16.1

6. To approximate the volume, let R be the planar region corresponding to the surface of the y
water in the pool, and place E on coordinate axes so that » and y correspond to the 30
dimensions given. Then we define f(x,y) to be the depth of the water at (x. y), so the 20 e
volume of water 1n the pool is the volume of the solid that lies above the rectangle 10 i
R =[0,20] x [0,30] and below the graph of f(zx, y). We can estimate this volume using i
the Midpoint Rule with mm = 2 and n = 3, so A 4 = 100. Each subrectangle with its ofp o

midpoint is shown in the figure. Then
2 3
Vorz _El .21 f(Egjj} AA=AA[F(5.5) + £(5,15) + f£(5.25) + f(15.5) + f(15.15) + F(15,25)]
i=1j=

= 100(3+ 7+ 10 +3 + 5 + 8) = 3600
Thus, we estimate that the pool contains 3600 cubic feet of water.
Alternatively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are taken to
be, for example, the upper right corner of each subrectangle. Then A4 = 25 and

) 4 (]
1-' = Z l_f(xg,y_,-:} ﬁ,—l

i=1j5=
=25[3+44+7+4+8+10+8+44+6+8+10+124+10+3+4 +54+6+8+T7T+2+2+2+3+4+4]
— 25(140) = 3500

So we estimate that the pool contains 3500 ft* of water.

14. Here z = +/0 — 3%, s0 z® + y* = 9, z = 0. Thus the infegral represents the volume of

the top half of the part of the circular cylinder =% + y® = 9 that lies above the rectangle
[0.4] x [0.2]
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6. :f: f_ﬁ1 cos y dx dy = f_ﬁl da f:f: cosydy [by Equation 5]
= [I]E_l [Sj'ny]z;; =[5—(-1))(sin%3 —sinZ)=6(1—32) =3
%V =[f(4+2"—y")ddA= Jr_11 fuz(4+ a® —y?) dyde = f_ll [4y +a?y — %ya]y=2 dax

y=0

1
=@+ %) de=[3"+Pa] =+ ¥ +3+ P =12

32 The solid lies below the plane » = » + 2y and above the surface
2xy .
z= P for0 < 2 <2, 0 <y < 4. The volume of the solid 15

the difference i volumes between the solid that lies under
z = x + 2y over the rectangle R = [0, 2] x [0, 4] and the solid that

2y

x? +

¥
v [ [etrmayae— [ [ Zdyar— [ py+y " dr— [ —Z—ae [ ya
-/ y)dy A E bl AR e | v

= 3 [(4x +16) — (04 0)] dz — [In]|=* + 1|]] [$4°];

2 72 lies under = =

over K.
1

= [2x2+1ex]3—(1n5—1n1}(8—0]=(8+32—n}—81n5=4n—81n5



16.3

kS _ e rloz 3 _ fe[.3 ]y=Inz _ e _3 integrate by parts
0. [[,%dA=[] [[* " dyde= [} [;r: y]y=n de= [{z°Inzdx thy — Inz,dv — o° dz
1_4 1 4% 1 4 1 4 1 3 4 1
=[4-:E Inz— 35 ]1=719 —s5e 0+ =%Fe + 55

2. y / V= [ [N +3) dyda

0.1) Y = [} Py 4] de = [ (2" +1-22%)dx
D
y=x
= 4o +a— o'y = 8
0
X
32. The two planes intersect in the line y = 1, = = 3, so the region of \
integration 1s the plane region enclosed by the parabola y = = and the 11

liney =1 Wehave2 +y > 3y for 0 < y < 1, so the solid region 15

bounded above by = = 2 4 y and bounded below by = = 3y.

1 p1 1 p1 1 p1 1 p1
'i-"zf f (2+y)dydx—f f {S'y)dydx:f / (2+y—3y]dyd;r=/ f (2 —2y)dydx
—-1Jz2 -1 Jz2 -1 J22 -1 Jz3

y=1
=L [2=v]

dx = Jr_il(] —22* +2Y)dr = = — %x3 + %xﬁ]l__l = l_g
y==

16.4
2. The region R 1s more easily described by rectangular coordinates: R = {(z.y) | -1 <2 <1,0<y<1—=z"}
Thus [, f(z.v)dA = [1, [§ 7% f(e,v)dydz.

22. The sphere =* + y® + 2* = 16 intersects the xy-plane in the circle =* + 3* = 16, so

2w 4 2 4
V=2 ff V16— 22 —y2dA  [by symmetry] =2f f\flﬁ—rzrdrd9=2f dﬂf r(16 — r*)ar
4=zl y?<16 ! 2 0 2
4

=2[6]™" [—%(16— r‘*}f"f‘*]g -

. —2(2m)(0—12%%) = 3£ (12/12) =323~

¥ s o R - a .
%0. f‘.lrf'.! fu (rcos8)” (rsin6) rdrdf = s -fu r* cos® @ sin @ dr df

= f-:;z cos? @ sinf d6 uc rtdr

= [-Leo?d]T,, [

= 1 (cos” 7 — con’ 3) (26%) = o’

16.5

]
M. = [f, vo(z.v)dA =[] [ coy’ dydz = o [ zdz [§ v* dy = e[32”]; [§9°], = §a’Fc.

ence, (27) = (22 22) = (30.29)
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24, Here we assume b > 0, h = 0 but note that we arrive at the same results if 8 < 0 or & < 0. We have

D={(z.y)|0<2<b0<y<h— 2z}, s0

L= uh_h:” Vpdyde=p [} [ z:z’_h’” de=2p [ (h— %x}S dx

4]
=1p[-2 (3) (= 42)] = —hrp(0 — h*) = F ook,
b ph—ha /b b b
I, = Jru o / 22 pdydr = pfu x” [h — %;r) dx = pfu (!1:::2 — %;rﬂ dx
h_3 ho_ 47t hb? ne? 1 ;3
=p[32° — 5]y = pl% — 2) = 150b°R,
f—,zpbah B

—ha b =2 T
andm = [*[" "'jbpa’ydxzpj:(h—%x)dxzp[h.r—%xz]uzipbh_Hencex :;": in =<5
3

0 2

1
b =2 I:ﬁpbh:":hj :}?:i
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30. (a) The lifetime of each bulb has exponential density function

0 if ¢ <0
flt) =
(‘} 1‘}“8—5;’1000 lffz[]

If X and ¥~ are the lifetimes of the individual bulbs, then X and ¥ are independent, so the joint density function 1s the
product of the individual density functions:

108 (®+e)/1000 4 2> 0,4 >0
x_ =
flz.y) {0 ofhermi
The probability that both of the bulbs fail within 1000 hours is
1000 1000

P(X <1000,y <1000) = [%% [199 ¢(2 y)dydz = [} [1°°° 10— (=+¥)/1000 g g

—10-° Jrﬂlﬂl]tl g—=/1000 4 fﬂlﬂﬂﬂ e~ v/1000 dy

1000

1000
—10-° [—10009-”1“““} ]

[—10009-1*“”““
[1] 0

= (e7* — 1) ~2 0.3996

(b) Now we are asked for the probability that the combined lifetimes of both Y
1000
bulbs 1s 1000 hours or less. Thus we want to find P(X + Y < 1000), or
equivalently P((X,Y) € D) where D is the triangular region shown in the x+y=1000
figure. Then D
P(X +Y < 1000) = x,y) dA
( <1000) = [[, f(x.%) - e
_ numu 010[](.!—3 10~6e—(=+y)/1000 5 g,
— 10-°5 ann [_]0[]09_(“"‘”]"“”””]y=mm_= dor — —10-2 l]umu (E_1 _ e_z;wnn) dx
y=0
1000
= —1077 [e712 41000 ~=/10%%] T — 1 —2¢~" ~ 0.2642
0
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24. (a) Divide B into 8 cubes of size AV = 8 With f(x, vy, z) = +/2* + y? + 22, the Midpoint Rule gives

J[fs Va2 + 32 +22dV = Ezj fj 22: f(Fe.7,.%) AV
1

i=1j=1k=
=8[f{1,1_. 1)+ F(1,1,3)+ f(1,3,1) + £(1.3.3) + f(3,1,1)
+ F(3,1,3) + £(3.3.1) + £(3.3,3)]

== 239.64

(b) Using a CAS we have [[[, \/z® + 2 +22dV = [ [} [ /2 + 4 + 2% dz dy dz ~ 245.91. This differs from the
estimate in part (a) by about 2.5%.

34, y ; . z=2y=y" or
z=1—xor y=1—yl-:z .
1 1 i The projections of E onto the
k2 xy- and xz-planes are as in the
B first two diagrams and so
x 0 I x 0 1 ¥

Li ui_zerul_: flz.y, z)dydzdx = fulfu'ﬂ__z 01_: flz,y, z)dydzdz
— [HA 1 ey, 2) dedady = [1 [T A5 f(z,y, 2) dzdyde
Now the surface » = 1 — = intersects the plane y = 1 — z in a curve whose projection in the yz-planeis = = 1 — (1 — y)®
or z = 2y — y°. So we must split up the projection of E on the y=z-plane into two regions as in the third diagram_ For (y, =)
mR;,0<z<1—yandfor(y,z) m Rz, 0 <2z < ,/T— z, and so the given itegral is also equal to
S Js VT YT fley ) dzdydz + [ fi g fo 7Y £,y ) dedydz

= fulfuzy—f 01—” flz,y, z)dedzdy + qulfl a fu‘ == fla,y, z) dedz dy.

2y—v
16.7
2. (a) 7y ellme) (b) z
(1L14F.2) 4
h.
r=lcost=—1,y=1sinT=0,andz = e, x
so the point 1s (—1, 0, e) in rectangular coordinates. = = 1cos 3?“7 =0, y= 15in3—; =—12=2

so the point 1s (0, —1, 2) in rectangular coordinates.

6. Since r = 5, 2 +y® = 25 and the surface is a circular cylinder with radius 5 and axis the z-axis.



16. ‘ The region of integration 1s given in cylindrical coordinates by
E={(r.0.2)|0<6<7/20<r<20<z<9—r"} Thisrepresents the
solid region in the first octant enclosed by the circular cylinder » = 2, bounded
above by z = 9 — r* a circular paraboloid, and bounded below by the xy-plane.

z=0—71

2 ft:rﬁ fug Jo ~ rdzdrd = ﬂz fu [’"'] ==0 drdg
¥
i Iy Y P Py T

=[9]§“ (272 — 142 = Z(18—4) = 7=
22. In cylindrical coordinates E is the solid region within the cylinder » = 1 bounded above and below by the sphere r* + 2* = 4,
SOE={(r0.2)|0<0<27r0<r<1,—/4A—1% <z <+/4—7°}. Thus the volume is
- 2w pl pafd—r? 2w pl
[ffedv=1"1, f_vmrdzdrdﬂz o Jo 2Zrv/4—r2drdd
1
™ ap [ or \/4—r2dr=2n[—§(4—r‘}3f’} = in(5—3/?)

[1]

16.8
x 0

4, (a);-:'=‘.,v’xi’+y"+zz=~.,"l:l+3+1=2,t;:os-c==£=l 9=E,andcos£'= : = — — =0 =
p 2 3 pgsing  2sin(w/3)

I

0= [since i = 0]. Thus spherical coordinates are (2

3| =
Ml—i
wl=
S

VE V3 T —1 1
= VTFIT6=2VZ cosop = o= = L= =T andeosfe ——— =1
® FIH6=2V2 coso= 705 = O e Ty Bin(=/6) | V2

6= BT?F [since y = 0]. Thus spherical coordinates are (2 V2, ST’T %)

0. @)z 22+ +22=0 & (22 +y*+2%)—22=0 & p*—2(psincdcosf) =00rp=2sindcosh
b)x+2y+32=1 & psingpcosd +2psingsinf +3pcosa=10rp=1/(sin@cosd + 2sin Hsinf + Jcos ).

28. If we center the ball at the origin, then the ball is given by
B={(p.8,0)|0<p<a0<8 <27 0<¢ < 7} and the distance from any point (x, y, z) in the ball to the

center (0,0, 0) 15 /22 4+ y2 4 22 = p. Thus the average distance 15
; dV = ® sin ¢ dpdf dpp = 3 sin ¢ dip dﬂ' °d
3 ™ 2w 11 a 1
(6], [30%]5 = m)(3a") = e
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8. Syisthelinesegmentv = 0,0 < u < 1, s0x =v=0andy = u(l +v?) = u_ Since 0 < u < 1, the image is the line
segmentx = 0,0 <y <1 Syisthesegmentu=1,0<v <1,s0x =vandy = u(l +v%) = 1 + 2> Thus the image is
the portion of the parabolay = 1 + 2 for0 < = < 1. Sz isthesegmentv = 1,0 < u < 1,s0x = 1 and y = 2u_ The image
isthe segment > = 1,0 < y < 2 Syisdescribedbyu =00<v <1, s00 <z =v < landy = u(l +v?) =0 The
image is the line segment y = 0,0 < = < 1_Thus, the image of S is the region R bounded by the parabola y = 1 + =, the
zr-axis, and the hnes x = 0, 2 = 1.
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