
We list here three properties of double integrals that can be proved in the same manner as
in Section 5.2. We assume that all of the integrals exist. Properties 7 and 8 are referred to
as the linearity of the integral.

• Double integrals behave this way because
the double sums that define them behave
this way.

Sf [f(x, y) + g(x, y)] dA = Sf j(x, y) dA + SS g(x, y) dA
R R R

Sf cj(X, y) dA = c Sf j(X, y) dA
R R

Sf j(X, y) dA ~ SS g(x, y) dA
R R

@ EXERCISES

[Q (a) Estimate the volume of the solid that lies below
the surface z = xy and above the rectangle

(b) Estimate the double integral with m = n = 4 by choosing
the sample points to be the points farthest from the origin.

l'>z 0 1 2 3 4

1.0 2 0 -3 -6 -5

1.5 3 1 -4 -8 -6

2.0 4 3 0 -5 -8

2.5 5 5 3 -] -4

3.0 7 8 6 3 0

Use a Riemann sum with m = 3, n = 2, and take the sample
point to be the upper right corner of each square.
(b) Use the Midpoint Rule to estimate the volume of the solid

in part (a).

2. If R = [-1,3] X [0,2], use a Riemann sum with m = 4,
n = 2 to estimate the value of jJ~(y2 - 2x2) dA. Take the
sample points to be the upper left corners of the squares.

3. (a) Use a Riemann sum with m = n = 2 to estimate the value
of jJ~sin(x + y) dA, where R = [0, 1T] X [0, 1T]. Take the
sample points to be lower left corners.

(b) Use the Midpoint Rule to estimate the integral in part (a).

6. An 8-meter by 12-meter swimming pool is filled with
water. The depth is measured at 2-m intervals, starting at one
corner of the pool, and the values are recorded in the table.
Estimate the volume of water in the pool.

5. A table of values is given for a function f(x, y) defined on
R = [1, 3] X [0,4].
(a) Estimate J:I~f(x, y) dA using the Midpoint Rule with

m = n = 2.

0 2 4 6 8 10 12

0 1 1.5 2 2.4 2.8 3 3
2 1 1.5 2 2.8 3 3.6 3
4 I 1.8 2.7 3 3.6 4 3.2

6 1 1.5 2 2.3 2.7 3 2.5
8 1 1 1 1 1.5 2 2

4. (a) Estimate the volume of the solid that lies below the surface
z = x + 2y2 and above the rectangle R = [0,2] X [0,4].
Use a Riemann sum with m = n = 2 and choose the
sample points to be lower right corners.

(b) Use the Midpoint Rule to estimate the volume in part (a).

[I] Let V be the volume of the solid that lies under the graph of
f(x, y) = ../52 - x2 - y2 and above the rectangle given by
2 :;:;x :;:;4, 2 :;:;y :;:;6. We use the lines x = 3 and y = 4 to



divide R into subrectangles. Let Land U be the Riemann sums
computed using lower left corners and upper right corners,
respectively. Without calculating the numbers V, L, and U,
arrange them in increasing order and explain your reasoning.

8. The figure shows level curves of a function f in the square
R = [0, 2J X [0,2]. Use the Midpoint Rule with m = n = 2
to estimate JJR f(x, y) dA. How could you improve your
estimate?

[!] A contour map is shown for a function f on the square
R = [0,4J X [0,4].
(a) Use the Midpoint Rule with m = n = 2 to estimate the

value of fj~f(x, y) dA.
(b) Estimate the average value of f.

10. The contour map shows the temperature, in degrees Fahrenheit,
at 4:00 PM on February 26, 2007, in Colorado. (The state
measures 388 mi east to west and 276 mi north to south.) Use
the Midpoint Rule with m = n = 4 to estimate the average
temperature in Colorado at that time.

11-13 Evaluate the double integral by first identifying it as the
volume of a solid.

II. fJR 3 dA, R = {(x, y) I -2 ~ x ~ 2, I ~ Y ~ 6}

12. ffR (5 - x) dA, R = {(x, y) I 0 ~ x ~ 5, 0 ~ y ~ 3}

[ill ffR (4 - 2y) dA, R = [0, IJ X [0, IJ

14. The integral JJR ~ dA, where R = [0,4J X [0,2J,
represents the volume of a solid. Sketch the solid.

15. Use a programmable calculator or computer (or the sum
command on a CAS) to estimate

55 )1 + xe-Y dA
R

where R = [0, IJ X [0,1]. Use the Midpoint Rule with the
following numbers of squares of equal size: 1,4, 16, 64, 256,
and 1024.

16. Repeat Exercise IS for the integral jJ~sin(x + J.Y) dA.

rn If f is a constant function, f(x, y) = k, and
R = [a, bJ X [c, dJ, show that .lJR k dA = k(b - a)(d - c).

18. Use the result of Exercise 17 to show that

o ~ 55 sin TTX cos 7Ty dA ~ 3
1
2

Ii

=================~ ITERATED INTEGRALS

Recall that it is usually difficult to evaluate single integrals directly from the definition of
an integral, but the Fundamental Theorem of Calculus provides a much easier method. The
evaluation of double integrals from first principles is even more difficult, but in this sec-



Sf
r~ r~sin x cas y dA = Jo sin x dx Jo cas y dy

R

• The function f(x, y) = sin x cos y in
Example 5 is positive on R, so the integral repre-
sents the volume of the solid that lies above R
and below the graph of f shown in Figure 6.

~ EXERCISES

1-2 Find .rgf(x, y) dx and J~f(x, y) dy.

rnr Iol

(I + 4xy) dx dy 4. f4 II (x2 + y2) dy dx
2 -I

I"/Z I"/Z .
5. Jo Jo Sill X COS Y dy dx I"/Z IS6. cosydxdy

,,/6 -I

J
'2 1I

7. 0 Jo (2x + y)8 dx dy 11 fZ xex

8. -dydx
o • I Y

oorr(~+~)dYdX 10. fal I: ex+3y dx dy

15. II (6XZy3 - 5y4) dA, R = {(x, y) 10 ,,;;x ,,;;3, 0,,;; y ,,;; I}
R

16. II cos(x + 2y) dA, R = {(x, y) 10,,;; x ,,;; 71',0,,;; y ,,;; 71'/2}
R

ff xyZ[ill -z--dA, R= {(x,y) I0,,;; x,,;; I, -3";; y";; 3}
x + I

R

[ ]",/2 [. ]"'/2= - cas x 0 sm y 0 = 1 . 1 = 1

1 + XZ
18. II --2 dA, R = {(x, y) I 0,,;; x,,;; 1, 0,,;; y";; I}

R 1 + y

[ill .IT x sin(x + y) dA, R = [0, 71'/6J x [0, 71'/3J
R

20. ff_x-' -dA, R = [0, IJ x [0, IJ
R 1 + xy

21. IS xyeX2y dA, R = [0, 1] x [0,2J
R

22. II Z x Z dA, R = [1, 2J x [0, IJ
R x + Y

23-24 Sketch the solid whose volume is given by the iterated
integral.

24. I~fal (2 - XZ - /)dydx

25. Find the volume of the solid that lies under the plane
3x + 2Y + z = 12 and above the rectangle
R = {(x, y) 10 ,,;; x ,,;; 1, -2";; y ,,;; 3}.

26. Find the volume of the solid that lies under the hyperbolic
paraboloid z = 4 + XZ - yZ and above the square
R = [-1, IJ x [0,2].



InJ Find the volume of the solid lying under the elliptic
paraboloid x2/4 + y2/9 + z = 1 and above the rectangle
R = [-I, 1] X [-2,2].

28. Find the volume of the solid enclosed by the surface
z = 1 + eX sin y and the planes x = ::'::1, Y = 0, Y = 7T,

and z = O.

29. Find the volume of the solid enclosed by the surface
z = x sec2y and the planes z = 0, x = 0, x = 2, y = 0,
and y = 7T/4.

30. Find the volume of the solid in the first octant bounded by
the cylinder z = 16 - x2 and the plane y = 5.

31. Find the volume of the solid enclosed by the paraboloid
z = 2 + x2 + (y - 2)2 and the planes z = I, x = 1, x = -I,
Y = 0, and y = 4.

ffi 32. Graph the solid that lies between the surface
z = 2xy/(x2 + 1) and the plane z = x + 2y and is bounded
by the planes x = 0, x = 2, Y = 0, and y = 4. Then find its
volume.

ITm 33. Use a computer algebra system to find the exact value of the
integral .IJR X5y3exy dA, where R = [0, I] X [0, I]. Then use
the CAS to draw the solid whose volume is given by the
integral.

ITm 34. Graph the solid that lies between the surfaces
z = e-x' cos(x2 + y2) and z = 2 - x2 - y2 for I x I "" I,
I y I "" I. Use a computer algebra system to approximate the
volume of this solid correct to four decimal places.

35-36 Find the average value off over the given rectangle.

~ f(x, y) = x2 y, R has vertices (-1,0), (-1,5), (I, 5), (1,0)

36. f(x, y) = eYJX+&, R = [0,4] X [0,1]

[I [1 X - y
Jo Jo (x + y)3 dydx

[1 [1 X - y
Jo Jo (x + y)3 dx dy

Do the answers contradict Fubini's Theorem? Explain what
is happening.

38. (a) In what way are the theorems of Fubini and Clairaut
similar?

(b) If f(x,y) is continuous on [a, b] X [c, d] and

g(x, y) = fa" s: f(s, t) dt ds

For single integrals, the region over which we integrate is always an interval. But for
double integrals, we want to be able to integrate a function f not just over rectangles but
also over regions D of more general shape, such as the one illustrated in Figure 1. We sup-
pose that D is a bounded region, which means that D can be enclosed in a rectangular
region R as in Figure 2. Then we define a new function F with domain R by

F( ) = {f(X, y)
x,y 0

if (x, y) is in D
if (x, y) is in R but not in D

.r;?



EXAMPLE 6 Use Property 11 to estimate the integral SID e'in xeD'y dA, where D is the disk
with center the origin and radius 2.

SOLUTION Since -1 ~ sin x ~ 1 and -1 ~ cos y ~ 1, we have -1 ~ sin x cos y ~ 1 and
therefore

-8 EXERCISES

I. fOI f:' (x + 2y) dy dx

3. [I [x (l + 2y) dy dxJo Jx2

2. rr xydxdy

4. fro y xy dx dy

6. folf:~dudv

7. ffxYdA, D={(x,y)10~x~2, -x~y~x}
D

8. If ~ dA, D = {(x, y) II ~x ~ 2, 0 ~ y ~ 2x}
x + 2

D

9. ff x dA, D = {(x, y) I 0 ~ x ~ 7T, 0 ~ Y ~ sin x}
D

10. Sf x3 dA, D = {(x, y) II~x ~ e, 0 ~ y ~ In x}
D

II. Sf y2ex
y dA, D = {(x, y) I 0 ~ y ~ 4, 0 ~ x ~ y}

D

12. ffxJy2-x2dA, D={(x,y)IO~y~l, O~x~y}
D

[IIJ Sf xcosydA, D is bounded by y = 0, y = x2, X = I
D

14. ff (x + y) dA, D is bounded by y = J; and y = x2
D

IS. Sf y3 dA,
D

D is the triangular region with vertices (0, 2), (I, I), (3, 2)

16. ff xy2 dA, D is enclosed by x = 0 and x = J1=Y2
D

[ill fJ (2x - y) dA,
D

D is bounded by the circle with center the origin and radius 2

18. ff 2xy dA, D is the triangular region with vertices (0,0),
D

(l, 2), and (0, 3)

19-28 Find the volume of the given solid.

19. Under the paraboloid 2 = x2 + y2 and above the region
bounded by y = x2 and x = y2

20. Under the paraboloid 2 = 3x2 + y2 and above the region
bounded by y = x and x = l -y

~ Under the surface 2 = xy and above the triangle with vertices
(I, I), (4, I), and (1,2)

22. Enclosed by the paraboloid 2 = x2 + 3y2 and the planes x = 0,
y = 1, Y = x, 2 = 0

23. Bounded by the coordinate planes and the plane
3x + 2y + 2 = 6

24. Bounded by the planes 2 = x, Y = x, x + y = 2, and 2 = 0

25. Enclosed by the cylinders 2 = x2, Y = x2 and the planes
2 = 0, Y = 4

26. Bounded by the cylinder y2 + 22 = 4 and the planes x = 2y,
x = 0, 2 = 0 in the first octant

27. Bounded by the cylinder x2 + y2 = I and the planes y = 2,

X = 0,2 = 0 in the first octant

28. Bounded by the cylinders x2 + y2 = r2 and y2 + 22 = r2

ffi 29. Use a graphing calculator or computer to estimate the
x-coordinates of the points of intersection of the curves y = x4

and y = 3x - x2. If D is the region bounded by these curves,
estimate SSD x dA.



~ 30. Find the approximate volume of the solid in the first octant
that is bounded by the planes y = x, z = 0, and z = x and
the cylinder y = cos x. (Use a graphing device to estimate
the points of intersection.)

31-32 Find the volume of the solid by subtracting two volumes.

31. The solid enclosed by the parabolic cylinders
y = I - x2, Y = x2 - 1 and the planes x + y + z = 2,
2x + 2y - z + 10 = 0

32. The solid enclosed by the parabolic cylinder y = x2 and the
planes z = 3y, z = 2 + y

33-34 Sketch the solid whose volume is given by the iterated
integral.

(I (I-x
33. Jo Jo (I - x - y) dy dx

[ill] 35-38 Use a computer algebra system to find the exact volume
of the solid.

35. Under the surface z = X3y4 + xy2 and above the region
bounded by the curves y = x3 - x and y = x2 + x for x:;;. 0

36. Between the paraboloids z = 2x2 + y2 and
z = 8 - x2 - 2y2 and inside the cylinder x2 + y2 = 1

37. Enclosed by z = 1 - x2 - y2 and z = 0

38. Enclosed by z = x2 + y2 and z = 2y

39-44 Sketch the region of integration and change the order of
integration.

fiv'x rr f(x,y)dydx39. 0 0 f(x, y) dy dx 40.
o 4x

fflG' f: foJ9=Yf(x, y) dx dy41. 0 -IG' f(x, y) dx dy 42.

1m f rx
f(x, y) dy dx r f/444. o acetan x f(x, y) dy dx

i4 f2 I47. -3--dydx
o Fx y + I

48. (I (I eX/>' dy dx
Jo Jx

49. { f':~nYcos x )1 + cos2x dx dy

50. (8 f2 eX' dx dy
Jo lfY

51-52 Express D as a union of regions of type I or type II and
evaluate the integral.

52. ff ydA
v

53-54 Use Property 11 to estimate the value of the integral.

53. Sf e-(x'+Y')' dA, Q is the quarter-circle with center the origin
Q

and radius ~ in the first quadrant

54. ff sin4(x + y) dA, T is the triangle enclosed by the lines
T
y = 0, y = 2x, and x = I

55-56 Find the average value off over region D.

55. f(x, y) = xy, D is the triangle with vertices (0,0), (1,0),
and (I, 3)

56. f(x, y) = x sin y, D is enclosed by the curves y = 0,
y = x2, and x = I

57. Prove Property II.

~ In evaluating a double integral over a region D, a sum of
iterated int~grals was obtained as follows:

II (I (2y f3 (3-y
f(x, y) dA = Jo Jo f(x, y) dx dy + I Jo f(x, y) dx dy

v
Sketch the region D and express the double integral as an
iterated integral with reversed order of integration.

59. Evaluate JJv (x2 tan x + y3 + 4) dA, where
D = {(x, y) I x2 + y2 '% 2}. [Hint: Exploit the fact that
D is symmetric with respect to both axes.]

60. Use symmetry to evaluate JJv (2 - 3x + 4y) dA, where D
is the regi,)fi bounded by the square with vertices (::±:S, 0)
and (0, ::±:S).

61. Compute JJv )1 - x2 - y2 dA, where D is the disk
x2 + y2 '% I, by first identifying the integral as the volume
of a solid.

[ill] 62. Graph the solid bounded by the plane x + y + z = I and
the paraboloid z = 4 - x2 - y2 and find its exact volume.
(Use your CAS to do the graphing, to find the equations of
the boundary curves of the region of integration, and to eval-
uate the double integral.)



y
(x - 1)2 + y2 = 1

(or r = 2 cas 8)

I

0 2 x

-8 EXERCISES

i!l EXAMPLE 4 Find the volume of the solid that lies under the paraboloid z = x2 + y2,
above the xy-plane, and inside the cylinder x2 + / = 2x.

SOLUTION The solid lies above the disk D whose boundary circle has equation
x2 + y2 = 2x or, after completing the square,

(See Figures 9 and 10.) In polar coordinates we have x2 + / = r2 and x = r cos 8, so
the boundary circle becomes r2 = 2r cos 8, or r = 2 cos 8. Thus the disk D is given by

D = {(r, 8) 1-7T/2 ~ 8 ~ 7T/2, 0 ~ r ~ 2 cos 8}

and, by Formula 3, we have

[
4 ]2COS8rr/2 ? cos8 rr/2 r

V=ff(X2+y2)dA=f (- r2rdrd8=f - d8
D -rr/2 Jo -rr/2 4 0

frr/
2 1rr/2 1rr/2 ( I= 4 cos48d8 = 8 cos48d8 = 8

-rr/2 0 0

+ COS 28)2
2 d8

(rr/2 [ I ]
= 2 Jo 1 + 2cos28 + 2(1 + cos48) d8

[3 . I.] rr/2 ( 3 ) ( 7T)= 2 '28 + sm 28 + 8 sm 48 0 = 2"2 2

5-6 Sketch the region whose area is given by the integral and eval-
uate the integral.

fh [7
5. " J4 rdrd8

1-4 A region R is shown. Decide whether to use polar coordinates
or rectangular coordinates and write Jj~f(x, y) dA as an iterated
integral, where f is an arbitrary continuous function on R. f,"/2 f,4 cos e6. rdrd8

o 0

7-14 Evaluate the given integral by changing to polar coordinates.

7. Jj>ydA,
where D is the disk with center the origin and radius 3

8. .f.I~(x + y) dA, where R is the region that lies to the left of the
y-axis between the circles x2 + y2 = land x2 + y2 = 4

9. f.l~cos(x2 + i) dA, where R is the region that lies above the
x-axis within the circle x2 + y2 = 9

12. .I:1~yeX dA, where R is the region in the first quadrant enclosed
by the circle x2 + y2 = 25

10. .Ij~-J4 - x2 - y2 dA,
where R = {(x, y) I x2 + y2 ",; 4, x ? O}

[!J fl~e-x'-Y' dA, where D is the region bounded by the
semicircle x = ~ and the y-axis



[ill rl>rctan(y/x) dA,
~here R = {(x, y) 11 ~ x2 + y2 ~ 4, a ~ y ~ x}

14. JJD x dA, where D is the region in the first quadrant that lies
between the circles x2 + y2 = 4 and x2 + / = 2x

15-18 Use a double integral to find the area of the region.

~ One loop of the rose r = cos 3(}

16. The region enclosed by the curve r = 4 + 3 cos ()

17. The region within both of the circles r = cos ()and r = sin ()

18. The region inside the cardioid r = 1 + cos ()and outside the
circle r = 3 cos ()

19-27 Use polar coordinates to find the volume of the given solid.

19. Under the cone z = Jx2 + y2 and above the disk x2 + y2 ~ 4

20. Below the paraboloid z = 18 - 2x2 - 2y2 and above the
xy-plane

21. Enclosed by the hyperboloid -x 2 - Y 2 + Z2 = I and the
plane z = 2

22. Inside the sphere x2 + y2 + Z2 = 16 and outside the
cylinder x2 + y2 = 4

23. A sphere of radius a

24. Bounded by the paraboloid z = 1 + 2x2 + 2y2 and the
plane z = 7 in the first octant

~ Above the cone z = Jx2 + y2 and below the sphere
x2 + y2 + Z2 = 1

26. Bounded by the paraboloids z = 3x2 + 3y2 and
z = 4 - x2 _ y2

27. Inside both the cylinder x2 + y2 = 4 and the ellipsoid
4x2 + 4y2 + Z2 = 64

28. (a) A cylindrical drill with radius rl is used to bore a hole
through the center of a sphere of radius r2. Find the volume
of the ring-shaped solid that remains.

(b) Express the volume in part (a) in terms of the height h of
the ring. Notice that the volume depends only on h, not
on r, or r2.

29-32 Evaluate the iterated integral by converting to polar
coordinates.

29. fJ:=" sin(x2 + /) dy dx 30. f: r;;;-=y; x2ydx dy

31. fol t!2=Y' (x + y) dxdy 32. J:tJ2x
-
x
' Jx2 + y2 dydx

33. A swimming pool is circular with a lO-meter diameter.
The depth is constant along east-west lines and increases
linearly from 1 m at the south end to 2 m at the north end. Find
the volume of water in the pool.

34. An agricultural sprinkler distributes water in a circular pattern
of radius 50 m. It supplies water to a depth of e-r meters per
hour at a distance of r meters from the sprinkler.
(a) If a < R ~ 100, what is the total amount of water supplied

per hour to the region inside the circle of radius R centered
at the sprinkler?

(b) Determine an expression for the average amount of water
per hour per square meter supplied to the region inside the
circle of radius R.

~ Use polar coordinates to combine the sum

fl IX f/2 IX 12 I~xydydx + xydydx + xydydx
1//2 JG? 1 0 /2 0

into one double integral. Then evaluate the double integral.

36. (a) We define the improper integral (over the entire plane [R2)

IJ " fOO foo '+ 'j1= e-(X·+Y") dA = -00 -00 e-("" y" dy dx
R'

JJ "= lim e-(""+Y") dA
a~oo

Da

where Da is the disk with radius a and center the origin.
Show that

(b) An equivalent definition of the improper integral in part (a)
is

If e-(x'+r') dA = !~~If e-(x'+r'l ciA
1R2 Sa

where Sa is the square with vertices (:!::a, :!::a). Use this to
show that

f
oo , foo ,

-00 e-X
" dx -00 e-Y" dy = 7T

(This is a fundamental result for probability and statistics.)

37. Use the result of Exercise 36 part (c) to evaluate the following
integrals.

(a) r x2e-x' dx (b) r j; e-X dx



EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally distrib-
uted with mean 4.0 cm and standard deviation 0.01 cm while the lengths Yare normally
distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that X and Yare
independent, write the joint density function and graph it. Find the probability that a
bearing randomly chosen from the production line has either length or diameter that
differs from the mean by more than 0.02 cm.

SOLUTION We are given that X and Yare normally distributed with JLI = 4.0, jL2 = 6.0, and
(Tl = (T2 = 0.01. So the individual density functions for X and Yare

I '/fb) = --~~ e-(x-4t 0.0002
0.01.J2;"

FIGURE 9
Graph of the bivariate normal joint
density function in Example 8

= 5000 e -5000[(x-4)'+(y-6)']

1r

A graph of this function is shown in Figure 9.
Let's first calculate the probability that both X and Y differ from their means by less

than 0.02 cm. Using a calculator or computer to estimate the integral, we have

( f~f~P 3.98 < X < 4.02,5.98 < Y < 6.02) = f(x, y) dy dx
3.98 5.98

= 5000 f4.02 f6.02 e-5OOO[(X-4l'+(y-6)'] dy dx
1r 3.98 5.98

Then the probability that either X or Y differs from its mean by more than 0.02 cm is
approximatel y

@ EXERCISES

rn Electric charge is distributed over the rectangle I "" x "" 3,
o "" y "" 2 so that the charge density at (x, y) is
(T(x, y) = 2xy + y2 (measured in coulombs per square meter).
Find the total charge on the rectangle.

2. Electric charge is distributed over the disk x2 + l ""4 so
that the charge density at (x, y) is (T(x, y) = x + y + x2 + l
(measured in coulombs per square meter). Find the total charge
on the disk.

3-10 Find the mass and center of mass of the lamina that occupies
the region D and has the given density function p.

3. D = {(x, y) 10"" x"" 2,-I "" Y "" I}; p(x, y) = xy2

4. D = {(x, y) I 0 "" x "" a,O "" y "" b}; p(x, y) = cxy

W D is the triangular region with vertices (0,0), (2, I), (0,3);
p(x,y) = x + y

6. D is the triangular region enclosed by the lines x = 0, y = x,
and 2x + y = 6; p(x, y) = x2

7. D is bounded by y = eX, y = 0, x = 0, and x = I; p(x, y) = Y

8. D is bounded by y = j;, y = 0, and x = I; p(x, y) = x

9. D = {(x,y) I 0"" y "" sin(1Tx/L), 0"" x "" L}; p(x,y) = Y

10. D is bounded by the parabolas y = x2 and x = y2;
p(x, y) = j;



II. A lamina occupies the part of the disk x2 + y2 ,,;; 1 in the
first quadrant. Find its center of mass if the density at any
point is proportional to its distance from the x-axis.

12. Find the center of mass of the lamina in Exercise 11 if the
density at any point is proportional to the square of its
distance from the origin.

13. The boundary of a lamina consists of the semicircles
y = Jl--=--?and y = J4=? together with the portions
of the x-axis that join them. Find the center of mass of the
lamina if the density at any point is proportional to its dis-
tance from the origin.

14. Find the center of mass of the lamina in Exercise 13 if the
density at any point is inversely proportional to its distance
from the origin.

[!];] Find the center of mass of a lamina in the shape of an isos-
celes right triangle with equal sides of length a if the density
at any point is proportional to the square of the distance from
the vertex opposite the hypotenuse.

16. A lamina occupies the region inside the circle x2 + y2 = 2y
but outside the circle x2 + y2 = 1. Find the center of mass
if the density at any point is inversely proportional to its dis-
tance from the origin.

17. Find the moments of inertia Ix, Iy, 10 for the lamina of
Exercise 7.

18. Find the moments of inertia Ix, Iy, 10 for the lamina of
Exercise 12.

19. Find the moments of inertia Ix, [y, 10 for the lamina of
Exercise 15.

20. Consider a square fan blade with sides of length 2 and the
lower left corner placed at the origin. If the density of the
blade is p(x, y) = 1 + O.lx, is it more difficult to rotate the
blade about the x-axis or the y-axis?

[ill]21-22 Use a computer algebra system to find the mass, center
of mass, and moments of inertia of the lamina that occupies the
region D and has the given density function.

21. D = {(x,y) I 0,,;; y";; sinx, 0,,;; x";; 1T}; p(x,y) = xy

22. D is enclosed by the cardioid r = 1 + cos 8;
p(x, y) = Jx2 + y2

[ill] 23-26 A lamina with constant density p(x, y) = p occupies the
given region. Find the moments of inertia Ix and Iy and the radii
of gyration x and y.
23. The rectangle 0 ,,;;x ,,;;b, 0 ,,;;y ,,;; h

24. The triangle with vertices (0, 0), (b, 0), and (0, h)

25. The part of the disk x2 + y2 ,,;; a2 in the first quadrant

26. The region under the curve y = sin x from x = 0 to x = 1T

~ The joint density function for a pair of random variables X
and Y is

( ) {
cXO + y) if 0,,;; x,,;; I, 0,,;; y ,,;; 2

f x Y =, 0 otherwise

(a) Find the value of the constant C.
(b) Find P(X ,,;; 1, Y";; I).
(c) Find P(X + Y";; I).

28. (a) Verify that

f(x, y) = {~Xy if 0,,;; x,,;; I, 0,,;; y ,,;; I

otherwise

is a joint density function.
(b) If X and Yare random variables whose joint density func-

tion is the function f in part (a), find
(i) P(X ~ D (ii) P(X ~ t y ,,;;4)

(c) Find the expected values of X and Y.

~ Suppose X and Yare random variables with joint density
function

{
0.le-(0.5x+o.2Y) if x ~ 0, y ~ 0

f(x,y)= .o otherwIse

(a) Verify that f is indeed a joint density function.
(b) Find the following probabilities.

(i) P(Y ~ I) (ii) P(X";; 2, Y ,,;; 4)
(c) Find the expected values of X and Y.

(a) A lamp has two bulbs of a type with an average lifetime
of 1000 hours. Assuming that we can model the proba-
bility of failure of these bulbs by an exponential density
function with mean J.L = 1000, find the probability that
both of the lamp's bulbs fail within 1000 hours.

(b) Another lamp has just one bulb of the same type as in
part (a). If one bulb burns out and is replaced by a bulb
of the same type, find the probability that the two bulbs
fail within a total of 1000 hours.

Suppose that X and Yare independent random variables,
where X is normally distributed with mean 45 and standard
deviation 0.5 and Y is normally distributed with mean 20 and
standard deviation 0.1.
(a) Find P(40 ,,;; X ,,;; 50,20 ,,;; Y";; 25).
(b) Find P(4(X - 45)Z + 100(Y - 2W ,,;; 2).

Xavier and Yolanda both have classes that end at noon and
they agree to meet every day after class. They arrive at the
coffee shop independently. Xavier's arrival time is X and
Yolanda's arrival time is Y,where X and Yare measured in
minutes after noon. The individual density functions are

{
e-x if x ~ 0

!J(x) = 0 if x < 0 ( ) _ {faY if 0 ,,;;Y ,,;; 10
f2 y - .o otherWIse

(Xavier arrives sometime after noon and is more likely to
arrive promptly than late. Yolanda always arrives by 12: 10 PM

and is more likely to arrive late than promptly.) After Yolanda
arrives, she'll wait for up to half an hour for Xavier, but he
won't wait for her. Find the probability that they meet.



33. When studying the spread of an epidemic, we assume that the
probability that an infected individual will spread the disease to
an uninfected individual is a function of the distance between
them. Consider a circular city of radius 10 km in which the
population is uniformly distributed. For an uninfected indi-
vidual at a fixed point A(xo, Yo), assume that the probability
function is given by

(a) Suppose the exposure of a person to the disease is the
sum of the probabilities of catching the disease from all
members of the population. Assume that the infected
people are uniformly distributed throughout the city, with
k infected individuals per square kilometer. Find a double
integral that represents the exposure of a person residing
at A.

(b) Evaluate the integral for the case in which A is the center
of the city and for the case in which A is located on the
edge of the city. Where would you prefer to live?

::.====.=.=.--=---=---=--=--=--_-_---=---~~~ T RIP LEI NT EG RA LS

Just as we defined single integrals for functions of one variable and double integrals for
functions of two variables, so we can define triple integrals for functions of three variables.
Let's first deal with the simplest case where f is defined on a rectangular box:

B = {(x, y, z) I a ~ x ~ b, c ~ y ~ d, r ~ z ~ s}
The first step is to divide B into sub-boxes. We do this by dividing the interval [a, b] into
l subintervals [Xi-I, x;] of equal width Ax, dividing [c, d] into m subintervals of width Ay,
and dividing [r, s] into n subintervals of width Az. The planes through the endpoints of
these subintervals parallel to the coordinate planes divide the box B into lmn sub-boxes

Bijk = [Xi-I, Xi] X [Yj-I, Yj] X [Zk-I, Zk]

which are shown in Figure 1. Each sub-box has volume AV = Ax Ay Az.
Then we form the triple Riemann sum

, 111 II2: 2: 2: f(X;)k, y;)k, Zi)'k) AV
i~1 j~l k-I

where the sample point (X;)k, yi)k, Z;')'k) is in Bijk. By analogy with the definition of a double
integral (16.1.5), we define the triple integral as the limit of the triple Riemann sums in (2).

I 111 11fff f(x, y, z) dV = I.}\~oo i~l j~l k~l f(xi)k, y;)k, Zi)k) AV
B

Again, the triple integral always exists if f is continuous. We can choose the sample
point to be any point in the sub-box, but if we choose it to be the point (Xi, Yj, Zk) we get a
simpler-looking expression for the triple integral:

1 m 11fff f(x, y, z) dV = (.,H~x i~ j~ k~1 f(x;, Yj, Zk) AV
B

Just as for double integrals, the practical method for evaluating triple integrals is to
express them as iterated integrals as follows.



~ EXERCISES

I. Evaluate the integral in Example I, integrating first with
respect to y, then z, and then x.

2. Evaluate the integral JJJE (xz - y3) dV, where

E = {(x, y, z) I -I ,,;;x ,,;; I, 0 ,,;;Y ,,;; 2, 0 ,,;;z ,,;; I}

4. folrx f:' 2xyz dz dy dx

[3 [I [JT=?i
5. Jo Jo Jo zeY dx dz dy

[,,/2 p' [x
7. Jo Jo Jo cos(x + y + z) dz dx dy

[5 [x [xz
8. Jo Jo Jo x2 sin y dy dz dx

9-18 Evaluate the triple integral.

9. SHE 2x dV, where

E = ((x, y, z) I 0 ,,;;y ,,;;2, 0 ,,;;x ,,;;~, 0 ,,;;z ,,;;y)

10. m~yz cos(x5) dV, where
E = {(x, y, z) 10,,;; x ,,;; 1, 0,,;; y ,,;;x, x,,;; z ,,;;2x}

[IT] SK 6xy dV, where E lies under the plane z = I + x + y
and above the region in the xy-plane bounded by the curves
y = ..j;, y = 0, and x = I

12. SK y dV, where E is bounded by the planes x = 0, y = 0,
z = 0, and 2x + 2y + z = 4

13. JffE x2eY dV, where E is bounded by the parabolic cylinder
z = 1 - / and the planes z = 0, x = I, and x = - I

14. JJJE xy dV, where E is bounded by the parabolic cylinders
y = x2 and x = y2 and the planes z = 0 and z = x + Y

15. JJfr x 2 dV, where T is the solid tetrahedron with vertices
(0,0,0), (1,0,0), (0, 1,0), and (0, 0, 1)

16. fSfrxyz dV, where T is the solid tetrahedron with vertices
(0,0,0), (1,0,0), (1, 1,0), and (1,0, I)

17. m~xdV, where E is bounded by the paraboloid
x = 4/ + 4z2 and the plane x = 4

18.. mE z dV, where E is bounded by the cylinder y2 + Z2 = 9
and the planes x = 0, y = 3x, and z = 0 in the first octant

19-22 Use a triple integral to find the volume of the given solid.

IT!! The tetrahedron enclosed by the coordinate planes and the
plane 2x + y + z = 4

20. The solid bounded by the elliptic cylinder 4x2 + Z2 = 4 and
the planes y = 0 and y = z + 2

21. The solid enclosed by the cylinder x = y2 and the planes z = 0
and x + z = I

22. The solid enclosed by the paraboloid x = y2 + Z2 and the
plane x = 16

~ (a) Express the volume of the wedge in the first octant that is
cut from the cylinder y2 + Z2 = I by the planes y = x and
x = I as a triple integral.

(b) Use either the Table of Integrals (on Reference Pages 6-10)
or a computer algebra system to find the exact value of the
triple integral in part (a).

24. (a) In the Midpoint Rule for triple integrals we use a triple
Riemann sum to approximate a triple integral over a box
B, where f(x, y, z) is evaluated at the center (Xi, Yio Zk)
of the box Bijk. Use the Midpoint Rule to estimate
JJSB,Jx2 + y2 + Z2 dV, where B is the cube defined by
o ,,;;x ,,;; 4, 0 ,,;;Y ,,;; 4, 0 ,,;; z ,,;; 4. Divide B into eight
cubes of equal size.

(b) Use a computer algebra system to approximate the integral
in part (a) correct to the nearest integer. Compare with the
answer to part (a).

25-26 Use the Midpoint Rule for triple integrals (Exercise 24) to
estimate the value of the integral. Divide B into eight sub-boxes of
equal size.

ITI' I25. J ------- dV, where
• B In(I + x + Y + z)

B = {(x, y, z) I 0 ,,;;x ,,;;4, 0 ,,;;y ,,;;8, 0 ,,;;z ,,;;4}

26. JffB sin(xy2z3) dV, where
B = {(x, y, z) I 0 ,,;;x ,,;; 4, 0 ,,;;y ,,;; 2, 0,,;; z ,,;; I}

27-28 Sketch the solid whose volume is given by the iterated
integral.

[2 [2-y [4-y2

28. Jo Jo Jo dx dz dy

29-32 Express the integral fSJ~f(x, y, z) dV as an iterated integral
in six different ways, where E is the solid bounded by the given
surfaces.

29. y = 4 - x2 - 4z2, Y = 0

30. y2 + Z2 = 9, x = -2, x = 2

3I.y=x2, z=O, y+2z=4

32. x = 2, Y = 2, z = 0, x + Y - 2z = 2



ilII il
-
Y f(x, y, z) dz dy dx

o IX 0

Rewrite this integral as an equivalent iterated integral in the
five other orders.

Rewrite this integral as an equivalent iterated integral in the
five other orders.

35-36 Write five other iterated integrals that are equal to the
given iterated integral.

1m [I fl [Y f(x, y, z) dz dx dyJo Y Jo

[I [x2 [Y
36. Jo Jo Jo f(x, y, z) dz dy dx

37-40 Find the mass and center of mass of the solid E with the
given density function p.

37. E is the solid of Exercise 11; p(x, y, z) = 2

38. E is bounded by the parabolic cylinder z = 1 - y2 and the
planes x + z = 1, x = 0, and z = 0; p(x, y, z) = 4

~ E is the cube given by 0 ~ x ~ a, 0 ~ y ~ a, 0 ~ z ~ a;
p(x, y, z) = x2 + y2 + Z2

40. E is the tetrahedron bounded by the planes x = 0, y = 0,
z = 0, x + y + z = 1; p(x, y, z) = y

41. Find the moments of inertia for a cube with side length L if
one vertex is located at the origin and three edges lie along the
coordinate axes.

42. Find the moments of inertia for a rectangular brick with dimen-
sions a, b, and c and mass M if the center of the brick is situ-
ated at the origin and the edges are parallel to the coordinate
axes.

43. Find the moment of inertia about the z-axis of the solid cylin-
der x2 + y2 ~ a2, 0 ~ z ~ h.

44. Find the moment of inertia about the z-axis of the solid cone
.,Jx2 + y2 ~ Z ~ h.

45-46 Set up, but do not evaluate, integral expressions for
(a) the mass, (b) the center of mass, and (c) the moment of inertia
about the z-axis.

45. The solid of Exercise 21; p(x,y,z) = .,Jx2 + y2

46. The hemisphere x2 + y2 + Z2 ~ 1, z ;;. 0;
p(x, y, z) = .,Jx2 + y2 + Z2

[ill] 47. Let E be the solid in the first octant bounded by the cylinder
x2 + y2 = 1 and the planes y = z, x = 0, and z = 0 with the
density function p(x, y, z) = I + x + Y + z. Use a computer
algebra system to find the exact values of the following quan-
tities for E.
(a) The mass
(b) The center of mass
(c) The moment of inertia about the z-axis

[ill] 48. If E is the solid of Exercise 18 with density function
p(x, y, z) = x2 + y2, find the following quantities, correct
to three decimal places.
(a) The mass
(b) The center of mass
(c) The moment of inertia about the z-axis

49. The joint density function for random variables X, Y, and Z is
f(x, y, z) = Cxyz if 0 ~ x ~ 2, 0 ~ y ~ 2, 0 ~ z ~ 2, and
f(x, y, z) = 0 otherwise.
(a) Find the value of the constant C.
(b)FindP(X~ I,Y~ I,Z~ 1).
(c) Find P(X + Y + Z ~ 1).

SO. Suppose X, Y, and Z are random variables with joint density
function f(x, y, z) = Ce-(05x+02y+O.lz) if x ;;. 0, y ;;. 0, z ;;. 0,
and f(x, y, z) = 0 otherwise.
(a) Find the value of the constant C.
(b) Find P(X ~ 1, Y ~ 1).
(c) Find P(X ~ I, Y ~ 1, Z ~ 1).



fave = V(~) fff f(x, y, z) dV
E

52. Find the average value of the function f(x, y, z) = x2z + y2z
over the region enclosed by the paraboloid z = 1 - x2 - y2
and the plane z = O.

51-52 The average value of a function f(x, y, z) over a solid
region E is defined to be

where V(E) is the volume of E. For instance, if p is a density
function, then pave is the average density of E.

m Find the average value of the function f(x, y, z) = xyz over the
cube with side length L that lies in the first octant with one
vertex at the origin and edges parallel to the coordinate axes.

fff (i - x2 - 2y2 - 3z2) dV
E

DISCOVERY
PROJECT

In this project we find formulas for the volume enclosed by a hypersphere in n-dimensional
space.

I. Use a double integral and trigonometric substitution, together with Formula 64 in the Table
of Integrals, to find the area of a circle with radius r.

2. Use a triple integral and trigonometric substitution to find the volume of a sphere with
radius r.

3. Use a quadruple integral to find the hypervolume enclosed by the hypersphere
x2 + y2 + Z2 + w2 = r2 in III4. (Use only trigonometric substitution and the reduction
formulas for f sin"x dx or f cos"x dx.)

4. Use an n-tuple integral to find the volume enclosed by a hypersphere of radius r in
n-dimensional space ~". [Hint: The formulas are different for n even and n odd.]

In plane geometry the polar coordinate system is used to give a convenient description of
certain curves and regions. (See Section 11.3.) Figure 1 enables us to recall the connection
between polar and Cartesian coordinates. If the point P has Cartesian coordinates (x, y)
and polar coordinates (r, 8), then, from the figure,

tan 8 = 2'-
x

In three dimensions there is a coordinate system, called cylindrical coordinates, that is
similar to polar coordinates and gives convenient descriptions of some commonly occur-
ring surfaces and solids. As we will see, some triple integrals are much easier to evaluate
in cylindrical coordinates.



@ EXERCISES

1-2 Plot the point whose cylindrical coordinates are given. Then
find the rectangular coordinates of the point.

I. (a) (2, 7T/4, I)

2. (a) (1, 7T, e)

(b) (4, -7T/3, 5)

(b) (1, 37T/2, 2)

rn (a) (1, -1,4)

4. (a) (2)3,2, -I)

(b) (-1, -fi, 2)
(b) (4, -3,2)

7-8 Identify the surface whose equation is given.

7. z = 4 - r2 8. 2r2 + Z2 = I

00 (a) z = x2 + l
10. (a) 3x + 2y + z = 6

(b) x2 + l = 2y

(b) -x2 - y2 + Z2 = I

11-12 Sketch the solid described by the given inequalities.

II. 0 <:; r <:; 2, -7T/2 <:; 0 <:; 7T/2, 0 <:; z <:; 1

12. 0 <:; 0 <:; 7T/2, r <:; z <:; 2

13. A cylindrical shell is 20 cm long, with inner radius 6 cm and
outer radius 7 cm. Write inequalities that describe the shell
in an appropriate coordinate system. Explain how you have
positioned the coordinate system with respect to the shell.

ffi 14. Use a graphing device to draw the solid enclosed by the
paraboloids z = x2 + y2 and z = 5 - XZ _ y2.

15-16 Sketch the solid whose volume is given by the integral
and evaluate the integral.

[4 [z,,- [4
IS. Jo Jo J, rdz dOdr

[,,/2 [Z [9-,2
16. Jo Jo Jo r dz dr dB

ITLl Evaluate .rISE Jx2 + y2 dV, where E is the region that lies
inside the cylinder x2 + y2 = 16 and between the planes
z = -5 and z = 4.

18. Evaluate fIfE (x3 + xy2) dV, where E is the solid in the first
octant that lies beneath the paraboloid z = I - x2 - y2.

19. Evaluate m~y dV, where E is the solid that lies between the
cylinders x2 + y2 = 1 and x2 + y2 = 4, above the xy-plane,
and below the plane z = x + 2.

20. Evaluate Jjl x dV, where E is enclosed by the planes z = 0
and z = x + y + 5 and by the cylinders x2 + y2 = 4 and
x2 + y2 = 9.

!1Q Evaluate m~x2 dV, where E is the solid that lies within the
cylinder x2 + y2 = I, above the plane z = 0, and below the
cone Z2 = 4x2 + 4y2.

22. Find the volume of the solid that lies within both the cylinder
x2 + y2 = 1 and the sphere x2 + y2 + Z2 = 4.

23. (a) Find the volume of the region E bounded by the parabo-
loids z = x2 + y2 and z = 36 - 3x2 - 3y2.

(b) Find the centroid of E (the center of mass in the case
where the density is constant).

24. (a) Find the volume of the solid that the cylinder r = a cos 0
cuts out of the sphere of radius a centered at the origin.

ffi (b) Illustrate the solid of part (a) by graphing the sphere and
the cylinder on the same screen.

25. Find the mass and center of mass of the solid S bounded by
the paraboloid z = 4x2 + 4l and the plane z = a (a > 0) if
S has constant density K.

26. Find the mass of a ball B given by x2 + y2 + Z2 <:; a2 if the
density at any point is proportional to its distance from the
z-aXIS.

27-28 Evaluate the integral by changing to cylindrical coordinates.

27. f2 f./G', f2 xz dz dx dy
- 2 -./G' ../X'R

28. f3 [J9=X' [9-x2

-y' Jx2 + y2 dz dy dx
-3 Jo Jo

29. When studying the formation of mountain ranges, geologists
estimate the amount of work required to lift a mountain from
sea level. Consider a mountain that is essentially in the shape
of a right circular cone. Suppose that the weight density of
the material in the vicinity of a point P is g(P) and the height
is h(P).
(a) Find a definite integral that represents the total work done

in forming the mountain.
(b) Assume that Mount Fuji in Japan is in the shape of a right

circular cone with radius 19,000 m, height 3800 m, and
density a constant 3200 kg/m3• How much work was
done in forming Mount Fuji if the land was initially at
sea level?



~ EXERCISES

1-2 Plot the point whose spherical coordinates are given. Then
find the rectangular coordinates of the point.

rn (a) (1,0,0)

2. (a) (5, 71",71"/2)

(b) (2,71"/3,71"/4)

(b) (4,371"/4,71"/3)

3. (a) (I, fi,2fi)

4. (a) (I, 1,,)2)

(b)(O,-I,-l)

(b)(-fi, -3, -2)

9-10 Write the equation in spherical coordinates.

9. (a) Z2= x2 + y2 (b) x2 + Z2= 9

10. (a) x2 - 2x + y2 + Z2 = 0 (b) x + 2y + 3z = 1

11-14 Sketch the solid described by the given inequalities.

II. p:;:; 2, 0:;:; cjJ :;:; 71"/2, 0:;:; e :;:; 71"/2

12. 2:;:; p :;:; 3, 71"/2:;:; cjJ :;:; 71"

13. p:;:; I, 371"/4:;:; cjJ :;:; 71"

15. A solid lies above the cone z = J72+Yi and below the
sphere x2 + y2 + Z2 = z. Write a description of the solid in
terms of inequalities involving spherical coordinates.

16. (a) Find inequalities that describe a hollow ball with diameter
30 cm and thickness 0.5 cm. Explain how you have
positioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17-18 Sketch the solid whose volume is given by the integral and
evaluate the integral.

[IL] fo"/6 fo"/2 f: p2 sin cjJ dp de dcjJ

18. [h f" f2 p2 sin cjJ dp dcjJ deJo ,,/2 I

19-20 Set up the triple integral of an arbitrary continuous function
j(x, y, z) in cylindrical or spherical coordinates over the solid
shown.

21-34 Use spherical coordinates.

I!Q Evaluate SSfB (x2 + y2 + Z2)2dll, where B is the ball with
center the origin and radius 5.

22. Evaluate SSSH (9 - x2 - y2) dll, where H is the solid
hemisphere x2 + y2 + Z2 :;:;9, z ;;",O.

23. Evaluate .mE z dll, where E lies between the spheres
x2 + y2 + Z2 = 1 and x2 + y2 + Z2 = 4 in the first octant.

24. Evaluate SSfE e~ dll, where E is enclosed by the sphere
x2 + y2 + Z2= 9 in the first octant.

25. Evaluate SS.I~x2 dll, where E is bounded by the xz-plane
and the hemispheres y = J9 - x2 - Z2 and
y = JI6 - x2 - Z2.

26. Evaluate SHE xyz dV, where E lies between the spheres
p = 2 and p = 4 and above the cone cjJ = 71"/3.

27. Find the volume of the part of the ball p :;:;a that lies between
the cones cjJ = 71"/6and cjJ = 71"/3.

28. Find the average distance from a point in a ball of radius a to
its center.

29. (a) Find the volume of the solid that lies above the cone
cjJ = 71"/3and below the sphere p = 4 cos cjJ.

(b) Find the centroid of the solid in part (a).

~ Find the volume of the solid that lies within the sphere
x2 + y2 + Z2 = 4, above the xy-plane, and below the cone
z = Jx2 + y2.

31. Find the centroid of the solid in Exercise 25.

32. Let H be a solid hemisphere of radius a whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of H.
(b) Find the center of mass of H.
(c) Find the moment of inertia of H about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius a.

(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.



34. Find the mass and center of mass of a solid hemisphere of
radius a if the density at any point is proportional to its
distance from the base.

35-38 Use cylindrical or spherical coordinates, whichever seems
more appropriate.

~ Find the volume and centroid of the solid E that lies
above the cone z = .J x2 + y2 and below the sphere
x2 + y2 + Z2 = 1.

36. Find the volume of the smaller wedge cut from a sphere of
radius a by two planes that intersect along a diameter at an
angle of 1T/6.

[ill] 37. Evaluate jJj~z dV, where E lies above the paraboloid
z = x2 + y2 and below the plane z = 2y. Use either the
Table of Integrals (on Reference Pages 6-10) or a computer
algebra system to evaluate the integral.

38. (a) Find the volume enclosed by the torus P = sin 4>.
~ (b) Use a computer to draw the torus.

39-40 Evaluate the integral by changing to spherical coordinates.

39. j'l rJ1=X' fJ2-XLy, x dz d dx
o Jo JX'V y y

j'a f.jUCJi fJaLXLy, 2 2 3
40. -a _.jUCJi -JaLxLy' (x Z + Y z + z ) dz dx dy

~ 41. Use a graphing device to draw a silo consisting of a cylinder
with radius 3 and height 10 surmounted by a hemisphere.

42. The latitude and longitude of a point P in the Northern Hemi-
sphere are related to spherical coordinates p, (J, 4>as follows.
We take the origin to be the center of the earth and the posi-
tive z-axis to pass through the North Pole. The positive x-axis
passes through the point where the prime meridian (the
meridian through Greenwich, England) intersects the equator.
Then the latitude of P is a = 90° - 4>0and the longitude is
{3= 360° - (J0. Find the great-circle distance from Los
Angeles (lat. 34.06° N, long. 118.25° W) to Montreal (lat.
45.50° N, long. 73.60° W). Take the radius of the earth to be
6370 km. (A great circle is the circle of intersection of a
sphere and a plane through the center of the sphere.)

[ill] 43. The surfaces P = I + k sin m(J sin n4> have been used as
models for tumors. The "bumpy sphere" with m = 6 and
n = 5 is shown. Use a computer algebra system to find the
volume it encloses.

(The improper triple integral is defined as the limit of a
triple integral over a solid sphere as the radius of the sphere
increases indefinitely.)

45. (a) Use cylindrical coordinates to show that the volume of
the solid bounded above by the sphere r2 + Z2 = a2 and
below by the cone z = rcot 4>0(or 4>= 4>0),where
o < 4>0< 1T/2, is

21Ta3

V = -3- (l - cos4>o)

(b) Deduce that the volume of the spherical wedge given by
PI "S P "S P2, (J, "S (J "S (J2, 4>1"S 4>"S 4>2is

pi - PI3
~V= 3 (cos4>,-COS4>2)((J2-(JI)

(c) Use the Mean Value Theorem to show that the volume in
part (b) can be written as

where p lies between PI and P2, ¢ lies between 4>1and
4>2, ~P = P2 - Ph ~(J = (J2 - (JI, and ~4> = 4>2- 4>1.



@ EXERCISES

1-6 Find the Jacobian of the transformation.

I. x = 5u - v, y = u + 3v

2. x = uv, y = u/v

u
3. x=--,

u + v
v

y=--
u - v

4. x = a sin {3, y = a cos {3

rn x = uv, y = vw, z = uw

6. x = v + w2, Y = w + u2, Z = U + v2

7-10 Find the image of the set S under the given transformation.

m S = {(u, v) I °~ u ~ 3, °~ v ~ 2};
x = 2u + 3v, y = u - v

8. S is the square bounded by the lines u = 0, u = 1, v = 0,
v = 1; x = v, y = u(1 + v2)

9. S is the triangular region with vertices (0, 0), (1, 1), (0, 1);
x = u2, Y = V

11-16 Use the given transformation to evaluate the integral.

II. JJ~(x - 3y) dA, where R is the triangular region with
vertices (0,0), (2, 1), and (1, 2); x = 2u + v, Y = u + 2v

12. SIR (4x + 8y) dA, where R is the parallelogram with
vertices (-1,3), (1, - 3), (3, -1), and (1, 5);
x = ~(u + v), Y = hv - 3u)

[QJ SL x2 dA, where R is the region bounded by the ellipse
9x2 + 4y2 = 36; x = 2u, y = 3v

14. SIR (x2 - xy + /)dA, where R is the region bounded
by the ellipse x2 - xy + l = 2;
x = J2 u - J273v, y = J2 u + J273v

15. SIR xy dA, where R is the region in the first quadrant bounded
by the lines y = x and y = 3x and the hyperbolas xy = 1,
xy = 3; x = u/v, y = v

~ 16. SSR y2 dA, where R is the region bounded by the curves
xy = 1, xy = 2, xy2 = 1, xy2 = 2; u = xy, v = xy2.
Illustrate by using a graphing calculator or computer to
draw R.

17. (a) Evaluate SJl dV, where E is the solid enclosed by the
ellipsoid x2/a2 + y2/b2 + Z2/C2 = 1. Use the transfor-
mation x = au, y = bv, Z = cwo

(b) The earth is not a perfect sphere; rotation has resulted in
flattening at the poles. So the shape can be approximated
by an ellipsoid with a = b = 6378 km and c = 6356 krn.
Use part (a) to estimate the volume of the earth.

18. If the solid of Exercise 17(a) has constant density k, find its
moment of inertia about the z-axis.

19-23 Evaluate the integral by making an appropriate change of
variables.

Sf
x - 2y

19. --- dA, where R is the parallelogram enclosed by
R 3x - y
the lines x - 2y = 0, x - 2y = 4, 3x - y = 1, and
3x - y = 8

20. jJR (x + y)ex2
-i dA, where R is the rectangle enclosed by the

lines x - y = 0, x - y = 2, x + y = 0, and x + y = 3

[Q SS cos(~ : :) dA, where R is the trapezoidal region
R
with vertices (1, 0), (2,0), (0,2), and (0, 1)

22. SSR sin(9x2 + 4y2)dA, where R is the region in the first
quadrant bounded by the ellipse 9x2 + 4y2 = 1

24. Let f be continuous on [0, 1J and let R be the triangular
region with vertices (0,0), (1,0), and (0, 1). Show that

SS f(x + y) dA = fal uf(u) du
R



=================GJ REVI EW

I. Suppose f is a continuous function defined on a rectangle
R = [a, b] X [c, d].
(a) Write an expression for a double Riemann sum of f.

If f(x, y) ;" 0, what does the sum represent?
(b) Write the definition of SSR f(x, y) dA as a limit.
(c) What is the geometric interpretation of JJR f(x, y) dA if

f(x, y) ;" O? What if f takes on both positive and negative
values?

(d) How do you evaluate JJ~f(x, y) dA?
(e) What does the Midpoint Rule for double integrals say?
(f) Write an expression for the average value of f.

2. (a) How do you define SSD f(x, y) dA if D is a bounded region
that is not a rectangle?

(b) What is a type I region? How do you evaluate SSD f(x, y) dA
if D is a type I region?

(c) What is a type II region? How do you evaluate
J:I~f(x, y) dA if D is a type II region?

(d) What properties do double integrals have?

3. How do you change from rectangular coordinates to polar coor-
dinates in a double integral? Why would you want to make the
change?

4. If a lamina occupies a plane region D and has density function
p(x, y), write expressions for each of the following in terms of
double integrals.
(a) The mass
(b) The moments about the axes
(c) The center of mass
(d) The moments of inertia about the axes and the origin

5. Let f be a joint density function of a pair of continuous
random variables X and Y.
(a) Write a double integral for the probability that X lies

between a and band Y lies between c and d.

(b) What properties does f possess?
(c) What are the expected values of X and Y?

6. (a) Write the definition of the triple integral of f over a
rectangular box B.

(b) How do you evaluate JJJB f(x, y, z) dV?

(c) How do you define JJJE f(x, y, z) dV if E is a bounded solid
region that is not a box?

(d) What is a type 1 solid region? How do you evaluate
SK f(x, y, z) dV if E is such a region?

(e) What is a type 2 solid region? How do you evaluate
JJJE f(x, y, z) dV if E is such a region?

(f) What is a type 3 solid region? How do you evaluate
JJJE f(x, y, z) dV if E is such a region?

7. Suppose a solid object occupies the region E and has density
function p(x, y, z). Write expressions for each of the following.
(a) The mass
(b) The moments about the coordinate planes
(c) The coordinates of the center of mass
(d) The moments of inertia about the axes

8. (a) How do you change from rectangular coordinates to cylin-
drical coordinates in a triple integral?

(b) How do you change from rectangular coordinates to
spherical coordinates in a triple integral?

(c) In what situations would you change to cylindrical or
spherical coordinates?

9. (a) If a transformation T is given by x = g(u, v),
y = h(u, v), what is the Jacobian of T?

(b) How do you change variables in a double integral?
(c) How do you change variables in a triple integral?

Determine whether the statement is true or false. If it is true, explain why.
If it is false, explain why or give an example that disproves the statement.

I. f2 [6 x2 sin(x - y) dx dy = [6 f2 x2 sin(x - y) dy dx
-I Jo Jo -I

fl II , ,4. ex"+'" sin y dx dy = 0
-I 0

5. If D is the disk given by x2 + y2 ,;; 4, then

Sf vl4 - x2 - y2 dA = ~7T

D

f:" f0
2r dz dr dO

represents the volume enclosed by the cone z = vix2 + y2
and the plane z = 2.

8. The integral JlfE kr3 dz dr dO represents the moment of
inertia about the z-axis of a solid E with constant density k.



I. A contour map is shown for a function f on the square
R = [0,3] x [0,3]. Use a Riemann sum with nine terms to
estimate the value of fj~f(x, y) dA. Take the sample points to
be the upper right comers of the squares.

3. r f: (y + 2xeY) dx dy

7. fo" Sol foJT=Y' y sin x dz dy dx 8. f~f:'f 6xyz dz dx dy

9-10 Write jTR f(x, y) dA as an iterated integral, where R is the
region shown and f is an arbitrary continuous function on R.

II. Describe the region whose area is given by the integral

i"/2 is;" 28 dr rde
o 0

C"/2 C"/2 f2 2Jo Jo I p sin e/>dp de/>de

13-14 Calculate the iterated integral by first reversing the order of
integration.

13. f~ f cos(y2)dydx i1 II yeX

'14. -3-dxdy
o JY x

15-28 Calculate the value of the multiple integral.

15. jJ~yeXY dA, where R = {(x,y) I 0 ~ x ~ 2, 0 ~ y ~ 3}

16. .I:1~xydA, whereD={(x,y)IO~y~ I, y2~x~y+2}

17. Sf -y-2 dA,
I+xo

where D is bounded by y = .jX, y = 0, x = I

18. Sf __ 1_2 dA, where D is the triangular region with
I + xo

vertices (0, 0), (I, I), and (0, 1)

19. jJ~YdA, where D is the region in the first quadrant bounded by
the parabolas x = y2 and x = 8 - y2

20. JI~y dA, where D is the region in the first quadrant that lies
above the hyperbola xy = I and the line y = x and below the
line y = 2

21. jJ~(x2 + y2)3/2dA, where D is the region in the first
quadrant bounded by the lines y = 0 and y = 13x and the
circle x2 + y2 = 9

22. .ITo x dA, where D is the region in the first quadrant that lies
between the circles x2 + y2 = I and x2 + y2 = 2

23. .1:11 xy dY, where
E = {(x, y, z) I 0 ~ x ~ 3, 0 ~ y ~ x, 0 ~ z ~ x + y}

24. m~xy dV, where T is the solid tetrahedron with vertices
(0,0,0), G, 0, 0), (0, 1,0), and (0, 0, I)

25. mE y2z2 dV, where E is bounded by the paraboloid
x = I - Y 2 - Z2and the plane x = 0

26. mE z dV, where E is bounded by the planes y = 0, z = 0,
x + y = 2 and the cylinder y2 + Z2 = I in the first octant

27 . .ITfE yz dV, where E lies above the plane z = 0, below the plane
z = y, and inside the cylinder x2 + y2 = 4

28. J.lJHz\/ x2 + y2 + Z2 dY, where H is the solid hemisphere that
lies above the xy-plane and has center the origin and radius I

29-34 Find the volume of the given solid.

29. Under the paraboloid z = x2 + 4y2 and above the rectangle
R = [0,2] X [1,4]

30. Under the surface z = x2 y and above the triangle in the
xy-plane with vertices (1,0), (2, 1), and (4,0)



31. The solid tetrahedron with vertices (0, 0, 0), (0, 0, I), (0, 2, 0),
and (2, 2, 0)

32. Bounded by the cylinder x2 + y2 = 4 and the planes z = 0
and y + z = 3

33. One of the wedges cut from the cylinder x2 + 9y2 = a 2 by
the planes z = 0 and z = mx

34. Above the paraboloid z = x2 + y2 and below the half-cone
z = Jx2 + y2

35. Consider a lamina that occupies the region D bounded by
the parabola x = I - y2 and the coordinate axes in the first
quadrant with density function p(x, y) = y.
(a) Find the mass of the lamina.
(b) Find the center of mass.
(c) Find the moments of inertia and radii of gyration about

the x- and y-axes.

36. A lamina occupies the part of the disk x2 + y2 ,,:; a2 that lies
in the first quadrant.
(a) Find the centroid of the lamina.
(b) Find the center of mass of the lamina if the density func-

tion is p(x, y) = xy2.

37. Find the centroid of a right circular cone with height h
and base radius a. (Place the cone so that its base is in the
xy-plane with center the origin and its axis along the positive
z-axis.)

38. Find the moment of inertia of the cone in Exercise 37 about
its axis (the z-axis).

f2 fJ4=Y' f)4-X>-1"
-2 Jo -)4-,'-1" y2JX2 + y2 + Z2 dz dx dy

~ 41. If D is the region bounded by the curves y = 1 - x2 and
y = eX, find the approximate value of the integral jJ~y2 dA.
(Use a graphing device to estimate the points of intersection
of the curves.)

IT&l42. Find the center of mas~ of the solid tetrahedron with vertices
(0,0,0), (1,0,0), (0,2,0), (0,0,3) and density function
p(x, y, z) = x2 + y2 + Z2.

43. The joint density function for random variables X and Y is

( ) {
C(x + y) if 0,,:; x ,,:;3, 0 ,,:;y ,,:; 2

f x Y =, 0 otherwise

(a) Find the value of the constant C.
(b) Find P(X ,,:; 2, Y;;'" 1).
(c) Find P(X + Y":; I).

44. A lamp has three bulbs, each of a type with average lifetime
800 hours. If we model the probability of failure of the
bulbs by an exponential density function with mean 800,
find the probability that all three bulbs fail within a total of
1000 hours.

fl fl fl-y
-I ,do f(x, y, z) dz dy dx

f02 f:' 1:" f(x, y, z) dz dx dy

47. Use the transformation u = x - y, v = x + y to evaluate
fL (x - y)/(x + y) dA, where R is the square with vertices
(0,2), (1, 1), (2,2), and (1,3).

48. Use the transformation x = u2, y = v2, Z = w2 to
find the volume of the region bounded by the surface
.j;+ JY + Ji = 1 and the coordinate planes.

49. Use the change of variables formula and an appropriate trans-
formation to evaluate ffR xy dA, where R is the square with
vertices (0,0), (l, 1), (2,0), and (1, -1).

50. The Mean Value Theorem for double integrals says that
if f is a continuous function on a plane region D that is of
type 1 or II, then there exists a point (xo, Yo) in D such that

ff f(x, y) dA = f(xo, yo)A(D)
D

Use the Extreme Value Theorem (15.7.8) and Property
16.3.11 of integrals to prove this theorem. (Use the proof of
the single-variable version in Section 6.5 as a guide.)

51. Suppose that f is continuous on a disk that contains the
point (a, b). Let D, be the closed disk with center (a, b) and
radius r. Use the Mean Value Theorem for double integrals
(see Exercise 50) to show that

lim ~ Iff(x, y) dA = f(a, b)
r-O 1fT

D,

52. (a) Evaluate ff (x2 +1y2)"/2 dA, where n is an integer and
D

D is the region bounded by the circles with center the
origin and radii rand R, 0 < r < R.

(b) For what values of n does the integral in part (a) have a
limit as r ~ O+?

(c) Find fJJ (x2 + ) + z2),,/2 dV, where E is the region
£

bounded by the spheres with center the origin and radii r
and R, 0 < r < R.

(d) For what values of n does the integral in part (c) have a
limit as r ~ O+?



P L U S 1=======================================

4. If a, b, and c are constant vectors, r is the position vector xi + y j + z k, and E is given by
the inequalities 0 ~ a . r ~ a, 0 ~ b . r ~ f3, 0 ~ c . r ~ y, show that

iIf (af3~2
(a . r)(b . r)(c . r) dV = 81 a . (b x c) 1

E

5. The double integral [I [I __1_ dx dy is an improper integral and could be defined asJo Jo 1 - xy
the limit of double integrals over the rectangle [0, t] X [0, t] as t ~ 1-. But if we expand the
integrand as a geometric series, we can express the integral as the sum of an infinite series.
Show that

i1 i1 I ~ I---dxdy = £., 2
o 0 1 - xy ,,-I n

6. Leonhard Euler was able to find the exact sum of the series in Problem 5. In 1736 he proved
that

In this problem we ask you to prove this fact by evaluating the double integral in Problem 5.
Start by making the change of variables

u - v
x= Ii u + v

y= Ii
This gives a rotation about the origin through the angle TT/4. You will need to sketch the
corresponding region in the uv-plane.

[Hint: If, in evaluating the integral, you encounter either of the expressions
(I - sin e)/cos e or (cos e)/(1 + sin e), you might like to use the identity
cos e = sin(( TT/2) - e) and the corresponding identity for sin e.]

1 00 1
[1 [1 [1 ---dx dy dz = 2: 3"
Jo Jo Jo 1 - xyz ,,-I n



===================================================1 PRO a U MS

f
o
' fa' f

o
' I 00 (_1)n-1

J, J, J, ---dx dy dz = 2: 31 + xyz II~I n

Use this equation to evaluate the triple integral correct to two decimal places.

8. Show that

100 arctan TTX - arctan x 7T--------dx = -In 7T
o x 2

by first expressing the integral as an iterated integral.

9. (a) Show that when Laplace's equation

is written in cylindrical coordinates, it becomes

a2u 1 au 1 a2u a2u-+--+--+-=0
ar2 r ar r2 ae2 az2

(b) Show that when Laplace's equation is written in spherical coordinates, it becomes

a2u 2 au cot 4> au 1 a2u 1 a2u- +-- +--- +--- +----- =0
ap2 p ap p2 a4> p2 a4>2 p2 sin24> ae2

10. (a) A lamina has constant density p and takes the shape of a disk with center the origin and
radius R. Use Newton's Law of Gravitation (see Section 14.4) to show that the magnitude
of the force of attraction that the lamina exerts on a body with mass m located at the point
(0, 0, d) on the positive z-axis is

[Hint: Divide the disk as in Figure 4 in Section 16.4 and first compute the vertical com-
ponent of the force exerted by the polar subrectangle Rij.]

(b) Show that the magnitude of the force of attraction of a lamina with density p that occupies
an entire plane on an object with mass m located at a distance d from the plane is

Notice that this expression does not depend on d.

II. If f is continuous, show that

f: f: f: f(t) dt dz dy = ~f: (x - t)2f(t) dt
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