := span {¢o i }rez, i.e.
there exists two constants A > 0 and B < oo such that

AN el < I andlh 2 < BY  Jenl?
k k k

Example 2. The Lagrange interpolation function
e Definition.

1. Initially, define (k) = o 4
2. Using subdivision scheme, define QNS at x;41 2541 by Lagrange interpolation using data
At Tjk—rt1, " Tjktrs 1€

Lj+1,2k+1 — Tjk+v 1
A(Tj11,2541) Z 11 (g k)

Ljk4+u — Ljk+v

—r<v<r
v#u

e The mask
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2. Example:

-r=12h=27%(1,2,1)
- r=2:2h=2"%-1,0,9,16,9,0,—1)

e Property:

1. Lagrange interpolation mask of order 27 can annihinate polynomials of degree less than
2r.

2. The Lagrange interpolation mask has the smallest length among all interpolatory mask
of order 2r.

3. Support of ¢ of order 2r is [—2r + 1, 2r — 1].

4. Regularity: the order of differentiability is linearly propotional to r
e Riesz basis property

e Approximation power: If Q; is any projection onto V; which is spanned by the Lagrange
interpolant ¢ of order 2r, then

e = Qjull = G327 + 027 H)

0.9}

0.8}

0.7}

06}

0.5¢

0.4}

0.3}

0.2}

0.1}
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12 : : : : : 12
1 1
0.8} 1 o8}
0.6} 1 o6}
04r 1 04}
0.2f 1 o2}
0 0
02 ! = 0 2 4 s 02 4 2 0 2 4
12

0.8f

0.6f

0.4}

0.2f

_0-2 L L L L L
6 4 2 0 2 4 6

Example 3. Daubechies orthogonal wavelets
e Since Q,(z) = Q,(27 1), we can split
Qr(2) = Q(2)Q(="1)
where Q(z) = ag + a1z + -+ +a,_12"" L

e We can split H(z)" into

(LT (L2 1\ (142 (1t
2 S\ 2 2 S\ 2 2
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e Then we can split Hy(z) into h(z)h(z71):
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v, Vs

-0.6F

Example 4. Cohen-Daubechies-Feauveau biorthogonal wavelets

e Split H" @), into

where d + d = 2r.
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%13 \tilde\phi_{(1,3)}
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0.4 \tilde\phi_{(2,4)}

0.2 04 06 0.8 1 12 14 16 1.8
X X
0.4 \tilde\phi_{(2,4)}
12}
0.9}
1t
0.8}
0.8}
0.7} 06l
0.6} o4l
05} 1 ozl
0.4} 10
0.3} 1 _oal
0.2f {1 —0.4}
01} 1 -06f
o=\ . |\ [ -os

05 1 15 2 25 3 35 4 45 5
X X

Properties

e Convergence and regularity

If A(1) = 1, then ¢ exists as a distribution

Convergence in L? is related to the regularity of ¢.

Regularity is related to the the “approximation order” of ¢
If h(z) = (42)"H(z) with H(1) # 0, then we say that ¢(z) has approximation order
.
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— If ¢ has approximation order p, then 7, C Vj, where 7, be the set of all polynomials of
order less than p.

— The higher the p is, the more regular the ¢ is
e Support and Decay

— A mask is called of finite length if there exists an integer M such that h(k) = 0 for
|k| > M

— ¢ is of finite support if and only if its mask is of finite length
— ¢ decay expontially at x = Fo0 iff hy decays exponetially at k = F-o0.

e Riesz basis property:
Under certain assumption on h, the corresponding refinable function ¢ satisfies the Riesz

basis property:
AY e < 1Y erdinl® < BY el
k k k

e Approximation power:
Theorem. (Strang-Fix, Unser) Suppose ¢ is of pth order and Vj is the span of {¢; 1. }rcz. Let
@; be any projection from L? onto V;. Then

Q= ull = Co2 % + 0(27#+D)

e The main technique is by Fourier method.
Duality
e h(z) and h(z) correspond to scaling functions ¢ and ¢
e Perfect reconstruction of h(z) and h(z):
h(2)h(z™Y) + h(—2)h(—z"1) =1

is equivalent to duality of ¢ and gg:
/¢@M@—kﬂx:%$

e Proof by induction: Use
L 6™ (2) = Yoy had™ (22 — k). 6° = 1),
2. ¢ (@) = Yoy hud" (22 — k), 6° = L),
3 [ o (@)l (x — k) de = do

Biorthogonality
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/ U(x dx = 0.
e Proof by induction

Loy t(z) =30, gk 2z — k), ¢° = 111y,

(
2. ¢n+1( ) =2k hk¢n(2$_ )’QBO = 1p0,1),
3 f]-[(]l (.’E 1[01 (x—k)dx:&),k

9(z"Dh(2) + g(=2z"Hh(=2) = 0.

e Biorthogonality:

Biorthogonality
[ ]
(Gisdik) = Oik
(Yjid5k) = 0
(V> Vjrk) = 0j50ik
References:

e ]. Daubechies, Ten Lectures on Wavelets, STAM Lecture Notes

e S. Mallat, A Wavelet Tool for Signal Processing, the Sparse Way, Academic Press, 2009.
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Chapter 4

Numerical Integration

4.1 Motivations

Solving integral equations In applications, we encounter integral equations such as

b
/ Kz y)uly) dz = f(z)
or b
u(z) + / Kz y)uly) de = (2).

In solving Laplace equation, Helmholtz equation, we sometimes change it into integral equations,
which is of the previous form. This is called boundary integral method.

Performing integral transform We need to perform the following transformations in applica-
tions

e Fourier transform

/Z f(z)e ™ dg

e [egendre transform

1
/_ @P ) da

e Wavelet transform

/ " H@)b(a) de.

In general, numerical integrations on intervals, curves, surfaces, and, in general, manifolds are
needed in many places.
There are three classes of methods for numerical integration:

123
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e Newton-Cotes method (which is based on uniformly spaced grid points)
e Gaussian-Quadrature methods
e Monte-Carlo methods

4.2 Newton-Cotes Method for numerical integration

Goal Numerical integration of I(f) := ff f(x) dz. Suppose the grid points are evenly spaced:

h—
r;, =a+1ih, h= ¢
n
and f; = f(x;) are given.
Method
1. Approximate f by f*, the Lagrange interpolation of f at z;,7 = 0, ..., k:

k
_;ﬁ&( ), i) [Tz — )

2. Approximate I(f) by I*(f) := f;ok fF(x) dx

x, K
Ik(f) = /aco Z d.CL‘ = Zfzwm

/ o

We will not compute the weights w; directly. Instead, we will use Romberg rule to compute these
weights successively in k.

where

Examples

1. k =1, Trapezoidal rule:

n

fz 1+fz

l\D\*—‘

2. k = 2, Simpson rule:

=1 (b—a)
I3,(f g 6 (f2i +4f2ir1 + foirz) 5
3. k = 3, Boole’s rule:
n—1
I, (f) = %0 (7fai + 32 faiv1 + 12 faiv2 + 32 fait3 + 7 faita) o

1§
o

s
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Error analysis Let us denote
En(f) = 1(f) = L(f).

e Trapezoidal rule. By the interpolation analysis,

f@) = f1 (@) = flog, a1, 2] (z — ) (x — 2541)

Thus,
1 o« (o 1
B =3 [ -
=0 7%
nly " Tjt1
=Y 5w [ @) g de
=0 %
n—1
1 1
=3 5 (~glan -2,
2 6
7=0
184 1
— h3 - /)
" Z 12f (m;)
7=0
h—
_ ! 12(1) h2f" (n) for some 1 € (a,b).
e For Simpson rule, we partition the interval [a, b] into 2n subintervals evenly. On the interval
(Ti-1, Tit1),
f= 12 = fley, wi w2z — wima) (@ = 23) (@ = 2i41).
Let

T

w(z) = / (b= 25 1)t — 2i)(t — 2541) d.

i—1
Because the grids x; are evenly spaced and (¢ — z;—1)(t — z;)(t — x;+1) is an odd function,
we obtain [1
w(zi—1) = w(xiy1) = 0.
Thus,
Ti+1 Ti+1
/ (f = [ de = / w'(x) flwi-1, i, Tit1, 2] dx

Ti—1 Ti—1

Ti41
= _/ w(x) flri-1, Ti, Tit1, T, ]
Ti—1

_ 44 (_f<4> (m))
15 24

h5
= %f(4)(77i)-

'Indeed, if we choose z;—1 = —h, x; = 0, z41 = h, then w(z) = 1 (z — h)*(z + h)>.
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We obtain .

1) = T(F) = 155 (b — ) () for some € (a, 1)

Romberg Method One can derive the coefficients (weights) of the Newton-Cotes method suc-
cessively starting from the trapezoidal rule by the Romberg method. We begin with the trapezoidal
rule.

For the trapezoidal rule, the Euler-MacLaurin formula gives

1
1) -1 P =%+ 2 4.

We shall use Richardson extrapolation formula to remove the error term: % then get a high order
method. We have

1 di | udy
I(f)_jn/2(f):4ﬁ+2 i
From 4(I — I}) — (I — 1711/2), we obtain
—12d}
1 1y _ 2
4(I_In)_(‘[_‘[n/2)_7+"'

Thus, let us define
1 1
I,QL _ 41, — In/Q’
3
then we have d
2
1) - 13 = &

This numerical integration rule is exactly the Simpson rule. We can check the simplest case: n = 2.
Suppose b —a =1

o,

N | —

B(f) = Lo+ fit it £

1) =5 Uo+ f2)
RVIGE G

I(f) 3 =& (fo+4fi+ o)
We can continue this extrapolation:
472 2
5 2°I% — In/2
" 24 —1
d
3 3
I-1; g +
673 3
o 2005 — In/2
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d
4 U4
I-1, = o + -
In general,
d
E_ Ok
I-1,; ok + -
2k 7k _ 7k
P 2°F Y — In/2
noo 2%k
and
d
k+1 _ Qk41
I-1;7 = (kD) +
Error analysis One can show that
d
k+1 _ Qk41
I-I;7 = (kD) + -
with
b—a
_ 2k+2 £(2k+2 _
A1 = Aps1(b— a)h2FF2pR+2) - — S

where Ay is independent of f and n. In particular,

, 1\ 2064D)
‘I—IQ[’:O<2€> 5
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which gives the spectral accuracy, or the Newton-Cotes method. However, high order method is not
so stable, as we have seen in Runge’s example that high order interpolation polynomial on evenly

spaced grid points produces large error on the boundary in general.

Euler-MacLausin expansion

Theorem 4.1. Suppose f € C*"[0,1]. Then

n—1

b
[ fyde = (10)+ 50)) -
a k

— (2k)!

where

i b2n

N T

FE(€) for some € € (0,1),

boy. are Bernoulli constants.

b2k [f(?k‘—l)(l) _ f(Qk—l)(O) +R



128 CHAPTER 4. NUMERICAL INTEGRATION

4.3 Gaussian Quadrature Methods

Goal: Letw(z) > 0be a positive weighted function on (a, b). The goal is to numerically compute

by
In(f) = Zwi,nf(xi,n);
=1

where the 2n parameters {wj ,, z;  } are chosen so that

En(p) == 1(p) — In(p) =0

for all polynomials p € Ils,_1, the space of all polynomials with degree < 2n — 1. Unlike the
Newton-Cotes method, where the nodal points {z1, ..., x, } are evenly spaced, we give freedom to
choose these nodal points in order to increase the accuracy of numerical integration.

Difficulty Let us take [—1, 1] with weight w = 1 as an example to illustrate difficulty. We choose
p(x) = 2%, then E,,(2*) = 0fori =0,...,2n — 1 gives

z":w g /1 i {o i=1,3,....2n—1
" ) = = 2 .
P in¥in 1 a1 1=0,2,..,2n—-2.

There are 2n equations for the 2n unknowns {w; ,z;,|i = 1,...,n}. However, this nonlinear
equation is difficult to solve.

Orthogonal polynomials The main idea is to use an important property of orthogonal polynomial.
Let us brief describe the theory of orthogonal polynomial, then explain how it is used to design these
Gaussian-Quadrature points.

Let us recall w(x) > 0 on (a,b) be a positive weighted function. We introduce the space
L2 (a,b) with the inner product

b
(f.g) = / F(2)g(x) w(z) dz.

Proposition 10. There exist sequence of orthogonal polynomials ¢,, such that (i) deg ¢, = n, (ii)

Proof. These ¢, can be obtained from Gram-Schmidt process on {1,z, 22, --- 2™, ---} induc-
tively in n with ¢ = 1. O

Examples:
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e (—1,1) with w(x) = 1: Legendre polynomial

R

2n+1
Po=1, ¢n=1/ 5 P,.

e (—1,1) withw(xz) = 1/4/1 — 22: Chebeshev polynomials

—x2)"], n>1.

T,,(x) = cos(ncos ™ ).

e (0,00) with w(x) = e~*: Laguerre polynomials

1, d .
L,(x) = memﬁ [™e™"] .

e (—00,00) with w(z) = e~**/2: Hermite polynomials

Hy(z) = (—1)%902/26[76*%2/2.

dzn
Theorem 4.2. In L? (a,b), the orthogonal polynomial ¢,, has exactly n distinct real roots on (a, b).

Proof. 1. Suppose z1, ..., T, € (a,b) are distinct roots such that ¢,, changes sign at ;. That is,

m

dn(w) = [[(z —2))"h(x),

j=1
where 7; > 1 are odd and h(x) does not change sign in (a, b).

2. Let B(z) = [[/~,(¥ — ;). If m < n, then deg B < n. Thus, by the orthogonal property:

¢n L 11,1, we get
b
/ én(x)B(z)w(x) dz = 0.
3. On the other hand,
¢nB =[] (z — ;)" h(x)
j=1

does not change sign on (a,b) and w(z) > 0 on (a, b). Hence

b
[ w@)su@)Bla) s 20
a
This is a contradiction. Thus, we must have m = n.

4. Because deg ¢, = n, we obtain that all 7; = 1, j = 1,...,n. This means that ¢, has n

distinct simple roots.
O
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Gaussian quadrature method

e Choose 1, ..., T, to be the roots of ¢,,, where ¢, is the orthogonal polynomial in L2 (a, b)
with degree n;

e The Gaussian-quadrature formula is
n
In(f) =) wif(z;),
j=1

where

Hi;ﬁj(x )

Hi;éj (zj — 24)

The explicit formulae of x;, w; can be found in Wiki (see Gaussian quadrature, Wiki).
We will introduce two derivations of the Gaussian quadrature method.

b
wj:/ w(x)lj(x)de, {Lij(x)=

Derivation I Let us write .
Yn(z) = H(a: —Zj) = cpPn.
j=1
Theorem 4.3. Let w(x) > 0 be a weight in (a, b) and let ¢,, be the orthogonal polynomial of degree
n. Then E,(f) := I(p) — I,(p) = 0 forall p € 11y, ;.
Proof. 1. For any p € Iy, 1, we can divide it by ,, and get
p(x) = ¥n(@)q(x) + r(2),
where deg g < n—1, degr < n. From ¢, (z;) = 0, we obtain p(z;) = r(z;) fori = 1,...,n.

2. Since ¥, L 11,1 and deg g < n, we get
b b b
16) = [ poywie)do = [ (u@a@) + r@) ) dz = [ r@uls) o
b n n n
= / Zr(xl)&(:r)w(x) dr = Zr(wi)wi = Zp(a:i)wi = I.(p)-
a =1

i=1 i=1

Lemma 4.1. The weights w; > 0 foralli = 1, ...,n. Moreover, ), w; = fb

a

w(x) dx.

Proof. 1. Since E? € Iy, 1, we get En(ﬁf) = 0. That is

b n
0< / C(x)w(z)de = ijfg(a:j) = w;.
a ]:1
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2. Since E,(1) = 0, we get
b n
/ 1‘w(m)dx:ij'1.
a j=1
]

Theorem 4.4. Let w(x) > 0in (a,b). Suppose {x1, ..., xn} and {w1, ..., wy} are chosen such that
En(p) = 0forall p € Ny, _1. Then for any f € C*+(a,b),

mwl<2(f i) &) panc1(9

where

Chta
pan—1(f) = doo(f,Tl2n—1) < WHNCHQ-

Proof. 1. By Jackson’s theorem, there exists a ¢* € Ily,_; such that
doo(fv q*) = doo(f) H2n—1) = p2n—1(f)‘
2. Since ¢* € Tly,—1, we have E,(¢*) = 0. Using this,
b n
En(f) = En(f) — En(q") = / (f = q"w(x)de = > wi(f(x;) — ¢*(z:))
a =1
< fwllllf = q*lloo + D lwilllf = ¢*lloo = 2[wll1p2n—1(f)-

i

3. From Jackson’s theorem o
k+
pn(f) < nkJrg HfHC’H'O‘?

where C' is independent of f and n.
O

Derivation II The idea behind is to use Hermite interpolation polynomials. Given f(z;), f'(x;),
j =1, ...,n, the Hermite interpolation polynomial H,,(x) is of degree 2n — 1 with

Hy(wj) = f(zj), Hy(wy) = f'(z;), j=1,...,n

Indeed, .
Hy() = Y (fhi(@) + fihi(@))
where ”
(@) = 035, (i) =0 4.1)
(z:) = 615, hy(ai) = 0. 4.2)
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with

degh; = degﬁj =2n—1.
Such functions h; and h; can be constructed easily.

Lemma 4.2. Given z1, ..., x,. The polynomials h; and iLj, 7 =1,...,n of degree 2n — 1 satisfying
#©.1), @.2) are given by
hj(x) = [1 = 205(z)) (2 — ;)] 65 (),

hy(@) = (¢ — 2;) ().

Proof. 1. The polynomial /; should contain a factor 62 because x;, i # j are its double roots.
The only condition it does not satisfy is (62) (xj) = 2€’ “(x;) # 0. We consider

hj(x) = (1 - 25;-(93]-)(:5 - asj)) E?(:E)
Then degh = 2n — 1, hi;(z;) = 0 fori = 1,...,n and h;(z;) = ;.

2. Similarly, x;, with ¢ # j are double roots of ﬁj. Thus, ?zj contains a factor E?(x) Since x; is
also a root of h;, the term (z — x;) is also a factor of hj(z). The polynomial (z — acj)éi(x)
has the same roots and same degree of those of &;. Thus h;(x) = c¢(z — xj)ff(:r) Since the
derivative of (z — ;)5 (x) at z; is 1, we get that ¢ = 1.

OJ

Now, let us go back to derive Gaussian quadrature formula via the Hermite interpolation func-
tion. With the Hermite inyterpolation at {x1, ..., z,, }, we define

/H dﬂf—/Z fihs @) + (@) w(e) da
/ijw], w; = /hj(:c)w(:v)dx.

The last line follows from the following lemma.

Lemma 4.3. If x1, ..., x, are the roots of the orthogonal polynomial ¢y, in 11, then

b

b
/ﬁj(x)w(x)dxzo, j=1,..,n. 4.4)
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Proof. 1. From v,, 1 II,,_1, we have
b b
/ hy () w() dr — / (1— 26, (2;)(x — 27)) E(x)w(z) d
b
- [ (B@ - @t @) wiw) da
- [ 5

2. Since ¢? € Tly,_1, we get E,(¢?) = 0. That is
b
/ (x dx—Zw] () = w; —/ li(z) dx.

3. We rewrite the second integral as

’ P _ [ RN B ). 2
/a w(x)hj(ﬂj) dx —/a U)(.’L‘)(.I 33]) <Hz7&](xj — mz))
b
= cj/ w(x)pp(x)lj(x)de =0, forj =1,...,n,

because ¢, 1 IL,,_1.

Theorem 4.5. For f € C?"*1[a, b, we have

Fe D ()
Bul0) = 1)~ 1) = 22O [ @ i) e

for some n € [a,b].
Proof. This follows directly from
f —H, = [wn(x)P f[l’l, L1y Ty T,y .ZE]

and

b
I(f) — In(f) = / [n (@)]? Ft, 21, s By Ty ]e0() it

f(2n+1)(77)
T @2+ 1)

b
/ [ ()] w(z) do.

133
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As comparing with Newton-Cotes:

f—pn= wn(x)f[l'la <oy Ty x]a

b b
1) - / po() dz = / o (2)] 1, T2, ooy 2y ]
170 [P

the error of Gaussian quadrature method is much smaller than the error of Newton-Cotes method.



Chapter 5

Numerical Ordinary Differential
Equations

5.1 Motivations

Example 1. Van der Pol oscillator In electric circuit theory, van der Pol proposed a model for
electric circuit with vacuum tube, where I = ¢(V') is a cubic function. Consider a circuit system
with the resistor replaced by a device which obeys a nonlinear Ohm’s law: the potential drop across
this device is

IS
sza<3—1>,a>0.

Such a device does appear in vacuum tubes or semiconductors. The corresponding L-C-R circuit
equation becomes

I Q 3 B
Ldt+0+a<3—1’> = V(1) (5.1)

Differentiate in ¢, we obtain the Van der Pole equation:

21
dt?

+a(I? — 1)ﬂ + L_ f(t). (5.2)

L
a C

where f(t) = V/(t) is the applied electric field. The system is dissipative (damping) when I% > 1
and self current increasing when I? < 1.
Let = be the current and let us consider a normalized system:

i+e(x?—1)i+z=0.

Through a Liénard transform:



136 CHAPTER 5. NUMERICAL ORDINARY DIFFERENTIAL EQUATIONS

the van der Pol equation can be expressed as

3

xr = ?

[

(-4 -y

Yy =

a8

We can draw the nullclines: f = 0 and g = 0. From the direction field of (f, g), we see that the
field points inwards for large (z, y) and outward for (x, y) near (0, 0). This means that there will be
a limiting circle in between.

As e >> 1, we can observe that the time scale on z variable is fast whereas it is slow on the
y-variable. That is,

#(t) = O(e), y(t) = O(1/e).

On the z-y plane, consider the curve

73

=r— —.
Y 3
. 3 - . .
The solution moves fast to the curve y = o — %-. Once it is closed to this curve, it move slowly
along it until it moves to the critical points (%1, i%) At which it moves away from the curve fast
and move to the other side of the curve. The solution then periodically moves in this way.

Example 2. The orbit of a star in a galaxy. EI Galaxy is a rotating object consisting of gases and
stars. The potential induced by stars and gases of a galaxy drives the motion of a galaxy, but is an
unknown function. What we can observe is the motion of stars. In galaxy, the rotation curve of stars
(i.e. the speed of star at radius 7) is the observable object. We want to model the potential such that
the Newton’s law of motion under this potential gives us the observed motion. Based of Gauss law,
the potential ® and the density distribution of stars p are related by

AD = p.

Therefore, we model either the potential, or the mass distribution. Then we study the motion of a star
in this potential and compare it with our observation. It is natural to consider a disk in cylindrical
coordinate system r = (R, ¢, z). Suppose the potential is axisymmetric, that is, the potential is
®(R, z), independent of ¢. There are many models. For examples,

e Plummer model

D) — M
P VrZ 2
e Kuzmin model: o
M
(I)K(Rv Z) = 2 )
R2+ (a+|2|)

'Ref. James Binney and Scott Tremaine, Galactic Dynamics, Princeton University Press
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e Toomre model:
GM

_\/R2+(a+\/m)2.

Dy (R, 2) =

e [ogarithmic potential:

1, 5 22
@L(R,z)zivoln R +q—2 .

The governing equation of motion is

d’r
@ = —VQ(R, Z).

We may express T = Rég + ¢¢ + 2é, and V® = ®pép + D.é,. Using r = (R cos ¢, Rsin ¢, 2),
we obtain

L U B A
i = (R — R¢?)ép + EE(R%)% + 3é,.

Then the equation in each component is
R— R¢* = —dp,

o

Z=—-0,.

The force Rgf)2 is the centrifugal force. The second equation is the conservation of angular momen-
tum. Let L, = R2¢. The centrifugal force is L2/ R3. Thus, we may write the equation as

where
L?
cI)eff = q)(R, Z) + 2 R2

The equilibrium occurs at (R, 0) where V®qp(Rg,0) = 0. This equilibrium is a circular motion
with angular speed
L, 1 0V

Q=2 == "g,
Rz \|R,0R'M

The goal is to solve this equation of motion under various potentials.
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Example 3. Michaelis-Menten Enzyme Kinetics. A chemical substrate .S is converted to a product
P through an enzyme catalysis E: The reaction equation are

Bl = —R[E|[S] + k_1[ES] + ko[ 5]
%[g] = —k[B][S] + k_1[ES]
%[Es] = ki[E][S] - k_1[ES] — ko[ ES]
d

%[P] = ko[ES]

5.2 Basic Numerical Methods for Ordinary Differential Equations

The basic assumption to design numerical algorithm for ordinary differential equations is the smooth-
ness of the solutions, which is in general valid provided the coefficients are also smooth. Basic
designning techniques include numerical interpolation, numerical integration, and finite difference
approximation.

Euler method

Euler method is the simplest numerical integrator for ODEs. The ODE

y = f(ty) (5.3)

is discretized by

Y =Y — rmym. (5.4)

Here, k is time step size of the discretization. This method is called the forward Euler method. It
simply replace dy/dt(t") by the forward finite difference (y"*! — y™)/k. We would like to know
the growth of the true error €™, defined by €™ := y™ —y(t™). To estimate this error, we need to derive
an equation for ™. To do so, suppose y(+) is a true solution. We plug it into the finite difference
equation. It will not satisfy the difference equation. The remainder term is called the truncation
error. More precisely,

y(" ) — y(t)

? — f(t"yt") =" (5.5)

where

. y(tn+1) — y(tn) o y'(t”) _ O(k)

k
Subtracting (5.4) from (5.3)), we get

e = e L k(f(¢",y(t") — F(" ") + kT
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Taking the absolute values, we get
" < €| + kAle"| + kIT"|

where

This is the inequality for error e™.

Theorem 5.1. Assume f € C' and suppose the solution y' = f(t,y) with y(0) = yo exists on
[0,T]. Then the Euler method converges at any t € [0,T]. In fact, the true error e" has the
following estimate:

At
le"| < %O(/@) — 0, asn — 0. (5.6)

Here, A = max |0f /0y| and nk = t.

Proof. The finite difference inequality has a fundamental solution G = (1 + Ak)"™, which is posi-
tive. Multiplying above equation by (1 + Ak)~"~!, we obtain

km+”GfmflS‘dnKrmp+kGfmf”TmL

Summing in m from m = 0 ton — 1, we get

n—1 n—1
"] < > GTTHRTT <Y GTO(RY)
m=0 m=0
Gr—1 ) Gn eM
= < — < —
where ¢ = nk and we have used (1 + \k)" < M. O

Remarks.

1. The theorem states that the numerical method converges in [0, 7] as long as the solutions of
the ODE exists.

2. The error is O(k) if the solution is in C2[0, 7.
3. The proof above relies on the existence and smoothness of the solution. However, one can

also use this approach to prove the local existence theorem by showning the approximate
solutions generated by the Euler method form a Cauchy sequence.
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Backward Euler method

In many applications, the system is relaxed to a stable solution in a very short period of time. For
instance, consider ~
Y=y

=

Yy

The corresponding solution y(t) — y as ¢t ~ O(7). The Lipschitz constant is A = 1/7. If
we use forward Euler method, then we should require a very small & = ¢/n in order to have
G"™ = (1 4+ t/(n7))" remains bounded for any n. This leads to an inefficient computation. In
general, forward Euler method becomes inefficient (require small k) when

ax‘afézy)

‘>>1.

However, in the case of relaxation system where the Jacobian 0 f /0y is negative definite and large
in magnitude, the backward Euler method is recommended:

y" =yt Ry, (5.7)

The true solution y(-) satisfies

(") —y(t")

YD et + 7

where

Tn _ y(tn+1)k_ y(tn) o y/(thrl) _ O(ki)

The true error e” := y(t") — y" satisfies

e = ok (L () - FEL ) 4

Thus,
’en-i-l’ < ‘en‘ +/\k‘en+1’ +O(k2).

The corresponding fundamental solution is G™ := (1 — Ak)~". Using the fundamental solution, we
multiply both sides (with index m) by G™™ and get

G e < kGT™ME™| + kG

Summing m from 0 to n — 1, we obtain

n—1 n—1
"] < > GTTTRFT <Y GTO(R)
m=0 m=0

1-Gn—1_ ,
= — <
¢ W)=

1

- 2
gl =

O(k)

where t = nk. Here, we have assumed Ak < 1.
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Leap frog method
We integrate v/ = f(t,%) from t" ! to ¢"+1:
tn+1
s =y = [ sy

tn—1

We apply the midpoint rule for numerical integration, we then get
y(t"h) —y(¢" ) = 2k (1", y(¢")) + O(K?).
The midpoint method (or called leapfrog method) is
yr =yt =2k (). (5.8)

This is a two-step explicit method.

Homeworks.

1. Prove the convergence theorem for the backward Euler method.
Hint: show that e"™ < e + (1 4+ kX)e™ " + k7™, where ) is the Lipschitz constant of f.

2. Prove the convergence theorem for the leap-frog method.
Hint: consider the system 7 = ¢! and y% = y™.

5.3 Runge-Kutta methods

The Runge-Kutta method (RK) is a strategy to integrate fttnnﬂ f d1 by some quadrature method.

RK2 For instance, a second order RK, denoted by RK2, is based on the trapezoidal rule of nu-
merical integration. First, we integrate the ODE ¢’ = f(t,y) to get

tn+1

y(tHh) -y = / f(ry(r)) dr.

Next, this integration is approximated by

1/2(F(", y™) + f(", ")k

The latter term involves ™ 1. An explicit Runge-Kutta method approximate 4! by y"+kf(t", y").
Thus, RK?2 reads

51 = f(tnayn)

k
y"tt =yt Sy + FETL Y+ kEY)).
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Another kind of RK2 is based on the midpoint rule of integration. It reads
& o= ft"y")
g =y Ry g&)
The truncation error of RK2 is
y(t"t) —y(t") =y — (") + O(K?).
RK4 The 4th order Runge-Kutta method has the form

k
y'tto= oyt 5 (&1 426+ 283 + &)

51 = f(tnvyn)
S .
& = f(t +§ Y +§§1)

1 k

& = S+ kY + 56)

§ = [+ Ey"+kS)
The truncation error of RK4 is

y(t" ) —y(t") =y —y(t") + O(K°).
General explicit Runge-Kutta methods The method takes the following general form
S
Y=yt kY big,
i=1
where
51 = f(tna yn)’

& = f(t"+ 2k, y" + ka2 &),
& = f(t" 4 csk,y" + kazi1&1 + kaszaéa),

& = f(tn + Cskyyn + k(a51§1 + -+ as,s—lgs—l))-

We need to specify s (the number of stages), the coefficients a;;(1 < j < i < 's), bi(i = 1,...,5)
and ¢;(i = 2, ..., s). We list them in the following Butcher table.

There are s(s—1)/2+ s+ (s— 1) unknowns to be determined for a specific scheme. We require the
truncation error to be O(kP™1). To find these coefficients, we need to expand the truncation error
formula

y(thrl) _ yn — yn+1 _ yn + O(karl)

about (t",y™) in terms of derivatives of y(-) at t"”. Then we can get linear equations for the coeffi-
cients.
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Co | 21
C3 | asy as2

Cs | s1 Qs2 -+  Ass—1

b1 bQ et bs—l bs

Convergence proof, an example Let us see the proof of the convergence of the two stage Runge-
Kutta method. The scheme can be expressed as

Yt ="+ EU(y" 0 E) (5.9)
where )
V(Y™ t" k) = fly + Skf(y). (5.10)
Suppose y(-) is a true solution, the corresponding truncation error

pr WD 200 gm0, 1) = 00

Thus, the true solution satisfies
y(t" ) —y (") = kU (y(t"), 1" k) + k7"
The true error e := y™ — y(t") satisfies
et = e 4 k(T (y", 1" k) — U (y(t"), ", k) — k1™

This implies
€™ < [em| + kXN [e"| + kI,

where )\’ is the Lipschitz constant of ¥(y, ¢, k) with respect to y. Hence, we get

n—1
€] < (L+EN)e 4+ kD> (L+EN) e
m=0
/ €>\,t
< eNe| + — max 7™
ANom

Reference:

e Lloyd N. Trefethen, Finite Difference and Sprectral Methods for Ordinary and Partial Differ-
ential Equations,

e Randy LeVeque,

e You may also google Runge-Kutta method to get more references.
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5.4 Multistep methods

The idea of multi-step method is to derive a relation between, for instance, 4"+, 4", y" ! and

"1 50 that the corresponding truncation is small. The simplest multistep method is the
s given. The new state y" ! is defined by

y'" and y
midpoint method. Suppose y™ and y"~

yn—i-l o yn—l — 2ky,n — Qkif(tn, yn)
The truncation error is

™ =

(y(" ) —y(" ™) = 2ky/ (")) = O(K?).

| =

Thus, the method is second order.

n m—1

We can also design a method which involves 31,y "~ and 3", y . For instance,

V= S - 1)

The truncation error

#im b (v - B - 160 ) = 06,

A general r-step multistep method can be written in the form

r r r
Z amyn-i—l—r-‘,-m —k Z bmy/n+1—7’+m —k Z bmfn-&-l—r-l—m. (5.11)
m=0 m=0 m=0

We will always assume a,, # 0. When b, = 0 the method is explicit; otherwise it is implicit. For a
smooth solution of (5.3)), we define the truncation error 7" to be

n 1 - n —r-m - n —r-m
= <Z Ay (T )—kmey’(t e ))

m=0 m=0

Definition 5.1. A multispep method is called of order p if T = O(kP) uniformly in n. It is called
consistent if 7" (k) — 0 uniformly in n as k — 0.

Remark. When f is smooth, the solution of ODE ¢y’ = f(y) is also smooth. Then the truncation is
a smooth function of k. In this case, 7(k) — 0 is equivalent to 7(k) = O(k) as k — 0. Let us set
am = 0, by, = 0 for m > r for notational convinience. Taking Taylor expansion about "*1=7 we



5.4. MULTISTEP METHODS 145

get

kT =

T oo 1 T oo
amz ﬁy(ﬂ)(mk)] —k Z b, Z G 1)'y(])(mk)ﬂ 1
m=0 7=0 m=0 J=1
T o0 1 T
< am> y(0)+2 ' Z (m? am — jm?’~'b )k‘]y(J)
m=0 j=17"m=0
( am) y(O) + Z l' Z m? ™" (Mam, — jbm) kjy(J)
m=0 j=1""m=0
Zl' Z mI ™Y (ma, — jby) Ky
j=0 e,
Z ij(a)
j=0

Here, the derivatives of y(-) are evaluated at t"*1=". We list few equations for the coefficients a and

b:

Co
Cy

Co

Cp

= ap++a
= (a1 +2a2+---ray)— (bp+---+by)

1
= 3 ((a1 + 2%a2 + -+ r%a,;) — 2(by + -+ - +7b,))

s T

. mP mP~1
D IR D Bl ey L

m=0 m=1

To obtain order p scheme, we need to require

Cj = 0, forj = 0, .oy P

There are 2(r + 1) unknowns for the coefficients {a,}7, o, {bm }1,—o- In principle, we can choose

p = 2r + 1 to have th

e same number of equations. Unfortunately, there is some limitation from

stability requirement. The order of accuracy p is required to satisfy

r + 2 if r is even,
p < r+1lifrisodd,
r if it is an explicit scheme.

This is called the first Dahlquist stability barrier. We shall not discuss here. See Trefethen. Let us
see some concrete examples below.
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Explicit Adams-Bashforth schemes When b, = 0, the method is explicit. Here are some exam-
ples of the explicit schemes called Adams-Bashforth schemes, where a, = 1:

o l-step: y" T =y + kf(y")
o 2stepr "t =y + 5BF (") — F")
e 3 step: yn-i-l — yn + %(23]0(3/”) - 16f(yn_1) 4 5f(yn_2))

The step size is r and the order is p = r.

Implicit Adams-Moulton schemes Another examples are the Adams-Moulton schemes, where
b # 0 and and the step size r = p

o l-step: y" 1 =y + E(f(y"t) + f(y™))
o 2-step: "t =gy" + %(5f(y”+1) +8f(y") — fy" ™))

o 3step: y" T =y + EOF () +19f(y") = 5f (") + fF(y"2)

Sometimes, we can use an explicit scheme to guess 41! as a predictor in an implicit scheme.

Such a method is called a predictor-corrector method. A standard one is the following Adams-
Bashforth-Moulton scheme: Its predictor part is the Adams-Bashforth scheme:

P =y OB~ 165" + 57 ()

The corrector is the Adams-Moulton scheme:

Y=y O F19F6) — 5" + £ )

The predictor-corrector is still an explicit scheme. However, for stiff problem, we should use im-
plicit scheme instead.

Formal algebra Let us introduce the shift operator Zy™ = y™*1, or in continuous sense, Zy(t) =
y(t + k). Let D be the differential operator. The Taylor expansion

1
y(t+ k) =y(t) + ky'(t) + 5K Dy(t) + -
can be expressed formally as
1
Zy = <1 + (kD) + E(k:D)2 + - > y = Py,
The multistep method can be expressed as

Ly = (a(Z) = kb(Z)D)y = (a(e"”) = kDb(e"P) ) y = (Co + Ca(kD) + -+ ).
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Here,
T T
a(Z) = amZ"b(Z) = buZ™
m=0 m=0
are the generating functions of {a,,} and {b,, }. A multistep method is of order p means that
kD _ p+1
(a(e ) — ka(kD)) y = O((kD)"*1)y.
We may abbreviate kD by a symbol x. The above formula is equivalent to

=k 4+ O(KP™) ask — 0. (5.12)

We have the following theorem

Theorem 5.2. A multistep method with b(1) # 0 is of order p if and only if

a(z) =logz+O((z—1)P ") as 2z — 1.

b(z)
It is consistent if and only if

a(l) =0and d'(1) = b(1).

Proof. The first formula can be obtained from (5.12)) by writing e” = 2. For the second formula,
we expand log z about 1. We can get

(:-1)?  (z-1)
2 + 3

) =0 (- 1) - 4 ) O - 1P

We also expand a(z) and b(z) about z = 1, we can get
a(1) + (z = 1)d’(1) = b(1)(z — 1) + O((z — 1)?).

Thus, the scheme is consistent if and only if a(1) = 0 and a’(1) = b(1). O

Homeworks.

1. Consider the linear ODE 3’ = Ay, derive the finite difference equation using multistep method
involving y™*1, 4™, 4™ and y/™ and /™" for this linear ODE.

2. Solve the linear finite difference equations derived from previous exercise.
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5.5 Linear difference equation

Second-order linear difference equation. In the linear case y' = Ay, the above difference
scheme results in a linear difference equation. Let us consider general second order linear difference
equation with constant coefficients:

ay™™ 4 by + eyt =0, (5.13)
where a # 0. To find its general solutions, we try the ansatz y" = p” for some number p. Here, the
n in y" is an index, whereas the n in p" is a power. Plug this ansatz into the equation, we get

ap" ™ 4 bp" 4 cp" " = 0.

This leads to
ap* +bp+c=0.

There are two solutions p; and po. In case p; # po, these two solutions are independent. Since the
equation is linear, any linear combination of these two solutions is again a solution. Moreover, the
general solution can only depend on two free parameters, namely, once 4" and y~! are known, then
{y" }nez is uniquely determined. Thus, the general solution is

y" = Cipy + Capy,
where C1, Cy are constants. In case of p; = po, then we can use the two solutions py and p} with
p2 # p1, but very closed, to produce another nontrivial solution:
n__ .n
lim P2 —P1
p2—p1 P2 — P1

This yields the second solution is np’f_l. Thus, the general solution is

C1p} + Conp} ™.

Linear finite difference equation of order » . We consider general linear finite difference equa-
tion of order 7:
ary™™" -+ agy" =0, (5.14)

where a, # 0. Since y™ 1" can be solved in terms of ™" ~1, ... 4™ for all n, this equation together

with initial data yyg, ..., y_r+1 has a unique solution. The solution space is r dimensions.
To find fundamental solutions, we try the ansatz

yn — pn
for some number p. Plug this ansatz into equation, we get
arp" T 4+ agp” =0,

for all n. This implies
a(p) :=app" +---+ap=0. (5.15)

The polynomial a(p) is called the characteristic polynomial of (5.14) and its roots p1, ..., p, are
called the characteristic roots.
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e Simple roots (i.e. p; # pj, for all i # j): The fundamental solutions are p', i = 1,..., 7.
e Multiple roots: if p; is a multiple root with multiplicity m;, then the corresponding indepen-

dent solutions
n n—2 n n—m;+1
e O ’

Pyt O3 1P}
Here, C7 := n!/(k!(n — k)!). The solution C} p*~2 can be derived from differentiation dipC{‘ pt
at p;.
In the case of simple roots, we can express general solution as
y" = Cipt + -+ Copys

where the constants C1, ..., C; are determined by

yi:Clpil+---+C’rpfﬂ,i:O,...,—r+1.

System of linear difference equation. The above rth order linear difference equation is equiva-
lent to a first order linear difference system:

Agy™ ! = Ay (5.16)
where
y? yn—r+1
Yr y"
0 1 0 0
0 0 1 0
Ag = [ Tr-nxe-n 0 A :
0 ar )’ :
0 0 0 1
—ap —aip —az —Qr—1
We may divide (5.16) by Aj and get
yn—i—l — Gyn.

We call G the fundamental matrix of (5.16). For this homogeneous equation, the solution is
yn — GnyO

Next, we compute G in terms of eigenvalues of G.
In the case that all eigenvalues p;, ¢ = 1, ..., of G are distinct, then G can be expressed as

G =TDT !, D = diag (p1,--- , pr),

and the column vectors of T are the corresponding eigenvectors.



150 CHAPTER 5. NUMERICAL ORDINARY DIFFERENTIAL EQUATIONS

When the eigenvalues of G have multiple roots, we can normalize it into Jordan blocks:
G=TJT ' J= diag (Jy,---,Js),

where the Jordan block J; corresponds to eigenvalue p; with multiplicity m;:

pi 1 0 0
0 p 1 0
0 0 0 1
0 0 O Pi

mM; Xmy;

and > "7, m; = r. Indeed, this form also covers the case of distinct eigenvalues.
In the stability analysis below, we are concerned with whether G™ is bounnded. It is easy to see
that

G" =TJ"T !, J" = diag (J7,---,J7)

o mp Tt gt e Gy

N Y A
J=1 : . :

0 0 0 npf!

0 0 0 .- oy

Mg XMy

n . n!
where C}! := R

Definition 5.2. The fundamental matrix G is called stable if G™ remains bounded under certain
norm || - || for all n.

Theorem 5.3. The fundamental matrix G is stable if and only if its eigenvalues satisfy the following
condition:

either |p| = 1 and p is a simple root, (5.17)
orlpl <1
Proof. It is easy to see that the nth power of a Jordan form J* is bounded if its eigenvalue |p;| < 1
or if p;| = 1 but simple. On the other hand, if |p;| > 1 then J]* is unbounded; or if p;| = 1 but not
simple, then the term np?_l in J;* will be unbounded. O

Nonhomogeneous linear finite difference system In general, we consider the nonhomogeneous
linear difference system:

y" = Gy" + " (5.18)
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with initial data y°. Its solution can be expressed as

yn —_ Gyn71+fn71
_ G(Gyn72+fn72)+fn71

n—1
_ Gny0 + Z Gn—l—mfm
m=0
Homeworks.
1. Consider the linear ODE
Y =Xy

where )\ considered here can be complex. Study the linear difference equation derived for this
ODE by forward Euler method, backward Euler, midpoint. Find its general solutions.

2. Consider linear finite difference equation with source term
aynJrl + byn +Cyn71 — fn
Given initial data §/° and 7', find its solution.

3. Find the characteristic roots for the Adams-Bashforth and Adams-Moulton schemes with
steps 1-3 for the linear equation ¢ = \y.

5.6 Stability analysis

There are two kinds of stability concepts.
e Fix ¢t = nk, the computed solution 3" remains bounded as n — oo (or equivalently, & — 0).
e Fix k > 0, the computed solution y" remains bounded as n — oo.

The first one is refered to zero stability. The second is called absolute stability.

5.6.1 Zero Stability

Our goal is to develop general convergence theory for multistep finite difference method for ODE:
y' = f(t,y) with initial condition y(0) = yo. An r-step multistep finite difference scheme can be
expressed as

Ly" = Z Ay T ) Z by f (¢TI grl=rmy — (5.19)
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Definition 5.3. The truncation error 7" (k) for the above finite difference scheme is defined by

1 d —r+m . n+l—r+m n+l—r+m
@) (3 1) 3 e )
m=0 m=0

where y(+) is a true solution of the ODE.

Definition 5.4. A difference scheme is called consistent if the corresponding truncation error " (k) —
0 uniformly in n as the mesh size k — 0. The scheme is of order p if T (k) = O(kP) uniform in n.

In the multistep method, the consistency is equivalent to 7(k) = O(k) because we assume y(-)
is smooth and the truncation error is a smooth function in k. The consistency is 7(k) — 0 as k — 0.
Thus the smoothness of 7 implies 7(k) = O(k).

Definition 5.5. A difference scheme is called zero stable if its solutions at time step n remain
bounded as the mesh size k — 0 (nk = T is fixed, according n — o).

The main theorem is the follows. We will postpone its proof at the end of this section.

Theorem 5.4 (Dahlquist). For finite difference schemes for ODE y' = f(t,y),

consistency + zero-stability < convergence

Stability criterion Let us investigate the condition on the coefficients a and b of an explicit mul-
tistep method for the stability

Ly =0
to be bounded. We assume a,, = 1 and b,, = 0. Let us write it in matrix form:

y"t = Ay" + kBf"

where
0 1
0 1 YT
A= Yyt = ,
0 1 y"
—ap —Ar—2 —ar_-1
0 0
0 O fr-r
B = . = o ,
0 0 fr
bo e br—a br—1

In order to have solution to be bounded for a multistep scheme Ly = 0 for arbitrary f, it has at least
to be valid when f = 0. In this case, we need to invetigate the boundedness for the homogeneous
equation:

yn+1 — Ayn
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We have seen in the last section that

Theorem 5.5. The necessary and sufficient condition for | A"|| to be bounded is that the charac-
teristic roots p; of the characteristic equation a(z) = 0 satisfies:

either |p;| < 1
or|pi| = 1 but simple.

Convergence = Stability

Proof. We only need to find an f such that the corresponding multistep is not stable implies that it
does not converge. We choose f = 0. Since A" is unbounded, which means there is an eigenvalue
p; with eigenvector y* such that |p;| > 1 or |p;| = 1 but not simple. We discuss the formal case.
The latter case can also be prove easily. In the former case, we choose »° such that y° - y; # 0.
Then the corresponding bfy™ := A"y will be unbounded. Hence it cannot converge to a constant,
as k — 0. Here, we use that fact that y° - y; # 0. We generate bfy° = (ygfl, -, y0)T by
some explicit scheme starting from y°. The point is that bfy° depends on the mesh size k and
yo(k) — (yo,--- ,v0)" as k — 0. With this, given any y’, we can always construct y°(k) such

that y°(k) - y; # 0 when k # 0. O

Convergence = Consistency
Proof. We need to show that a(1) = 0 and a’(1) = b(1). To show the first, we consider ¢y = 0 with
y(0) = 1. For the second, we consider ¢’ = 1 and y(0) = 0.

e Show a(1) = 0: We choose y° = (1,---,1)T. From y! = Ay?, we get

y = —aoy’ — - — a1y T = —ag — - —ar
Since y" is independent of k, and we should have y" — 1 as k — 0 (by convergence), we
conclude that y" = 1. Thus, we geta(l) =ap+ -+ +a,—1 +1=0.

e Show a’(1) = b(1). We choose f = 1, y(0) = 0. The corresponding ODE solution is
y(t) = t. The multistep method gives
a(Z)y" — kb(Z)1 = 0. (5.20)
We write
a(Z) =d(1)(Z - 1) +0((Z —1)*),b(Z)1 = b(1).

Then the principal part of the above finite difference is

b(1)
Z—-1y—k =0
(Z -1y —k )
This is an arithmetic series. Its solution is y" = nk%. Indeed, this sequence also satisfies
(5.20) provided its initial data y™ has the same form for 0 < n < r. Since nk = t, the

convergence y"* — t as n — oo forces ;’,((11)) =

O
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Stability + Consistency = Convergence
Proof. We recall that we can express the scheme as
y"tl = Ay" + kBf".
Let Y be an exact solution, then plug it into the above =scheme, we get
Y = AY" + kBF" + k"
We substract these two and call " := Y" — y". We get
e"t = Ae" + kB (F" — ") + kr".
The term F” — f” can be repressed as
F'— " = (fY") = fy" ) SO = fy)T

_ (L_renir,'-' ,Loen)T

= L,e"

where .
L_,, := / f(y™ =™+ te ™) dt.
0

Thus, we get

e = (A+4kBL,)e" + k"
= Gp(k)e" + k"

with C independent of n and k. The reason is the follows. First, we assume that f is Lipschitz.
Thus, the functions L_,, above are uniformly bounded (independent of 7). Hence the term || BL||
is uniformly bounded. Second we have a lemma

Lemma 5.1. If | A" || is bounded and ||B,,|| are uniformly bounded, then the product
[(A+ By (A+ By
n ! n "

is also uniformly bounded.

We have

Gpore" 4 k!

G, 1G, 0e" 2+ k (anng_Q + Tn—l)

G, 1G9 Goe

+k (Gn_2 .. Gm—o IS Gn_QTn_2 + Tn—l)

VARRVARN VAN
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From the lemma, we get

le”|| < Clle”|| +nkC max [|7"]| < Clle°|| + O(K).
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