3.1
4. (a) (i) Using Definition 1 with f(z) = z — z° and P(1,0),

_ _ .3 .2 B
melim i@ -0 _ . z—z . z(l-z) . z(lt+z)(l-2)
z—1 z—1 z—1 z—1 z—1 z—1 ol z— 1

— B_rg [—z(1+z)] =—-1(2) = -2
(i1) Using Equation 2 with f(z) = z — z° and P(1,0),

i J@TR) —fl@) _ o fU+R)—f(1) _ - [(1+h)—(1+h)7] -0

m=

hA—0 h h—0 h h—0 h
_ 2 3 33 _ap2 _ 32 _ap _
— lim 1+h—(14+3h+3hR +h)=lim h 3h 2h=limh( h 3h —2)
h—0 h h—0 h—0 h

= lim(—h* —3h —2) = -2
h—0

(b) An equation of the tangent lineis y — £(a) = f'(a)(z —a) = y—f(1)=F()(&—1) = y—0=-2(—1),

ory=—2x+2
(©) 2 . The graph of y = —2x + 2 1s tangent to the graph of y = = — = at the
[ \ pomt (1,0). Now zoom in toward the point (1, 0) until the cubic and the
_2| \ - tangent line are indistinguishable.
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12. (a) Runner A runs the entire 100-meter race at the same velocity since the slope of the position function 1s constant.
Runner B starts the race at a slower velocity than runner A, but finishes the race at a faster velocity.
(b) The distance between the runners is the greatest at the time when the largest vertical line segment fits between the two
graphs—this appears to be somewhere between 9 and 10 seconds.

(c) The runners had the same velocity when the slopes of their respective position functions are equal—this also appears to be
at about 9.5 s. Note that the answers for parts (b) and (c) must be the same for these graphs because as soon as the velocity
for runner B overtakes the velocity for runner A, the distance between the runners starts to decrease.

20. We begin by drawing a curve through the origin with a slope of 0 to satisfy y._
g(0) = 0 and g'(0) = 0. The curve should have a slope of —1, 3, and 1 as we
pass over z = —1, 1, and 2, respectively.

Note: In the figure, y' = 0 when z ~~ —1 27 or 2.13. g . L

I 1 T
% (@) — tim JOER =F@) _ 1 [@th) —5(a+h)] - (a* = 5a)

h—0 h h—0 h

. (a* +4a°h + 6a’h?* + 4ah® + h* — 5a — 5h) — (a* — 5a) . 4a°h +6a’h® + 4ah® + h* — 5h
= lim = lim

h—0 h h—0 h

2 2 2 3 _

=Hh(4a +6ah+h4ah +h 5)=m(403+6a2h+4ah2+h3_5)=4aa_5



40. The slope of the tangent (that 1s, the rate of change of temperature with respect 7(F)

to time) at £ = 1 h seems to be about > 158 ~ —0.7 °F /min. 200¢
132 — 0 _\P

ol 30 9'01501501&}&)

42. (@) () [2000,2002]; P(2002) — P(2000) _ 5886 — 3501 _ 2385

= 1192.5 locations/year

2002 — 2000 2 2
. _ P(2001) — P(2000) 4709 — 3501 .
(11) [2000, 2001]: S00L — 3000 = : = 1208 locations/year
_ P(2000) — P(1999) _ 3501 —2135 .
(111) [1999, 2000]: 2000 — 109 — : = 1366 locations/year
N 4 (in locations)
(b) Using the values from (11) and (i11), we have 6000+
M = 1287 locations/year. 5000 %
(c) Estimating A as (1999, 2035) and B as (2001, 4960), the slope at 2000 is o0y
4960 — 2035 2025 : 00%
2000—1999 — 2 = 1462.5 locations/year. -
A
1998 1999 2000 2001 2002 ¢
3.2
14. y
/\ / \ /\ The graph of the derivative
\/ 0 s ;’_ 2;_ x looks like the graph of the
4 cosine function.

40. Where d has horizontal tangents, only c is 0, so d’ = c. c has negative tangents for = < 0 and b is the only graph that is
negative for z < 0, so ¢’ = b. b has positive tangents on R (except at z = 0), and the only graph that is positive on the same
domainisa,so b’ = a. Weconcludethatd = f,e= f',b= f",anda = f"".



32. (a)

®)

©

@

54. (a)

®)

(©)

P’(t) is the rate at which the percentage of Americans under the age of 18 is changing with respect to time. Its units are
percent per year (%/y).

P(t+h)—P(t) _ P(t+h)—

h h P() for small values of A.

To find P’(t), we use Jim

P(1960) — P(1950) _ 35.7—31.1 _

1960 — 1950 10 0.46

For 1950: P'(1950) ~

For 1960: We estimate P’(1960) by using h = —10 and h = 10, and then average the two results to obtain a final
estimate.

P(1950) — P(1960)  31.1 —35.7
1950 — 1960 o —10

h=-10 = P'(1960) ~ =0.46
P(1970) — P(1960) _ 34.0 —35.7

1970 — 1960 10 =Lk

h=10 = P'(1960) ~

So we estimate that P’(1960) ~ 2[0.46 + (—0.17)] = 0.145.

t | 1950 1960 1970 1980 1990 2000
P'(t) | 0460 0145 —0385 —0415 —0.115 0.000

P'(r)
0.5+
0.4+
0.3¢
0.2+
0.1+

P(1)
37T
5T
33T
31T
297
271

251»
24 —0.3+

1950 1960 1970 1980 1990 2000 ' —0.4¢4

We could get more accurate values for P’(¢) by obtaining data for the mid-decade years 1955, 1965, 1975, 1985, and 1995.

T,

0| t
The 1nitial temperature of the water 1s close to room temperature because of the water that was in the pipes. When the

water from the hot water tank starts coming out, d7/dt is large and positive as 7 increases to the temperature of the water

in the tank. In the next phase, d7'/dt = 0 as the water comes out at a constant, high temperature. After some time, d7°/dt
becomes small and negative as the contents of the hot water tank are exhausted. Finally, when the hot water has run out,

dT'/dt 1s once again 0 as the water maintains its (cold) temperature.

dT/dt

T



3.3
24. Y(u) = (u? +u77)(u® — 2u?) =
Y'(u) = (v + w7 %) (5u* — 4u) + (u® — 2u?)(—2u% — 3u™%)
= (5u® —4u™ + 5u —4u?) + (—2u® — Bu+4u"' +6u?) = 3u® + 2u + 2u~?
5. y=(1+2z)  =1+4z+42> = 3y =4+8z At(1,9),y = 12 and an equation of the tangent line is

y—9=12(z—1)ory =12z — 3. 'I‘heslopeofthenormallineis—1—12 (the negative reciprocal of 12) and an equation of the

normal lineisy —9=—35(z—1) or y = —Hz+ 2.

8. y=az’ +bz+c = y'(z)=2az+ b Theparabolahasslope4atz = 1andslope —Satz = —1,s0y'(1) =4 =
2a+b=4 ()andy'(—1) =—8 = —2a+b=—8 (2). Adding(1)and (2) givesus2b = —4 < b= —2. From
(1).2a—2=4 & a=23 Thus, the equation of the parabola is ¥ = 3z” — 2z + ¢ Since it passes through the point

(2,15), wehave 15 = 3(2)> —2(2) +¢ = ¢ =7, sotheequationisy = 3z> —2x + 7.

3.4
1 —secx
12. y =
tanx
,  tanz(—secz tanz) — (1 —secz)(sec’z) secx (—tan’z —secz +sec’z)  secx (1 —secx)
y = = =

(tanz)? tan® z tan’ z

flz+h) — f(z) — lim cos (z +h) —cosz lim S5 cosh —sinz sinh — cos

h—0 h h—0 h h—0 h

lim (cos:):M —sinzx smh) =cosz lim M —sinz lim i
h—0 h h h—0 h h—0 h,

= (cosz)(0) — (sinz)(1) = —sinz

sinx

28. (a) f(z) = \/zsinz = f'(z) = /rcosz+ (sinz)(%:t_l/z) =/zcosz + oW

(®) 3 Notice that f'(z) = 0 when f has a horizontal tangent.

R\ ﬂ f' 1s positive when f is increasing and f” is negative when f is decreasing.
0 2w
N

-3

50. We get the following formulas for » and A in terms of 8:

.6 r . 8 ] h (/]
smi—ﬁ => r-lOsmE and COSE_E => h-lOcosE

Now A(#) = 3mr” and B(6) = 3(2r)h = rh. So

2 -
r 1 ... T 1 .. 10sin(6/2)
= = 1 e -
T 0+ R 2" g0+ 10cos(8/2)

A(8)

oo+ B() e—o+ rh

1 B

1 -
= 57 lim tan(8/2) =0
27 ot an(6/2)



3.5

dy _ dy du

4 Letu=g(z) =sinzandy = f(u) = tanu. Theudx -

= (sec® u)(cos z) = sec’(sinz) - cos z,

or equivalently, [sec(sin z)]? cos z.

34.y=:r:sinl = y'=sinl+av:cosl(—L)=sinl—lcosl
z = = =2 z =z xz
3.6
d 2 2 d ’ ’ Sz 4z
2. — (4z 9 =—(36) = 8 18y-y =0 = = —— = ——
@ — (42" +9y°) = ——(36) z+18y -y y T

0 42® +9° =36 = 9%’ =36—-42" = y*=2(9-2") = y=x3,/9—22 0

v =+2-10-2%)"(~22) = F

2z
39— 22

4x 4z 2z
F art ) e = F——
(c) From part (a), y Oy 9(i§ Vo — zz) 3.9 — z2

20. sinz + cosy = sinx cosy = cosxz —siny-y =sinz (—siny-y') + cosy cosz =

cosz(c —1
(Sinx SiDg—siny)y':cosx COSY — COST = y'= 0s (Osy )

siny (sinz — 1)

46. The circles z* + y* = ax and z* + y® = by intersect at the origin where the tangents are vertical and horizontal [assume a
and b are both nonzero]. If (¢, yo) is the other point of intersection, then z + y§ = azo (1) and z3 + 3 = byo (2).
y

-2
Nowz’ 43y’ =az = 2242y =a = y'=a ad

andz’ +y’=by =

2+ 2y =by = y'=b3—x2y.'l‘hus,thecm'vesareorthogonalat(:co,yo) &

-2 b— 2
o W o 2amo—4zi =4yl —2bye & azo + byo = 2(f + 1),
2yo 2z¢

which 1s true by (1) and (2).

3.7

6. (a) The velocity v 1s positive when s 1s increasing, that is, on the intervals (0, 1) and (3, 4); and 1t 1s negative when s 1s
decreasing, that is, on the interval (1, 3). The acceleration a 1s positive when the graph of s is concave upward (v 1s
increasing), that is, on the interval (2, 4); and 1t is negative when the graph of s is concave downward (v is decreasing), that
is, on the interval (0, 2). The particle is speeding up on the interval (1,2) [v < 0,a < 0]andon (3,4) [v > 0,a > 0].
The particle is slowing down on the interval (0,1) [v > 0,a < 0]andon (2,3) [v < 0,a > 0].

(b) The velocity v 1s positive on (3, 4) and negative on (0, 3). The acceleration a 1s positive on (0, 1) and (2, 4) and negative

on (1,2). The particle is speeding up on the interval (1,2) [v < 0,a < 0]and on (3,4) [v > 0, a > 0]. The particle is
slowing down on the interval (0,1) [v < 0,a > 0]and on (2,3) [v < 0,a > 0].



_ .3 v, 3 _ 2 _ 3 :
12 @ V(z)=2" = = =3z = = 3(3)° =27 mm” /mm 1s the

= B, Ax
rate at which the volume is increasing as z increases past 3 mm. Q%

(b) The surface area is S(z) = 6z%,s0 V'(z) = 32* = 1(62”) = 15(=z). x

The figure suggests that if Az 1s small, then the change in the volume of the

cube 1s approximately half of its surface area (the area of 3 of the € faces)

times Az. From the figure, AV = 322(Az) + 3z(Az)? + (Az)®. JJ

If Az is small, then AV ~ 3z%(Az) and so AV/Az = 3z2. *

18. V(t) = 5000(1 — =¢)* = V'(t) =5000-2(1 — 5t)(—5) = —250(1 — t)

(@) V'(5) = —250(1 — 5 ) = —218.75 gal /min (®) V'(10) = —250(1 — 32) = —187.5 gal /min
(c) V'(20) = —250(1 — 22) = —125 gal/min (d) V'(40) = —250(1 — 23) = 0 gal/min

The water 1s flowing out the fastest at the beginning—when ¢ = 0, V’(¢) = —250 gal/minThe water is flowing out the
slowest at the end—when ¢ = 40, V'(¢) = 0. As the tank empties, the water flows out more slowly.

D=L [T_(1 [T\ = g __ (1 [T\p—n__1 T
AT (2\/:)1‘ = (2\/:)L 2\

(ii)f:i./f:( L \pre o F_L( L \pap_ 1
2LV p \2L/p) dT ~ 2\2L./p) AL\/Tp
.1 [T _(VT\ _yp df _ 1(VT\ 4, __ VT
) f=3z _(2L)‘° = 2 2\2r)f T T i
(b) Note: Tilustrating tangent lines on the generic figures may help to explain the resuits.

(i)%<0andLisdecreasing = fisincressing => highernote

(1) % > 0and T 1sincreasing = fisincreasing = higher note
. df . . : .
(m)d—p<Oandplsmcreasmg = fisdecreasing = lower note

@ f @) f (iii)

f=kT
0 L 0 > o
3.8
2 @A=m? = % = %% = 27rr% ®) % = 27r'r% — 27(30 m)(1 m/s) = 60x m/s
8.2+ =25 = 21’%-{-23{%:0 = x%=—y% = %=—%%.
dy . dz 4

Wheny =4 22 +42> =25 =43 For — =6, — = ——(6) = I8.



18. We are given that % =241t/s.

(a) 2B v’ =(90—z) +90° = 2y3——2(90—z)(—?) When z = 45,
dy 90—z/ dx 45 24
1B =V452+902 =45V5,50 — = —— | —— | = ——=(-24) = ——,
3B Yy \/_ dt v ( dt) 45\/5( ) ‘/g
90 — . ) .
/ * soﬂledlstanceﬁ'omsecondbaselsdecreasmgatarateof% =~ 10.7 ft/s.
H
(b)Duetolhesymmetricnatm‘eoftheprobleminpaﬁ(a),weaq)edtogetthesameanswer—andwedo.
dz dx 45 24
’=2"490" = 22— =2z— Whenz=452=45 4) = — ~ 10.7 ft/s.
2=z + z = = en x Lz V5,50 dt 45\/_( ) 7 /s
. The figure 1s drawn without the top 3 feet. | Ea J
f\: b /
V = 1(b+ 12)h(20) = 10(b + 12)h and, from similar triangles, j_ a0 M E
Z_Sona¥_16 b 12 h+12+ 38 12 “' PSS o=
mgmd¥ =P ot obmsti2ty=hti2d T o122
11h 110A? av 220 \dh
Thus,V-lO(24+T)h—240h+ 3 and s0 0.8 = &= (240+ )dt'
Whenh =5 . J o — 22 0.00132 ft/min.

@t 240 + 5(220/3) 2275

| Wearegjventhat% — 4(2x) = 8w 1ad/min. z = Stand =

dx dé
E=3seczﬂz,Whenx=1,tan0=%,505ec20=1+(§)2=1?° .
and% = 3(12)(87) = L ~ 83.8 km/min . x

. The hour hand of a clock goes around once every 12 hours or, in radians per hour,
% = Z rad/h. The minute hand goes around once an hour, or at the rate of 27 rad/h.
So the angle 8 between them (measuring clockwise from the minute hand to the hour
hand) is changing at the rate of d /dt = £ — 2 = —1L% rad/h. Now, to relate 6 to €,
we use the Law of Cosines: £* =4 +8” —2-4-8-cos6 = 80 —64cos 6 (x).

Differentiating implicitly with respect to ¢, we get 2¢ % — =i in o)%. At 1:00, the angle between the two hands is

one-twelfth of the circle, that is ,1—"=%rad1ans We use (x) tofind £ at 1:00: £ = /80 —64cos % = V80 — 323

) ) 64 _ll‘K
Subsummg,wegetzc%=64sin1(—”—”) Lod_ S0 8T ___ ~_186

6 € dt  2,/80— 32f 31/80 —32/3
So at 1:00, the distance between the tips of the hands is decreasing at a rate of 18.6 mm/h =2 0.005 mm/s.

3.9
6. 9()=VIi+tz=(1+2)"° = g'(z)=23(1+2)"%? 509(0)=1and 2
g'(0) = 3. Therefore, /T+z = g(x) ~ 9(0) + ¢'(0)(z= —0) = 1 + 3=. .
So V/0.95 = {/1+ (—0.05) ~ 1 + 1(—0.05) = 0.983, -325
and V11=JT+01~1+3(0.1)=103 u J




(1+2s)(1)—s(2) 1 B 1
I+20)7 A+ %= rzp®

12. (a) Fory = f(s) = 1—:23"’"(8):

®)y=ucosu = 3y =u(—sinu)+cosu-1 = dy= (cosu—usinu)du

20.y=f(z)=\/;,z=1’Az=l = y
y=\r;
Ay=f(2)— f(1) =VE—VT=VZ—1~0414 1 o
d - 1(1)=05 oo
9—2\/; =2 )_ - 7
0 1 x




