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(a) ‘We estimate that when = = 0.3, y = 0.8,s0 (0.3) =~ 0.8.
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() h=101,20=0,yp =1and F(x,y) = 2" — y*. SO yn = yn_1+0.1(z5_; — ya_,). Thus,
y1=1+01(0"-1%) =09,y =0.9+0.1(0.1* — 0.9°) =082, y5 = 0.82 + 0.1(0.2*> — 0.82%) = 0.75676.
Thus is close to our graphical estimate of 4(0.3) == 0.8.

(c) The centers of the horizontal line segments of the direction field are located on the lines y = z and y = —=.

When a solution curve crosses one of these lines, it has a local maximum or minimum.

y' =xe ™% —yeosx = gy + (cosx)y = xe” =@ (). Thisis a linear equation and the integrating factor is
I(ﬂ'} — fcoa:c dx —_ eaina:_ Mulllplymg (*) b'y Esinm gtVES eaina yi + eainz(cosx} y=o=x = (Esin x y:}i -7 =

eSBT = %xg +C = y= (%xz +C) g EnT

d
2ye'’y =2 +3Vz = 2ye9”£=2x+3v’§ = 2ye?”dy=(2x+3ﬁ)dz -

f2yeyzdy=f(2x+3\/;)dx = e”:=x2—|—2x3ﬂ—f—c = y2=ln($z—|—2z3n—f—0} =

y = £4/In(x? + 2232 + C)
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14+e¥=e In{l4cosx) | < = ¥ = ke In{l4coazx) 1 = y= ln[ke_ In{l+4cosx) _ 1]_ Since y([]:} =0,
0=Infke=™2 —1] = " =k(3)—1 = k=4 Thus, y(x) = In[de~"0+==) _ 1] An equavalent form
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y(1) = 2 implies that we want a solution with == > 0. Multiplymng the last differential equation by I'(x) gives
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(a) Let t = O correspond to 1990 so that P(¢) = 5 25" is a starting point for the model. When ¢t = 10, P = 6.07.

S06.07 = 528" = 10k=In%XL = k= -InE2 ~ 0.01394. For the year 2020, ¢ = 30, and

P(30) = 5.28¢°"F ~ 8.02 billion.

10 10 In 22 _
B P=10 = 528 =10 = o= = kt=ln—— = t= 1012+ﬁ ~ 45 8 years, that is,
- h 6.28
in 1990 + 45 = 2035.
K 100 100 — 5.28 . 1. 607 .
(c) P(t) = T A=~ 17 Ag_ﬁ,where A= %o =~ 17.94. Using k = 1 IHE from part (a), a model is

_ 100
T 1+ 1794001394

P(t) and P(30) =~ 7.81 billion, slightly lower than our estimate of 8.02 billion in part (a).

= = 14+AdAe™ =8 = 477 =0 = " =9/4 = —kt=In(9/ =
(d) P=10 14 Ae™™ = 100 de™™ =0 ¥ =9/A kt=In(9/A

t= —% In % 72 4047 years (that is, in 2039), which is later than the prediction of 2035 in part (b).

Let P represent the population and I the number of infected people. The rate of spread dI /dt 1s jointly proportional to I and

dl I ; .
to P — I, so for some constant k, i EI(P—1)= (kP}I(] - }—3)_mequ13th_4_7“11&!{: P and k replaced by

P ILyP
kP, we have I(t) = 15 de—FFE To + (P — Ip)e—FFt"

Now, measuring ¢ m days, we substitute t = 7, P = 5000, Iy = 160 and I(7) = 1200 to find %:

160 - 5000 2000 _35.000%
1200 = = 3= & 4804 145207700 — 2000 =
160 + (5000 — 160)e—5000-7"% 160 + 4840e—35.000% + 14,020e
e-3sovor _ 2000~ 480 —35,000k = In B4 p= =L 132 L 000006448, Next, let
14,520 363 35,000 363
160 - 5000 200

I = 5000 x 80% = 4000, and solve for ¢: 4000 = =

= 1=
160 + (5000 — 160)e—*-5000-¢ 160 4 4840 —b000kE

—soooe _ 200 — 160

1
160 + 4840e 50005 — 200 = & —5000kt =In— <

4840 121
= In e = . In—— = 7. 212] 14 875. So it takes about 15 days for 80% of the population
5000k 121 ITmiE 121 mi®

to be infected.

dh R h k+h R k R

h+klnh= —; t 4+ C'. This equation gives a relationship between & and ¢, but it 1s not possible to isolate h and express it in

terms of .



22. dz/dt = 0.4z — 0.002zy, dy/dt = —0.2y + 0.000008zy
(a) The xy terms represent encounters between the birds and the insects. Since the y-population increases from these terms
and the z-population decreases, we expect y to represent the birds and = the insects.

(b) rand y areconstant = ' =0andy' =0 =

0 =04z — 0.002zy 0 = 0.4x(1 — 0.005y) )
= y = 0and x = 0 (zero populations)

0= —02y + 0.000008zy 0= —02y(1 — 0.00004x)

ory = —— = 200 and x = —— = 25 000. The non-trivial solution represents the population sizes needed so that

0.008 0.00004

there are no changes in either the number of birds or the number of msects.

dy dy/dt  —0.2y+0.000008zy

© & = /@~ 04z —0002ey
(d) Y At (x, y) = (40,000, 100), d=/dt = 8000 = 0, so as t increases we
40T | £ &7 = — = = m s N NN
VAT ARSI are proceeding in a counterclockwise direction. The populations
P s ==~ NN N ) ) . : .
3001 At nINININANIN increase to approximately (59,646, 200), at which point the insect
2004 : f f N ? ‘{ } } : \ population starts to decrease. The birds attain a maximum population
v v =z v 0001
N{dxzzzz222 47 of about 380 when the insect population 1s 25,000. The populations
0ot  J¥=====""-"_"C decrease to about (7370, 200), at which point the insect population
Ty, T T e o e
- starts to increase. The birds attain a mininyum population of about 88
0 : ; ann X
20000 40.000 60,000 when the msect population 1s 25,000, and then the cycle repeats.
(e)

Both graphs have the same period and the bird
population peaks about a quarter-cycle after the
msect population.




