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It’s very difficult to visualize a function f of three variables by its graph, since that
would lie in a four-dimensional space. However, we do gain some insight into f by exam-
ining its level surfaces, which are the surfaces with equations f(x, y, z) = k, where k is
a constant. If the point (x, y, z) moves along a level surface, the value of f(x, y, z) remains
fixed.

EXAMPLE 15 Find the level surfaces of the function

fOo,y,2)=x*+y*+ 2*

SOLUTION The level surfaces are x* + y? + z? = k, where k = 0. These form a family of
concentric spheres with radius \/I? . (See Figure 20.) Thus, as (x, y, z) varies over any
sphere with center O, the value of f(x, y, z) remains fixed. O

Functions of any number of variables can be considered. A function of n variables
is a rule that assigns a number z = f(xy, x2, ..., x,) to an n-tuple (xi, xa, ..., x,) of real
numbers. We denote by R” the set of all such n-tuples. For example, if a company uses n
different ingredients in making a food product, ¢; is the cost per unit of the ith ingredient,
and x; units of the ith ingredient are used, then the total cost C of the ingredients is a func-

FIGURE 20 tion of the n variables xi, x2, ..., X,:

(3] C=flx1,x2 ..., %) = C1X1 + C2x2 + =+ * + Cuxyy

The function f is a real-valued function whose domain is a subset of R”. Sometimes we
will use vector notation to write such functions more compactly: If x = (x;, x2, ..., X.),
we often write f(x) in place of f(xi, xa,...,x,). With this notation we can rewrite the
function defined in Equation 3 as

fx)=c-x
where ¢ = (¢, ¢2, ..., ¢,) and ¢ * x denotes the dot product of the vectors ¢ and x in V.
In view of the one-to-one correspondence between points (xj, x, ..., x,) in R” and

their position vectors X = (xy, X2, ..., X,) in V,, we have three ways of looking at a func-
tion f defined on a subset of R"™:

I. As a function of n real variables x;, xa, ..., X,
2. As a function of a single point variable (xi, X, . . ., X,)
3. As a function of a single vector variable X = (x1, X2, ..., X,)

We will see that all three points of view are useful.

—

5.1 EXERCISES

[1.] In Example 2 we considered the function W = f(T, v), where (c) Describe in words the meaning of the question “For what
W is the wind-chill index, T is the actual temperature, and v is value of T'is f(T, 20) = —497” Then answer the question.
the wind speed. A numerical representation is given in Table 1. (d) What is the meaning of the function W = f(—35, v)?
(a) What is the value of f(—15, 40)? What is its meaning? Describe the behavior of this function.
(b) Describe in words the meaning of the question “For what (e) What is the meaning of the function W = f(T, 50)?

value of v is f(—20, v) = —307?” Then answer the question. Describe the behavior of this function.
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2. The temperature-humidity index I (or humidex, for short) is the TABLE 4
perceived air temperature when the actual temperature is 7' and

the relative humidity is 4, so we can write I = f(T, h). The fol- Duration (hours)

lowing table of values of / is an excerpt from a table compiled g 4 5 10 15 20 30 40 50
by Environment Canada.

20 0.6 0.6 0.6 0.6 0.6 0.6 0.6

TABLE 3 Apparent temperature as a function = 30 1.2 13 15 15 15 1.6 1.6
of temperature and humidity E
Relative husiidity (%) 3 40 1.5 22 24 25 2.7 2.8 2.8
(5]
& 2. 4, . 2 : : 9 |
‘ T\Q 20 30 40 50 60 0 2 60 8 0 49 52 55 5.8 59
Q § 80 43 6.4 7.7 8.6 9.5 10.1 10.2
bt 20 20 20 20 21 22 23
5| 100 5.8 8.9 11.0 | 122 | 13:8 147 | 153
8| 25 25 25 26 28 30 32
g 120 \ 7.4 11.3 144 | 166 | 190 | 205 | 21.1
E] 30 | 30 31 34 36 38 41
=
: 350 03 | 39 | 4 | 45 | 48 | s 6 Lot £ 3) = Jle + 3 — 1,
40 ! 43 47 i 51 55 59 63 (a) Evaluate f(1, 1). (b) Evaluate f(e, 1).
(¢) Find and sketch the domain of f.
(d) Find the range of f.
(a) What is the value of f(35, 60)? What is its meaning? 7. Let f(x, y) = x%™.
(b) For what value of 4 is f(30, h) = 367 (a) Bvaluate £(2, 0). (b) Find the domain of f.

(c) For what value of T is f(7, 40) = 427

(c) Find the range of f.
(d) What are the meanings of the functions 7 = £(20, h)

and I = f(40, h)? Compare the behavior of these two 8. Find and sketch the domain of the function
functions of A. f(x,y) = /1 + x — y2. What is the range of f?
3. Verify for the Cobb-Douglas production function 9. Let f(x,y,2) = VT
07510 028 (a) Evaluate f(2, —1, 6). (b) Find the domain of f.
P(L,K) = 1.01L>"K ™ (c) Find the range of f.
discussed in Example 3 that the production will be doubled 10. Letg(x, y,2) = In(25 — x> — y* — z?).
if both the amount of labor and the amount of capital are (a) Evaluate g(2, —2, 4). (b) Find the domain of g.
doubled. Determine whether this is also true for the general (c) Find the range of g.

production function
11-20 Find and sketch the domain of the function.

I fny)=vx+y

4. The wind-chill 1r}dex W dlscussgd in Example 2 has been i2. #lw3) = <
modeled by the following function:

P(L.K) = bL°K'™®

03] f(x.y) =1In(9 — x* — 9y?)
14. f(x.y) =y — xIn(y + x)

Check to see how closely this model agrees with the values in I5. f(x,y) = JI— 2 - J1=y?
Table 1 for a few values of T and v.

W(T, v) = 13.12 + 0.6215T — 11.37v%'® + 0.3965Tv"'°

16. f(x,y) =y + 25 —x2—y?
[5.] The wave heights & in the open sea depend on the speed v -
of the wind and the length of time # that the wind has been flry) =~ y - ’i -
blowing at that speed. Values of the function & = f(v, 7) are I —x"
recorded in meters in Table 4.

1 = in(x2 + y*—2
(a) What is the value of £(80, 15)? What is its meaning? 18. f(x, y) = arcsinx® + y* = 2)

(b) What is the meaning of the function & = f(60, 1)? Describe 19. f(x.y.2) =
the behavior of this function. . ) )
(c) What is the meaning of the function & = f(v, 30)? Describe 20. f(x,y,z) = In(16 — 4x* — 4y* — 7%)

the behavior of this function.



21-29 Sketch the graph of the function.

21. f(x,y) =3 22. f(x,y) =y
23] f(x,y) = 10 — 4x — Sy 24. f(x,y) = cosx
25. f(x,y)=y*+1 26. f(x,y) =3 — x> —y*
27. f(x,y) =4x2+ y*+ 1
28. f(x,y) = /16 — x> — 16y?
29. f(x,y) = /x2+y2
30. Match the function with its graph (labeled I-VI). Give reasons
for your choices.
@ fxy) = [x| +|y] (®] fCx,y) = |xy]
1
@fx)=—77T= @ flxy =@*-y)
1+x"+y
© flxy) =(x—y? fCey) = sin(|x| + |y])
I
31. A contour map for a function f is shown. Use it to estimate the

values of f(—3, 3) and f(3, —2). What can you say about the
shape of the graph?
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32.

903

Two contour maps are shown. One is for a function f whose
graph is a cone. The other is for a function g whose graph is a
paraboloid. Which is which, and why?

7N N

#

[33] Locate the points A and B in the map of Lonesome Mountain

34.

(Figure 12). How would you describe the terrain near A?
Near B?

Make a rough sketch of a contour map for the function whose
graph is shown.

35-38 A contour map of a function is shown. Use it to make a
rough sketch of the graph of f.

35.

37.
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39-46 Draw a contour map of the function showing several level
curves.

39. f(x,y) = (y — 2x)* 40. f(x,y) =x>—y
41. f(x,y) =y — Inx
3] £ (x, y) = ye*

45. f(x,y) = /y? — x?

42, f(x,y) = e
44. f(x,y) =y secx

46. f(x,y) = y/(x* +y?)

47-48 Sketch both a contour map and a graph of the function
and compare them.

47. f(x,y) = x> + 9y?

48. f(x,y) = /36 — 9x? — 4y?

49. A thin metal plate, located in the xy-plane, has temperature
T(x, y) at the point (x, y). The level curves of T are called
isothermals because at all points on an isothermal the temper-
ature is the same. Sketch some isothermals if the temperature
function is given by

T(x,y) = 100/(1 + x? + 2y?)

50. If V(x, y) is the electric potential at a point (x, y) in the
xy-plane, then the level curves of V are called equipotential
curves because at all points on such a curve the electric
potential is the same. Sketch some equipotential curves if

V(x,y) = ¢/s/r* — x* — y?, where c is a positive constant.

P4 51-54 Use a computer to graph the function using various

domains and viewpoints. Get a printout of one that, in your opin-
ion, gives a good view. If your software also produces level
curves, then plot some contour lines of the same function and
compare with the graph.

51 f(x,y) = e + 2"
52. fx,y) = (1 — 3x% + y¥)e' ¥
53. f(x,y) =xy> — x* (monkey saddle)

54. f(x,y) = xy® — yx* (dog saddle)

55-60 Match the function (a) with its graph (labeled A—F on
page 905) and (b) with its contour map (labeled I-VI).-Give
reasons for your choices.

[55.] z = sin(xy)
57. z = sin(x — y)

56. z=-e"cosy
58. z =sinx — siny

X~y

59. z={1—-2(1 — ¥ 1+ +y

60. z =

61-64 Describe the level surfaces of the function.

flx,y,2) =x+3y+ 5z
62. f(x,y,z) =x*+ 3y> + 577
63. f(x,y,2) =x>—y*+ 7*

64. f(x,y,2) = x* — y?

65-66 Describe how the graph of g is obtained from the graph
of f.

(@) g(x,y) = f(x,y) +2
©) 9(x,y) = —f(x,y)

() glx,y) =2f(x,y)
d glx,y) =2 —f(xy)

66. (a) g(x,y) = f(x — 2,)
©) glx,y) =f(x +3,y —4)

(®) glx,y) =flx,y +2)

67-68 Use a computer to graph the function using various

domains and viewpoints. Get a printout that gives a good view of
the “peaks and valleys.” Would you say the function has a maxi-
mum value? Can you identify any points on the graph that you
might consider to be “local maximum points”? What about “local
minimum points”?

67. f(x,y) =3x — x* — 4y* — 10xy

68. f(x,y) =xye

69-70 Use a computer to graph the function using various

domains and viewpoints. Comment on the limiting behavior of
the function. What happens as both x and y become large? What
happens as (x, y) approaches the origin?

Xty
x2+y?

Xy

69. f(x,y) = 70. f(x,y) = x_z‘l-—yT

71. Use a computer to investigate the family of functions

f(x,y) = e . How does the shape of the graph depend
on ¢?

72. Use a computer to investigate the family of surfaces

2

z = (ax*> + by*)e ™™ y?

How does the shape of the graph depend on the numbers a
and b?

73. Use a computer to investigate the family of surfaces

z =x>+ y? + cxy. In particular, you should determine the
transitional values of ¢ for which the surface changes from
one type of quadric surface to another.
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74. Graph the functions

fley) = /x> +y?
f(xy) = Iny/x? + y2

and

of

flxy) =\/TTy_2

In general, if g is a function of one variable, how is the graph

flxy) = g(VxT+y7)

obtained from the graph of ¢?

15.2

f(x, y) = g [x2Fy?

flx,y) = sin(y/xZ + y?)

1

75. (a) Show that, by taking logarithms, the general Cobb-
Douglas function P = bL*K '~ “ can be expressed as

mL — b+ amnt
n—=1n v
K «mx

(b) If we let x = In(L/K) and y = In(P/K), the equation in
part (a) becomes the linear equation y = ax + In b. Use
Table 2 (in Example 3) to make a table of values of
In(L/K) and In(P/K) for the years 1899-1922. Then use a
graphing calculator or computer to find the least squares
regression line through the points (In(L/K), In(P/K)).

(c) Deduce that the Cobb-Douglas production function is

P = 1.01L%"K %%,

LIMITS AND CONTINUITY

Let’s compare the behavior of the functions

flx,y) =

sin(x? + y?)

x2+y

2

and

X
g(x’)’) . x2 s y2

2 a2

y

as x and y both approach 0 [and therefore the point (x, y) approaches the origin].

TABLE | Values of f(x, y)

% Y| -10 | -05 | —-02 0 0.2 0.5 1.0
—1.0 | 0455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455
—0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759
—0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829
0 0.841 | 0.990 | 1.000 1.000 | 0.990 | 0.841
‘ 0.2 | 0.829 | 0.986 | 0.999 | 1.000 | 0.999 | 0.986 | 0.829
0.5 | 0.759 | 0.959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759
1.0 | 0455 | 0.759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455

TABLE 2 Values of g(x, y)

# Y| -1.0 | —05 | —02 0 0.2 0.5 1.0
=110 0.000| 0.600| 0.923| 1.000 0.923| 0.600| 0.000
—0.5 | —0.600| 0.000| 0.724| 1.000 0.724| 0.000 | —0.600
—0.2 | —0.923 | —0.724 | 0.000| 1.000 0.000 | —0.724 | —0.923
0 | —1.000|—1.000 | —1.000 —1.000 | —1.000 | —1.000
0.2 [ —0.923|—0.724| 0.000| 1.000 0.000 | —0.724 | —0.923
0.5 [ —0.600 | 0.000| 0.724| 1.000 0.724 |  0.000 | —0.600
1.0 0.000| 0.600| 0.923| 1.000 0.923| 0.600| 0.000

Tables 1 and 2 show values of f(x, y) and g(x, y), correct to three decimal places, for
points (x, y) near the origin. (Notice that neither function is defined at the origin.) It
appears that as (x, y) approaches (0, 0), the values of f(x, y) are approaching 1 whereas the
values of g(x, y) aren’t approaching any number. It turns out that these guesses based on

numerical evidence are correct, and we write

sin(x? + y?)

m
(x,y)—(0,0)

= ]

x° + y?

In general, we use the notation

lim

(x,y)—(a,

and

xl_yZ

im
(x)—=00 x° +y

)f(x,y) =L

does not exist
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I. Suppose that lim,, y—@,1) f(x, ¥) = 6. What can you say
about the value of (3, 1)? What if f is continuous?

2. Explain why each function is continuous or discontinuous.
(a) The outdoor temperature as a function of longitude,
latitude, and time
(b) Elevation (height above sea level) as a function of longi-
tude, latitude, and time
(¢) The cost of a taxi ride as a function of distance traveled
and time

3-4 Use a table of numerical values of f(x, y) for (x, y) near the
origin to make a conjecture about the value of the limit of f(x, y)
as (x, y) — (0, 0). Then explain why your guess is correct.

xy3+x3yr =5 2x
2Ry T 4. f(x,y) = Y

3. f(xy) = e
fx) 2 —xy x°+ 2y°

xy?

4. lim ———
x)—0,0 x> +y

5-22 Find the limit, if it exists, or show that the limit does
not exist.

5. lim (x*+4x% — 5xy?) 6. lim XY cos(x — 2y)
)

(x,y)—(5, -2 (x,¥)—(6,3
4 —x 1+ y?
7. lim ,—y—z 8. lim In _2_y
(y—=@n x° + 3y (=00 \ x>+ xy
4 2 -2
. x~ + sin“y
lim ———— 10. im
@y—00 x" + 3y @)=00 2x°+y
. Xy cos ) 6x?
Il.  lim —y—,—yz 12.  lim 4—y4
(x»—00 3x° +y (x»—0,0 2x" + y
@ lim X 14 lim )64_—)7_4
(=9—0.0 /x2 + y2 T =00 x? + y?
x’ye” x? sin?
15.  lim _4y_2 16. im —%
(y)—0.0 x* + 4y (=00 x~ + 2y*°
2 2 4
; x~+ . X
17. lim - 18. lim —2—
x9)—=0.0 Vx2+ y2+1—1 xy)—0.0 x>+ y
19. lim e sin(mz/2)
(x,y,2)—(3,0,1)
. x2 4+ 2y% + 322
20. im =~ ———————
(xy.2—0,00 x°+ y~ + z~
. xy + yz2 + xz2?
1] lim ———
(ry.2—=000 x~+y  +z
Z
2. 2

lim ————————
(63.29—0,0,0 x> + 4y* + 97?

23-24 Use a computer graph of the function to explain why the

limit does not exist.

2x% + 3xy + 4y?

23. 3 >
3x° + 5y°

m
(x, y)—(0,0)

25-26 Find Z(x, y) = g(f(x, y)) and the set on which & is
continuous.

25 gty =1>+ Vi, flx,y)=2x+3y—6

1— Xy

26. g(1) =t + Inty, s =
o) =i+ Ity (o) =T

27-28 Graph the function and observe where it is discontinuous.

Then use the formula to explain what you have observed.

—

27. f(x,y) ="/ fey)=T-="3

—y?

29-38 Determine the set of points at which the function is
continuous.

X~y
1+ x%+y?2

1
29. F(x,y) = e 30. F(x,y) =

31. F(x,y) = arctan(x + \/)_7) 32. Flx,y) = e+ Jx F 32

33. G(x,y) =In(x>+ y> — 4) 34. G(x,y) =tan ((x + y)7?)
35. f(x,y,2) =— vy

X2 =92+ 52

36. f(x,y,z)=+x+y+z

x2y3 )
) =TT @) # 0.0
1 if (x,y) = (0,0)
Xy .
38, f(r) =4 Ty Ty if (x,y) # (0,0)
0 if (x,y) = (0,0)

39-41 Use polar coordinates to find the limit. [If (r, 6) are
polar coordinates of the point (x, y) with » = 0, note that r — 0"
as (x,y) = (0,0).]

X+

iy —
(x.5)—0.0 x~ + y~

40. lim

x>+ %) In(x* + y*
(x‘y)am’o)( y?) In( y?)

err =

41. lim — g
(xy—0.0 x°+ y°
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42. At the beginning of this section we considered the function 44. Let
0 ify<0 or y=x*
z 2 " 2 X, — .
f(x,v)=M fx) {1 if 0<y<x*
: x“+y

and guessed that f(x, y) — 1 as (x, y) — (0, 0) on the basis
of numerical evidence. Use polar coordinates to confirm the
value of the limit. Then graph the function.

(a) Show that f(x, y) — 0 as (x, y) — (0, 0) along any path
through (0, 0) of the form y = mx“ with a < 4.

(b) Despite part (a), show that f is discontinuous at (0, 0).

(c) Show that f is discontinuous on two entire curves.

/1 43. Graph and discuss the continuity of the function

sin xy

floy)=1{ xy

15.3

45. Show that the function f given by f(x) = | x| is continuous
n : . 1 e 2 = -_— . —
if xy %0 on R".  [Hint: Consider |[x —a|* = (x — a) - (x — a).]
46. If ¢ € V,,, show that the function f given by f(x) = ¢ - x is

if xy=20 2
- continuous on R”.

PARTIAL DERIVATIVES

TABLE |
Humidex 7 as a function of
temperature and humidity

On a hot day, extreme humidity makes us think the temperature is higher than it really
is, whereas in very dry air we perceive the temperature to be lower than the thermometer
indicates. The Meteorological Service of Canada has devised the humidex (or temperature-
humidity index) to describe the combined effects of temperature and humidity. The
humidex / is the perceived air temperature when the actual temperature is 7 and the rela-
tive humidity is H. So [ is a function of 7 and H and we can write I = f(7, H). The fol-
lowing table of values of 7 is an excerpt from a table compiled by the Meteorological
Service.

Relative humidity (%)

H1 40 45 50 55 60 65 70 75 80

26 28 28 29 31 31 32 33 34 35

28 31 32 33 34 35 36 37 38 39

Actual e
temperature | 30 34 35 36 37 38 40 41 42 43
(°O)

32 37 38 39 41 42 43 45 46 47

34 41 42 43 45 47 48 49 51 52

36 43 45 47 48 50 51 53 54 56

If we concentrate on the highlighted column of the table, which corresponds to a rela-
tive humidity of H = 60%, we are considering the humidex as a function of the single vari-
able T for a fixed value of H. Let’s write g(T) = f(T, 60). Then ¢(T) describes how the
humidex / increases as the actual temperature 7 increases when the relative humidity is
60%. The derivative of g when T = 30°C is the rate of change of 7 with respect to 7 when
T = 30°C:

g(30 + h) — ¢(30) — lim f(30 + R, 60) — (30, 60)
h h—0 h

g'(30) = lim
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where b is a constant that is independent of both L and K. Assumption (i) shows that & > 0

and B > 0.

Notice from Equation 8 that if labor and capital are both increased by a factor m, then

P(mL, mK) = b(mL)*(mK)? = m**PpL*KP = m**#P(L, K)

If « + B = 1, then P(mL, mK) = mP(L, K), which means that production is also increased
by a factor of m. That is why Cobb and Douglas assumed that @ + 8 = 1 and therefore

P(L,K) = bL*K'™™

This is the Cobb-Douglas production function that we discussed in Section 15.1.

15.3| EXERCISES

[I.] The temperature T at a location in the Northern Hemisphere
depends on the longitude x, latitude y, and time ¢, so we can
write T = f(x, y, t). Let’s measure time in hours from the
beginning of January.

(a) What are the meanings of the partial derivatives d7/0x,
dT/dy, and 0T/t ?

(b) Honolulu has longitude 158° W and latitude 21° N .
Suppose that at 9:00 AM on January 1 the wind is blowing
hot air to the northeast, so the air to the west and south is
warm and the air to the north and east is cooler. Would you
expect f,(158,21,9), £,(158,21,9), and (158, 21, 9) to be
positive or negative? Explain.

2. At the beginning of this section we discussed the function
I = f(T, H), where [ is the humidex, T is the temperature, and
H is the relative humidity. Use Table 1 to estimate fr(34, 75)
and f(34, 75). What are the practical interpretations of these
values?

3. The wind-chill index W is the perceived temperature when the
actual temperature is T and the wind speed is v, so we can
write W = f(T, v). The following table of values is an excerpt
from Table 1 in Section 15.1.

Wind speed (km/h)
T v 20 30 40 50 60 70
—-10 —18 —20 =21 =22 —23 -23

—15 —24 —-26 -27 —-29 —30 —30

—20 = 30 =33 —34 —35 =36 =37

Actual temperature (°C)

—25 | =37 | =39 | —41 | —42 | —43 | —44

(a) Estimate the values of fr(—15, 30) and f,(—15, 30). What
are the practical interpretations of these values?

(b) In general, what can you say about the signs of dW/aT
and OW/9v?
(c) What appears to be the value of the following limit?
ow

lim —
o> gy

4. The wave heights /4 in the open sea depend on the speed v

of the wind and the length of time ¢ that the wind has been
blowing at that speed. Values of the function & = f(v, 1) are
recorded in meters in the following table.

Duration (hours)

! 5 10 15 20 30 40 50

20 0.6 0.6 0.6 0.6 0.6 0.6 0.6

30 1.2 1.3 1.5 1.5 1.5 1.6 1.6

40 1.5 22 24 25 2.7 2.8 2.8

60 2.8 4.0 4.9 5.2 5.5 5.8 5.9

Wind speed (km/h)

80 43 6.4 77 8.6 95 | 10.1 | 102

100 5.8 89 | 11.0 | 122 | 138 | 147 | 153

120 74 | 113 | 144 | 166 | 19.0 | 20.5 | 21.1

(a) What are the meanings of the partial derivatives dh/dv
and 0h/0t?

(b) Estimate the values of £,(80, 15) and £;(80, 15). What are
the practical interpretations of these values?

(c) What appears to be the value of the following limit?

. 0h
lim —
1= Jf



5-8 Determine the signs of the partial derivatives for the function
f whose graph is shown.

(5] (@ £(1,2) () £(1,2)
6. (a) £(=1,2) (b) £(=1,2)
7. (@ fu(=1,2) (®) fy(=1,2)
8. (a) fu(1,2) () f(=1,2)
A

The following surfaces, labeled a, b, and c, are graphs of a
function f and its partial derivatives f, and f,. Identify each
surface and give reasons for your choices.

SECTION 15.3 PARTIAL DERIVATIVES

10. A contour map is given for a function f. Use it to estimate
£(2,1) and £(2, 1).
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=
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1. Iff(x,y) = 16 — 4x* — y? find £.(1, 2) and £,(1, 2) and inter-
pret these numbers as slopes. Illustrate with either hand-drawn
sketches or computer plots.

12. If f(x,y) = /4 — x2 — 4y2, find f,(1,0) and £,(1, 0) and

interpret these numbers as slopes. Illustrate with either hand-
drawn sketches or computer plots.

13-14 Find f; and f;, and graph f, f;, and f, with domains and

viewpoints that enable you to see the relationships between them.

13. f(x,y) = x>+ y* + x%y

14.

f(x, y) = xe—_\ff".:

15-38 Find the first partial derivatives of the function.

I5. f(x,y) = 3x — 2y*

16. f(x,y) = x> + 3x%? + 3xy*

17. z = xe¥

19. z = (2x + 3y)°
1

2L flxy) =
X

23. w = sin a cos B

25. f(r,s) = rin(r* +

27. u = te""

s2)

29. f(x,y,z) = xz — 5x*y%*

BL] w=1In(x + 2y + 32)

33. u = xysin '(yz)

35. f(x,y,z 1) = xyz* tan(yr)

37. u=x2+x2+ -+ x2

18.
20.

22.

24.
26.

28.

30.
32.
34.

36.

38. u=sin(x; + 2x2 + -+ - + nx,)

fx, 1) =+x Int

z = tanxy
flx, y)=x?
w=e"(u+ v?

f(x, 1) = arctan(x+/7 )
flxy) = f cos(t?) dt

f(x,y,2z) = xsin(y — z)
w = ze™
u=x"
xy?
X, y,2z,1) = =
flxy ) t+ .2z

39-42 Find the indicated partial derivatives.

39. f(x,y) = ln(x + V/x2 + y? ); (3.4
40. f(x,y) = arctan(y/x); f(2,3)

al. f(x,y,7) = ———
flxy,2) FER

+ .z

s f£(2,1,-1)
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42, f(x,y,z) = +/sinZx + sin2y + sin’z; f.(0, 0, w/4)

43-44 Use the definition of partial derivatives as limits (4) to find
f(x, y) and f(x, y).

X

43. f(x,y) = xy? — x°
fy) = xy Y .

44. f(x,y) =

45-48 Use implicit differentiation to find dz/dx and 9z/dy.
45. x> + y? + 2> = 3xyz 46. yz =In(x + 2)

47. x — z = arctan(yz) 48. sin(xyz) = x + 2y + 3z

49-50 Find 9z/dx and 9z/dy.
49. (a) z = f(x) + g(»)

(a) z=f(x)g(y)
(©) z=f(x/y)

() z=f(x+y)
() z=fl(xy)

51-56 Find all the second partial derivatives.
51. f(x,y) = x°y° + 2x*y 52. f(x,y) = sin*(mx + ny)

Xy
xX—=Yy

53. w = u?+ v? 54, v =

x+y
1 — 2y

55. z = arctan 56. v = ¢*¢

57-60 Verify that the conclusion of Clairaut’s Theorem holds, that
1S, Usy = Uyx.

57. u = xsin(x + 2y)

59. u =In+/x%2 + y?

58. u = x*y? — 2xy°
60. u = xye’

61-68 Find the indicated partial derivative.

61. f(x,y) =3xy* + x*%%  fuwr Sow

62. f(x,t) =x%"" fir, fixx

63. f(x,y,z) = cos(dx + 3y + 22);  fiyzs fio:
64. f(r,s,1) = rin(rs’t?);  fussr fout

65 "% sin O Ll
. u=e'""sinb;
ar? o0
9%z
66. z=uv —w; ———
du ov dw
X 9w 3w
67. w= ; § 5
v+ 2z dzdydx  0x~dy
b 3%u
68. u=x"yz%, ——>5
0x dy“ dz°

Use the table of values of f(x, y) to estimate the values of
£(3,2), £(3,2.2), and £,,(3, 2).

5 Y 1.8 2.0 22
2.5 12.5 10.2 9.3
3.0 18.1 17:5 15.9
3.5 20.0 22.4 26.1

70. Level curves are shown for a function f. Determine whether
the following partial derivatives are positive or negative at the
point P.

(a) fe (b) fy (©) fur
(D for (e fiv

0SS S

P

71. Verify that the function u = e **"sin kx is a solution of the
Y
heat conduction equation u, = o*u,.

72. Determine whether each of the following functions is a solution
of Laplace’s equation uy, + u,y, = 0.
(@) u=x*+y? (b) u=x*—y?
©) u=x>+3xy* (@) u=1In+/x2+ y?
(e) u = sinx coshy + cosx sinhy
(fY)u=e*cosy — e cosx

73. Verify that the function u = 1/4/x? + y? + z?2 is a solution of
the three-dimensional Laplace equation u,, + u,, + u.. = 0.

74. Show that each of the following functions is a solution of the
wave equation u;, = @ty
(a) u = sin(kx) sin(ak?) () u=1t/(a’* — x?)
©u=(x—ad®+ (x +ant
(d) u = sin(x — at) + In(x + at)

75. If f and g are twice differentiable functions of a single vari-
able, show that the function

u(x, ) = f(x + at) + g(x — ar)

is a solution of the wave equation given in Exercise 74.

76. If y = e@xit@xt tad where at+ar+ -+ al=1,
show that
u u ’u
__2 —2 + e + —2 =u
0X{ 0X3 aXn

77. Verify that the function z = In(e”* + e*) is a solution of the
differential equations

dz dz
s’ + —
ox ay

=1



and )
9z

9%z 0%z 2
2 a2 =0
0x*° dy ox dy

Show that the Cobb-Douglas production function P = bL*K*
satisfies the equation

78.

79. Show that the Cobb-Douglas production function satisfies

P(L, Ky) = Ci(Ko)L* by solving the differential equation
Lo il
a L
(See Equation 5.)

80. The temperature at a point (x, y) on a flat metal plate is given
by T(x,y) = 60/(1 + x* + y?), where T is measured in °C
and x, y in meters. Find the rate of change of temperature with
respect to distance at the point (2, 1) in (a) the x-direction and

(b) the y-direction.

The total resistance R produced by three conductors with resis-
tances R;, R,, R; connected in a parallel electrical circuit is
given by the formula

Find oR/3R,.

82. The gas law for a fixed mass m of an ideal gas at absolute tem-
perature 7, pressure P, and volume V is PV = mRT, where R is

the gas constant. Show that

9PV oT _ _
aV oT oP
83. For the ideal gas of Exercise 82, show that
oP 9V
T =
of o "

84. The wind-chill index is modeled by the function

W = 13.12 + 0.6215T — 11.370*'° + 0.3965Tv»"'®

where T is the temperature (°C) and v is the wind speed
(km/h). When T = —15°C and v = 30 km/h, by how much
would you expect the apparent temperature W to drop if the
actual temperature decreases by 1°C? What if the wind speed
increases by 1 km/h?

85. The kinetic energy of a body with mass m and velocity v is
K = 3 mv®. Show that
9K K _
om 9v*
If a, b, ¢ are the sides of a triangle and A, B, C are the opposite

angles, find 9A/da, 0A/db, JA/dc by implicit differentiation of
the Law of Cosines.

8s.

Y
<]
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You are told that there is a function f whose partial derivatives
are f,(x,y) = x + 4y and f,(x, y) = 3x — y. Should you
believe it?

The paraboloid z = 6 — x — x? — 2y? intersects the plane

x = 1 in a parabola. Find parametric equations for the tangent
line to this parabola at the point (1, 2, —4). Use a computer to
graph the paraboloid, the parabola, and the tangent line on the
same screen.

89. The ellipsoid 4x? + 2y? + z» = 16 intersects the plane y = 2
in an ellipse. Find parametric equations for the tangent line to

this ellipse at the point (1, 2, 2).

90. In a study of frost penetration it was found that the temperature
T at time ¢ (measured in days) at a depth x (measured in meters)

can be modeled by the function
T(x,1) = Ty + Tie ™ sin(wt — Ax)

where w = 277/365 and A is a positive constant.

(a) Find 97/0x. What is its physical significance?

(b) Find 97/9r. What is its physical significance?

(c) Show that T satisfies the heat equation T; = kT, for a cer-
tain constant k.

(d) If A =0.2,Ty =0, and 7; = 10, use a computer to
graph T(x, ).

(e) What is the physical significance of the term —Ax in the
expression sin(wt — Ax)?

91. Use Clairaut’s Theorem to show that if the third-order partial

derivatives of f are continuous, then

Jevy = foxy = fox

(a) How many nth-order partial derivatives does a function of
two variables have?

(b) If these partial derivatives are all continuous, how many of
them can be distinct?

(c) Answer the question in part (a) for a function of three
variables.

92.

93. If f(x, y) = x(x? + y2) "% find £(1, 0).

[Hint: Instead of finding f.(x, y) first, note that it’s easier to
use Equation 1 or Equation 2.]

If f(x,y) = J/x3 + y3, find £:(0, 0).
Let

94.

95.

Xy —xy®
f(-x y) = x'2+\;3 if (x’y)yé(O’O)

0 if (x,y) = (0,0)

(a) Use a computer to graph f.

(b) Find fi(x, y) and f,(x, y) when (x, y) # (0, 0).

(c) Find £:(0, 0) and £,(0, 0) using Equations 2 and 3.

(d) Show that f,(0, 0) = —1 and f£,.(0,0) = 1.

(e) Does the result of part (d) contradict Clairaut’s Theorem?
Use graphs of f,, and f;, to illustrate your answer.
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1-6 Find an equation of the tangent plane to the given surface at
the specified point.

l.z=4x>—y*+2y, (-1,2,4)

2. z2=3x—-1+2(y+3+7 (2,-212)
3. 2=y, (1,1,1)

4 z=ylnx, (1,4,0)

5. z=ycos(x —y), (2,2,2)

6.z=¢", (1,-1,1)

7-8 Graph the surface and the tangent plane at the given point.
(Choose the domain and viewpoint so that you get a good view of
both the surface and the tangent plane.) Then zoom in until the
surface and the tangent plane become indistinguishable.

(1,1,5)
(1,1, w/4)

7. z= x>+ xy + 3y?,

8. z = arctan(xy?),

(] 9-10 Draw the graph of f and its tangent plane at the given
point. (Use your computer algebra system both to compute the
partial derivatives and to graph the surface and its tangent plane.)
Then zoom in until the surface and the tangent plane become

indistinguishable.
xy sin(x — y)
. Y= ———>—33 (L1
2 ) =T, L0

10. f(x,y) =™ x +y +Vay), (1,1,3e™)

11-16 Explain why the function is differentiable at the given
point. Then find the linearization L(x, y) of the function at
that point.

[0 f(x,y) = xvy, (1,4)

12. f(x,y) =x%* (1,1)

X
13. fx,y) = o 2,1
14. f(x,y) =+x+e®, (3,0)

I5. f(x,y) = e ¥cosy, (m,0)

16. f(x,y) =sin(2x + 3y), (—3,2)

17-18 Verify the linear approximation at (0, 0).

2x+3
18. \/y + cos’x = 1 + 3y

T4y + 1

=3+ 2x— 12y

19. Find the linear approximation of the function

f(x,y) = +/20 — x> — 7y? at (2, 1) and use it to

approximate f(1.95, 1.08).

20. Find the linear approximation of the function

f(x,y) = In(x — 3y) at (7, 2) and use it to approximate
£(6.9,2.06). Ilustrate by graphing f and the tangent plane.

[21] Find the linear approximation of the function

22.

23.

24.

ool 3 10 15 | 20 | 30 40 | 50
=] 40 | 15 22| 24| 25| 27| 28| 28
% 60 | 28 | 40| 49 | 52| 55| 58 | 59
% 80 | 43 | 64 | 77| 86 | 95 | 101 | 102
'§ 100 | 5.8 | 89 | 110 | 122 | 138 | 147 | 153
120 | 74 | 113 | 144 16.6J 190 | 205 | 21.1

flxy,z2) = V/x2 4+ y2 + 22 at (3,2, 6) and use it to
approximate the number /(3.02)2 + (1.97)% + (5.99)2.

The wave heights £ in the open sea depend on the speed »
of the wind and the length of time 7 that the wind has been
blowing at that speed. Values of the function 2 = (v, 1) are
recorded in meters in the following table.

Duration (hours)

Use the table to find a linear approximation to the wave
height function when v is near 80 km/h and 7 is near

20 hours. Then estimate the wave heights when the wind has
been blowing for 24 hours at 84 km/h.

Use the table in Example 3 to find a linear approximation to
the humidex function when the temperature is near 32°C
and the relative humidity is near 65%. Then estimate the
humidex when the temperature is 33°C and the relative
humidity is 63%.

The wind-chill index W is the perceived temperature when the
actual temperature is 7 and the wind speed is », so we can
write W = f(T, v). The following table of values is an excerpt
from Table 1 in Section 15.1.

Wind speed (km/h)
| | 20 30 40 50 60 70
El-10|-18 |-20 | -21 | -22 | -23 | -23
é ~-15 | —24 | -26 | =27 | —29 | —30 | —-30
g -20 | -30 | =33 | -34 | =35 | —36 | —37
2 25 | =37 | =39 | —41 | —42 | —43 | —44

Use the table to find a linear approximation to the wind-chill



936 ||/l CHAPTER 15 PARTIAL DERIVATIVES

index function when T is near —15°C and v is near 50 km/h.
Then estimate the wind-chill index when the temperature is
—17°C and the wind speed is 55 km/h.

25-30 Find the differential of the function.

25. z = x*In(y?) 26. v =y COS Xy
21. m = p’g’ 28. T——>—

’ ’ 1 + uvw
29. R = aB*cos y 30. w = xye*

BL] If z = 5x> + y*and (x, y) changes from (1, 2) to (1.05, 2.1),
compare the values of Az and dz.

32. If z = x* — xy + 3y*and (x, y) changes from (3, —1) to
(2.96, —0.95), compare the values of Az and dz.

33. The length and width of a rectangle are measured as 30 cm and
24 cm, respectively, with an error in measurement of at most
0.1 cm in each. Use differentials to estimate the maximum
error in the calculated area of the rectangle.

34. The dimensions of a closed rectangular box are measured as
80 cm, 60 cm, and 50 cm, respectively, with a possible error
of 0.2 cm in each dimension. Use differentials to estimate the
maximum error in calculating the surface area of the box.

.\

W]
n

£

Use differentials to estimate the amount of tin in a closed tin
can with diameter 8 cm and height 12 cm if the tin is 0.04 cm
thick.

36. Use differentials to estimate the amount of metal in a closed
cylindrical can that is 10 cm high and 4 cm in diameter if the
metal in the top and bottom is 0.1 cm thick and the metal in the
sides is 0.05 cm thick.

37. A boundary stripe 8 cm wide is painted around a rectangle
whose dimensions are 30 m by 60 m. Use differentials to
approximate the number of square meters of paint in the stripe.

38. The pressure, volume, and temperature of a mole of an ideal
gas are related by the equation PV = 8.317, where P is mea-
sured in kilopascals, V in liters, and T in kelvins. Use differen-
tials to find the approximate change in the pressure if the
volume increases from 12 L to 12.3 L and the temperature
decreases from 310 K to 305 K.

39. If R is the total resistance of three resistors, connected in par-
allel, with resistances R;, R,, Rs, then

1 1 1 1

- — 4+ +—
R R R> R;

If the resistances are measured in ohms as R; = 25 (),

R, = 40 (), and R; = 50 (), with a possible error of 0.5% in
each case, estimate the maximum error in the calculated value
of R.

40. Four positive numbers, each less than 50, are rounded to the
first decimal place and then multiplied together. Use differen-
tials to estimate the maximum possible error in the computed
product that might result from the rounding.

41. A model for the surface area of a human body is given by
S = 72.09w"**h"73, where w is the weight (in kilograms),
h is the height (in centimeters), and S is measured in square
centimeters. If the errors in measurement of w and & are
at most 2%, use differentials to estimate the maximum
percentage error in the calculated surface area.

42. Suppose you need to know an equation of the tangent plane to
a surface S at the point P(2, 1, 3). You don’t have an equation
for S but you know that the curves

r(t)=(2+3,1—123—4r+1?)
rw) = {1+ u’2u®—1,2u+1)
both lie on S. Find an equation of the tangent plane at P.

43-44 Show that the function is differentiable by finding values
of &, and &, that satisfy Definition 7.

@] f(x,y) =x* +y? 44. f(x,y) = xy — 5y*

Prove that if f is a function of two variables that is differen-
tiable at (a, b), then f is continuous at (a, b).
Hint: Show that

lim )f(a + Ax,b + Ay) = f(a, b)

(Ax, Ay)—(0,0

46. (a) The function

flay) = %y if (x.y) # (0,0

X
0 if (x,y)=1(0,0)

was graphed in Figure 4. Show that f,(0, 0) and £,(0, 0)
both exist but f is not differentiable at (0, 0). [Hint: Use
the result of Exercise 45.]

(b) Explain why £, and f; are not continuous at (0, 0).
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0z 0z
EXAMPLE 9 Find —and —if x* + y* + 2 + 6xyz = 1.
ax dy

SOLUTION Let F(x,y,z) = x> + y* + z* + 6xyz — 1. Then, from Equations 7, we have

9z Fo_ 3x*+6yz  x*+2:
m The solution to Example 9 should be ox F. 3z% + 6xy 22+ 2xy
compared to the one in Example 4 in
Section 15.3. 0z Fy 3y + 6xz _ y: 4+ 2xz 0
dy F. 3z + 6xy 22+ 2xy
B 15.5| EXERCISES
1-6 Use the Chain Rule to find dz/dt or dw/dt. 14. Let W(s, t) = F(u(s, t), v(s, 1)), where F, u, and v are
Lz=xy+xl x=2+1 y=1-1 differentiable, and
u(1,0) =2 v(1,0) =3
2.z2=+x2+y2, x=¢% y=e%
u(1,0) = =2 v(1,0) =5
3. z=sinxcosy, x= Tt y=\/r_
u(1,0) =6 v(1,0) = 4
4. z=tan"'(y/x), x=¢e', y=1—¢"'
F.(2,3) = —1 F,(2,3) =10
@wzxe"/:, x=1t% y=1—-t z=1+2t
Find W,(1, 0) and W,(1, 0).
6. w=Inyx*+ y*+ 23, x=sint, y=cost, z=tant
15. Suppose f is a differentiable function of x and y, and
g(u, v) = f(e" + sinv, e” + cos v). Use the table of values
7-12 Use the Chain Rule to find dz/ds and 8z/az. to calculate g,(0, 0) and g,(0, 0).
7. z=x%3, x=wscost, y=ssint
f g fe b
8. z=arcsin(x —y), x=s*+1¢% y=1—2st (0, 0) 3 6 4 8
3
9. z=sinfcosp, O=st’, ¢=s’t L2 - - 4 -
10. z = e, x=s/t, y=tfs 16. Suppose f is a differentiable function of x and y, and
g(r,s) = f(2r — s, s> — 4r). Use the table of values in
(L]z=-¢e"cosh, r=st, 0=+/s?+12 Exercise 15 to calculate g,(1, 2) and g,(1, 2).
12. z=tan(u/v), u=2s+3t, v=23s—2t 17-20 Use a tree diagram to write out the Chain Rule for the given

case. Assume all functions are differentiable.

u=f(x,y), wherex=x(r,s, 1, y=y(rs, 1)

13. If z = f(x, y), where f is differentiable, and

x=g(1) y = h(?) 18. R = f(x,y,z,t), wherex = x(u, v, w), y = y(u, v, w),
z=z(u, v, w), t = t(u, v, w)
g3)=2 h(3) =17
4G =5 WG3) = —4 19. w = f(r,s,1), wherer=r(x,y), s =s(x,y), t = t(x,y)
2,7 =6 £2,7)=-8 20. 1 = f(u, v, w), whereu = u(p,q,r.s), v=10(p,q.r,s),

w=w(p,q,r,s)
find dz/dt when t = 3.
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21-26 Use the Chain Rule to find the indicated partial derivatives.

2 z=x2+xy, x=uv?+w’, y=u+ ve"
dz 9z 0
- ,—,—Z whenu =2,0=1,w=0
ou dv Jw
22. u=+/r*+s% r=y-+xcost, s=x+ysint;
Jd d d
’_u’_u’_u whenx=1,y=2,t=0
dx dy Ot
23. R = In(u® + v* + w?),
u=x+2y, v=2x—y w=2xy;
dR IR
—, — whenx=y=1
ox dy
24. M =xe™%, x=2uv, y=u-—v z=u+v;
oM oM
—, — whenu=3,v= -1
Ju Jv
25. u=x>+yz, x=prcosf, y=prsinh, z=p+r;
du du Jdu
_— — whenp=2,r=3,0=0
ap odr a0
26. Y=wtan "(uv), u=r+s, v=s+t w=t+r;
aY aY aY
—, —, — whenr=1,s=0,1=1
ar ds Ot
27-30 Use Equation 6 to find dy/dx.
27. Vxy =1+ x% 28. y5+x2y3=1+ye":
29. cos(x — y) = xe” 30. sinx + cosy = sinx cosy

31-34 Use Equations 7 to find dz/dx and 9z/dy.

31
33

B2] xyz = cos(x + y + z)
34. yz=In(x + 2)

x4y + 22 =3xyz

. x — z = arctan(yz)

5] The temperature at a point (x, y) is 7(x, y), measured in degrees

36.

Celsius. A bug crawls so that its position after 7 seconds is
given by x = /1 + 7,y =2 + 1, where x and y are measured
in centimeters. The temperature function satisfies 7,(2, 3) = 4
and 7,(2, 3) = 3. How fast is the temperature rising on the
bug’s path after 3 seconds?

Wheat production W in a given year depends on the average
temperature 7" and the annual rainfall R. Scientists estimate
that the average temperature is rising at a rate of 0.15°C/year
and rainfall is decreasing at a rate of 0.1 cm/year. They also

estimate that, at current production levels, dW/dT = —2

and 0W/dR = 8.

(a) What is the significance of the signs of these partial
derivatives?

(b) Estimate the current rate of change of wheat production,
dW/dt.

37.

38.

The speed of sound traveling through ocean water with salinity
35 parts per thousand has been modeled by the equation

C = 1449.2 + 4.6T — 0.055T* + 0.000297° + 0.016D

where C is the speed of sound (in meters per second), 7 is the
temperature (in degrees Celsius), and D is the depth below the
ocean surface (in meters). A scuba diver began a leisurely dive
into the ocean water; the diver’s depth and the surrounding
water temperature over time are recorded in the following
graphs. Estimate the rate of change (with respect to time) of
the speed of sound through the ocean water experienced by the
diver 20 minutes into the dive. What are the units?

D 6
20 I — :
T

15 12

10 10 "
51— 8

10 20 30 40 ! 10 20 30 40 !
(min) (min)

The radius of a right circular cone is increasing at a rate of

4.6 cm/s while its height is decreasing at a rate of 6.5 cm/s. At
what rate is the volume of the cone changing when the radius is
300 cm and the height is 350 cm?

The length €, width w, and height 4 of a box change with

40.

41.

42.

43.

time. At a certain instant the dimensions are € = 1 m and

w = h = 2m, and € and w are increasing at a rate of 2 m/s
while & is decreasing at a rate of 3 m/s. At that instant find the
rates at which the following quantities are changing.

(a) The volume

(b) The surface area

(c) The length of a diagonal

The voltage V in a simple electrical circuit is slowly decreasing
as the battery wears out. The resistance R is slowly increasing
as the resistor heats up. Use Ohm’s Law, V = IR, to find how
the current 7 is changing at the moment when R = 400 (),
I=0.08 A, dV/dt = —0.01 V/s, and dR/dt = 0.03 Q/s.

The pressure of 1 mole of an ideal gas is increasing at a rate
of 0.05 kPa/s and the temperature is increasing at a rate of
0.15 K/s. Use the equation in Example 2 to find the rate of
change of the volume when the pressure is 20 kPa and the
temperature is 320 K.

Car A is traveling north on Highway 16 and car B is traveling
west on Highway 83. Each car is approaching the intersection
of these highways. At a certain moment, car A is 0.3 km from
the intersection and traveling at 90 km/h while car B is 0.4 km
from the intersection and traveling at 80 km/h. How fast is the
distance between the cars changing at that moment?

One side of a triangle is increasing at a rate of 3 cm/s and a
second side is decreasing at a rate of 2 cm/s. If the area of the



triangle remains constant, at what rate does the angle between
the sides change when the first side is 20 cm long, the second
side is 30 cm, and the angle is 7/6?

44. If a sound with frequency f; is produced by a source traveling
along a line with speed v, and an observer is traveling with
speed v, along the same line from the opposite direction toward
the source, then the frequency of the sound heard by the

observer is
¢+,
fo=\—"—"—""]k
c— v

where c is the speed of sound, about 332 m/s. (This is the
Doppler effect.) Suppose that, at a particular moment, you

are in a train traveling at 34 m/s and accelerating at 1.2 m/s”.
A train is approaching you from the opposite direction on the
other track at 40 m/s, accelerating at 1.4 m/s?, and sounds its
whistle, which has a frequency of 460 Hz. At that instant, what
is the perceived frequency that you hear and how fast is it
changing?

45-48 Assume that all the given functions are differentiable.

[45.] If z = f(x, y), where x = rcos 8 and y = rsin 6, (a) find 9z/dr
and dz/36 and (b) show that

9z \? 9z \? 9z \* 1 [9z)?
— ] + =) ={—=) +—=
ox ady ar r-\ a0

46. If u = f(x, y), where x = e”cos 7 and y = e’ sin 7, show that

(5e) =) -~ Ge) - (5

az @
A7) 1f z = f(x — y), show thata—z + —ai= 0.
x o dy

48. If z = f(x, y), where x = s + rand y = s — ¢, show that

o\ (a2 _ oz 0z
ox ay ds ot

49-54 Assume that all the given functions have continuous
second-order partial derivatives.

49. Show that any function of the form
z=f(x + at) + g(x — at)

is a solution of the wave equation

Pz _ 20

a
ot? ax?

[Hint: Letu = x + at,v = x — at.]

50.

51

52.

53.

54.
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If u = f(x, y), where x = e’ cos t and y = e° sin ¢, show that

Pu u _,:[ Pu u ]
+— = =

2 > B +—
ox~ ay~ as~ ot~

If z = f(x, y), where x = r* + s> and y = 2rs, find 9°z/dr ds.
(Compare with Example 7.)

If z = f(x, y), where x = rcos § and y = rsin 6, find
(a) 9z/dr, (b) 9z/96, and (c) 8°z/dr 96.

If z = f(x, y), where x = rcos 6 and y = r sin 6, show that

1 0% 1 0z

Pz 9z 9%z z
r’ 96*  r or

2 2

+—==—
ax~ ay~* ar-

Suppose z = f(x, y), where x = ¢g(s, 1) and y = h(s, 7).
(a) Show that

0%z 7z [ ax \? 9z ax dy a7z [ ay \?
= =-a\7 t2——— =t
ot ax~ \ ot dxdy ot ot dy~ \ ot

Bz ¥x | &z &y
ax o> 9y or?

(b) Find a similar formula for 8%z/ds dz.

55.

56.

57.

58.

A function f is called homogeneous of degree n if it satisfies

the equation f(rx, ty) = t"f(x, y) for all #, where n is a positive

integer and f has continuous second-order partial derivatives.

(a) Verify that f(x,y) = x*y + 2xy? + 5y° is homogeneous
of degree 3.

(b) Show that if f is homogeneous of degree n, then

)
x—+y f

ax Ty T nf(x,y)

[Hint: Use the Chain Rule to differentiate f(rx, zy) with

respect to ¢.]

If f is homogeneous of degree n, show that

& & o
7 ——j; + 2xy ar + y? ]:
ax dxdy  dy”

X

=n(n = Df(x,y)

If f is homogeneous of degree n, show that
flex, ty) = 1" fi(x, y)

Suppose that the equation F(x, y, z) = 0 implicitly defines each
of the three variables x, y, and z as functions of the other two:
z=f(x,y),y=g(x, z), x = h(y, z). If F is differentiable and
F., F,, and F: are all nonzero, show that

dz dx dy

dx dy 0z
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15.6| EXERCISES

1. A contour map of barometric pressure in hectopascals (hPa) is
shown for Australia on December 28, 2004. Estimate the value
of the directional derivative of the pressure function at Alice
Springs in the direction of Adelaide. What are the units of the
directional derivative?

a. Reproduced by permission.
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2. The contour map shows the average maximum temperature for
November 2004 (in °C). Estimate the value of the directional
derivative of this temperature function at Dubbo, New South
Wales, in the direction of Sydney. What are the units?

Reproduced by permission.
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3. A table of values for the wind-chill index W = f(T, v) is given
in Exercise 3 on page 924. Use the table to estimate the value
of D, f(—20, 30), where u = (i + j)/v/2.

4-6 Find the directional derivative of f at the given point in the
direction indicated by the angle 6.

4. f(x,y) =x% —y% (2,1), 0=m/4

5 f(x,y) =ye™*, (0,4), 6=2m/3

6. f(x,y) = xsin(xy), (2,0), 6= m/3

7-10

(a) Find the gradient of f.

(b) Evaluate the gradient at the point P.

(c) Find the rate of change of f at P in the direction of the
vector u.

T f(xy) = 5x? = 4x'y. P(L2), u=(55)
8 f(x,y)=ylnx, P(1,-3), u=(-%1%)
9. f(x.y.2) = xe”, P(3,0,2), u=(%-21)

10. f(x.y.2) = Va+yz, P(,3, 1), u=(35)

11-17 Find the directional derivative of the function at the given
point in the direction of the vector v.

(L f(x,y) =1+ 2xy/y, (3,4), v=(4,-3)

12. f(x,y) = In(x* + y?), (2,1), v=(-1,2)

13. g(p, @) = p* — p*¢°, (2, 1), v=1i+3j

14. g(r,s) = tan"'(rs), (1,2), v=>5i+ 10j

I5. f(x,y,z) = xe* + ye’ + ze*, (0,0,0), v=<(51,-2)
16. f(x,y.2) = Vayz, (3,2,6), v=(—1,-2,2)

17. g(x, y,2) = (x + 2y + 3202, (1,1,2), v=2j—k

18. Use the figure to estimate D, f(2, 2).
Y (2,2)

u
Vf(2,2)

0 AW

Find the directional derivative of f(x,y) = +/xy at P(2, 8) in
the direction of Q(5, 4).

20. Find the directional derivative of f(x, y, z) = xy + yz + zx at
P(1, —1, 3) in the direction of Q(2, 4, 5).

21-26 Find the maximum rate of change of f at the given point

and the direction in which it occurs.

2. f(x,y) = y%/x, (2,4)

22. f(p.q) =qe” + pe™’, (0,0)

23] f(x, y) = sin(xy), (1,0)

24, f(x,y,z) = (x + y)/z, (1,1,-1)

25. f(x,y,z) = /x2 +y2+z2, (3,6, —2)

26. f(x,y,z) = tan(x + 2y + 3z2), (=5,1,1)
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(a) Show that a differentiable function f decreases most
rapidly at x in the direction opposite to the gradient vector,
that is, in the direction of —V f(x).
(b) Use the result of part (a) to find the direction in which the
function f(x, y) = x*y — x*y* decreases fastest at the
point (2, —3).

28. Find the directions in which the directional derivative of
f(x,y) = ye ™ at the point (0, 2) has the value 1.

Find all points at which the direction of fastest change of the
function f(x,y) = x> + y> — 2x — 4yisi + j.

30. Near a buoy, the depth of a lake at the point with coordinates
(x,y) is z = 200 + 0.02x? — 0.001y?, where x, y, and z are
measured in meters. A fisherman in a small boat starts at the
point (80, 60) and moves toward the buoy, which is located at
(0, 0). Is the water under the boat getting deeper or shallower
when he departs? Explain.

31. The temperature 7 in a metal ball is inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point (1, 2, 2) is 120°.

(a) Find the rate of change of T at (1, 2, 2) in the direction
toward the point (2, 1, 3).

(b) Show that at any point in the ball the direction of greatest
increase in temperature is given by a vector that points
toward the origin.

32. The temperature at a point (x, y, z) is given by
T(x,y,z) = 200¢ % "%

where T is measured in °C and x, y, z in meters.
(a) Find the rate of change of temperature at the point
P(2, —1, 2) in the direction toward the point (3, —3, 3).
(b) In which direction does the temperature increase fastest
at P?
(c) Find the maximum rate of increase at P.

[33.] Suppose that over a certain region of space the electrical poten-
tial V is given by V(x, y, z) = 5x* — 3xy + xyz.
(a) Find the rate of change of the potential at P(3, 4, 5) in the
direction of the vectorv =1 + j — k.
(b) In which direction does V change most rapidly at P?
(c) What is the maximum rate of change at P?

34. Suppose you are climbing a hill whose shape is given by the
equation z = 1000 — 0.005x* — 0.01y?, where x, y, and z are
measured in meters, and you are standing at a point with coor-
dinates (60, 40, 966). The positive x-axis points east and the
positive y-axis points north.

(a) If you walk due south, will you start to ascend or descend?
At what rate?

(b) If you walk northwest, will you start to ascend or descend?
At what rate?

(c) In which direction is the slope largest? What is the rate of
ascent in that direction? At what angle above the horizontal
does the path in that direction begin?

35. Let f be a function of two variables that has continuous
partial derivatives and consider the points A(1, 3), B(3, 3),
C(1,7), and D(6, 15). The directional derivative of f at A in the
direction of the vector_z)'{B is 3 and the directional derivative at
A in the direction of AC is 26. Find [tﬁ directional derivative of
f at A in the direction of the vector AD.

36. For the given contour map draw the curves of steepest ascent
starting at P and at Q.

37. Show that the operation of taking the gradient of a function has
the given property. Assume that # and v are differentiable func-
tions of x and y and that a, b are constants.

(a) V(au + bv) =aVu + bVv (b) V(uv) =uVo + vVu

u vVu —uVy
(C)V<;> I E—

v

(d) Vu" = nu""'Vu

38. Sketch the gradient vector V£ (4, 6) for the function f whose
level curves are shown. Explain how you chose the direction
and length of this vector.

VA

39-44 Find equations of (a) the tangent plane and (b) the normal
line to the given surface at the specified point.

39. 2(x — 2+ (y — 1)*+ (z —3)*=10, (3,3,5)
40. y =x*—z% (4,7.3)

41. x> -2y’ + 22+ yz=2, (2,1,-1)

42. x — z =4arctan(yz), (1 + 7 1,1)
M]z+1=uxecosz, (1,0,0)

44. yz = In(x + z), (0,0,1)
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45-46 Use a computer to graph the surface, the tangent plane,
and the normal line on the same screen. Choose the domain care-
fully so that you avoid extraneous vertical planes. Choose the
viewpoint so that you get a good view of all three objects.

45.
46.

xy+yz+zx=3, (I,1,1)

xyz =6, (1,2,3)

47.

48.

49.

50.

51

52.

53.

54.

55.

If f(x, y) = xy, find the gradient vector V£(3, 2) and use it
to find the tangent line to the level curve f(x, y) = 6 at the
point (3, 2). Sketch the level curve, the tangent line, and the
gradient vector.

If g(x, y) = x> + y* — 4x, find the gradient vector Vg(1, 2)
and use it to find the tangent line to the level curve

g(x, y) = 1 at the point (1, 2). Sketch the level curve, the
tangent line, and the gradient vector.

Show that the equation of the tangent plane to the ellipsoid
x*/a* + y*/b* + z*/c* = 1 at the point (xo, yo, Zo) can be
written as

XXo YYo ZZgy
2Ty e !

Find the equation of the tangent plane to the hyperboloid
x*/a* + y*/b* — z%/c* = 1 at (xo, Yo, 20) and express it in a
form similar to the one in Exercise 49.

Show that the equation of the tangent plane to the elliptic
paraboloid z/c = x*/a* + y*/b? at the point (xo, yo, zo) can
be written as

2xx0 " 2yvo _z + 2z

a’ b? c

At what point on the paraboloid y = x* + z? is the tangent
plane parallel to the plane x + 2y + 3z = 1?

Are there any points on the hyperboloid x* — y* — z2 = 1
where the tangent plane is parallel to the plane z = x + y?

Show that the ellipsoid 3x* + 2y* + z? = 9 and the sphere
x* + y* + z* — 8x — 6y — 8z + 24 = 0 are tangent to each
other at the point (1, 1, 2). (This means that they have a com-
mon tangent plane at the point.)

Show that every plane that is tangent to the cone
x? + y? = z? passes through the origin.

15.7

56.

Show that every normal line to the sphere x* + y* + z* = r?
passes through the center of the sphere.

Show that the sum of the x-, y-, and z-intercepts of any

58.

59.

60.

Y
K]

61.

62.

Ta.

5
LIC]

tangent plane to the surface vx + /y + vz =+ isa
constant.

Show that the pyramids cut off from the first octant by any
tangent planes to the surface xyz = 1 at points in the first
octant must all have the same volume.

Find parametric equations for the tangent line to the curve of
intersection of the paraboloid z = x> + y? and the ellipsoid
4x® + y* + 7z = 9 at the point (—1, 1, 2).

(a) The plane y + z = 3 intersects the cylinder x* + y* = 5
in an ellipse. Find parametric equations for the tangent
line to this ellipse at the point (1, 2, 1).

(b) Graph the cylinder, the plane, and the tangent line on the
same screen.

(a) Two surfaces are called orthogonal at a point of inter-
section if their normal lines are perpendicular at that
point. Show that surfaces with equations F(x, y, z) = 0
and G(x, y, z) = 0 are orthogonal at a point P where
VF # 0 and VG # 0 if and only if

F.G,+ F,G,+ F.G.=0 atP

(b) Use part (a) to show that the surfaces z> = x* + y* and
x* + y? + z? = r? are orthogonal at every point of
intersection. Can you see why this is true without using
calculus?

(a) Show that the function f(x, y) = </xy is continuous and
the partial derivatives f, and f; exist at the origin but the
directional derivatives in all other directions do not exist.

(b) Graph f near the origin and comment on how the graph
confirms part (a).

Suppose that the directional derivatives of f(x, y) are known

64.

at a given point in two nonparallel directions given by unit
vectors u and v. Is it possible to find V£ at this point? If so,
how would you do it?

Show that if z = f(x, y) is differentiable at xo = (xo, yo),
then
) = fxo) = Vf(xo) * (x — Xo) _

0
X = x|

lim

X—Xg

[Hint: Use Definition 15.4.7 directly.]

MAXIMUM AND MINIMUM VALUES

As we saw in Chapter 4, one of the main uses of ordinary derivatives is in finding maxi-
mum and minimum values. In this section we see how to use partial derivatives to locate
maxima and minima of functions of two variables. In particular, in Example 6 we will see
how to maximize the volume of a box without a lid if we have a fixed amount of cardboard

to work with.
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We close this section by giving a proof of the first part of the Second Derivatives Test.
Part (b) has a similar proof.

PROOF OF THEOREM 3, PART (A) We compute the second-order directional derivative of f in
the direction of u = (h, k). The first-order derivative is given by Theorem 15.6.3:

D.f = fh + fik

Applying this theorem a second time, we have

Dif = DuDuf) = ;—x (Dufh + j—y (Duf)k

= (fxxh +f,v.rk)h + (fx,vh +fyyk)k

= fi h® + 2fwhk + fyyk2 (by Clairaut’s Theorem)

If we complete the square in this expression, we obtain

m Dw=ﬁ<h+§ig +?%ﬂ¢w—ﬁ»

We are given that f;,(a, b) > 0 and D(a, b) > 0. But f,, and D = f.. f,, — f.> are con-
tinuous functions, so there is a disk B with center (a, b) and radius 8 > 0 such that
fu(x,y) > 0 and D(x, y) > 0 whenever (x, y) is in B. Therefore, by looking at Equation
10, we see that D] f(x, y) > 0 whenever (x, y) is in B. This means that if C is the curve
obtained by intersecting the graph of f with the vertical plane through P(a, b, f(a, b)) in
the direction of u, then C is concave upward on an interval of length 26. This is true in
the direction of every vector u, so if we restrict (x, y) to lie in B, the graph of f lies
above its horizontal tangent plane at P. Thus f(x, y) = f(a, b) whenever (x, y) is in B.

This shows that f(a, b) is a local minimum. O

_|15.7| EXERCISES
[1.] Suppose (1, 1) is a critical point of a function f with contin- reasoning. Then usc the Second Derivatives Test to confirm your

uous second derivatives. In each case, what can you say predictions.

about f? . 5 4

xy)=4+x +y — 3xy
@ fuLD) =4, fo(LD =1 fiul])=2 3] f6) oy
M) fu(l, ) =4, f,(1,1) =3, f(l,1)=2

3-4 Use the level curves in the figure to predict the location of
the critical points of f and whether f has a saddle point or a
local maximum or minimum at each critical point. Explain your

. Suppose (0, 2) is a critical point of a function g with contin-
uous second derivatives. In each case, what can you say

about g?
(a) g.\'.\'(Os 2) = —1,

(b) 9..(0,2) = —1,
() 9:(0,2) = 4,

9:+(0,2) = 6,
9:,(0,2) = 2,
9:5(0,2) = 6,

9,\;\-(0, 2) = 1
9:+(0,2) = =8
9,,(0,2) =9 ’




4. f(xs _V) =3x —x’ - 2},1 + yd

5-18 Find the local maximum and minimum values and saddle
point(s) of the function. If you have three-dimensional graphing
software, graph the function with a domain and viewpoint that
reveal all the important aspects of the function.

5. f(x,y) =9 — 2x + 4y — x> — 4y°
6. f(x,y) = x + 12x* — 8y
1. fluy) =x*+y*+xy +4
8. f(x,y) = ey
9. fx,y)=xy—2x—y
10. f(x,y) =2x° + xy? + 5x* + y?
1. f(x,y) = x* — 12xy + 8y’
12. f(x,y) = xy + L.
X y
(3] f(x,y) = e*cos y
14. f(x,y) = ycosx
I5. fx,y) = (x> + y)er ™
16. f(x,y) = e’(y* — x?)
17. f(x,y) = y* = 2ycosx, —1l<sx<7

18. f(x,y) =sinxsiny, —nwm<x<m -w<y<mw

19. Show that f(x, y) = x> + 4y> — 4xy + 2 has an infinite
number of critical points and that D = 0 at each one. Then
show that f has a local (and absolute) minimum at each
critical point.

20. Show that f(x, y) = xzye"‘z’y: has maximum values at
(1, 1/4/2 ) and minimum values at (=1, —1/4/2 ). Show

also that f has infinitely many other critical points and D = 0

at each of them. Which of them give rise to maximum
values? Minimum values? Saddle points?

21-24 Use a graph and/or level curves to estimate the local
maximum and minimum values and saddle point(s) of the
function. Then use calculus to find these values precisely.

5

2L flx,y) =x*+ y*+ x72%y2
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22. f(x,y) = x;ue‘“:""2

23. f(x,y) = sinx + siny + sin(x + y),
Osxs=2mn 0sy=<2w

24. f(x,y) = sin x + siny + cos(x + y),
O0sx<s7/4, 0<y<7/4

25-28 Use a graphing device as in Example 4 (or Newton’s
method or a rootfinder) to find the critical points of f correct to
three decimal places. Then classify the critical points and find the
highest or lowest points on the graph.

25 f(x,y)=x* =52+ y? +3x + 2
26. f(x,y) =5 — 10xy — 4x> + 3y — y*
27. f(x,y) = 2x + 4x? — y? + 2xy? — x* — y*

28. f(x,y) =e"+y* —x*+4cosy

29-36 Find the absolute maximum and minimum values of f on
the set D.

29. f(x,y) =1 + 4x — 5y, D is the closed triangular region
with vertices (0, 0), (2, 0), and (0, 3)

30. f(x,y) =3+ xy — x — 2y, D isthe closed triangular
region with vertices (1, 0), (5, 0), and (1, 4)

BL] f(x,y) = x> + y* + x’y + 4,
D={(xy||x|=<1,|y|<1}

32, f(x,y) = 4x + 6y — x> — )2,
D={(L,V)|()<x$4,0s_ys5}

33. flr,y) =x*+y*—4xy +2,
D={(x7)’)|0$x$3,0sy<2}

34. f(x,y)=xy>, D={(xy)|x=0,y=0x>+y><3}
35 flx,y) =2x"+y*, D={(xy|x*+y’<1}

36. f(x,y) =x*—3x — y* + 12y, D is the quadrilateral
whose vertices are (—2, 3), (2, 3), (2, 2), and (—2, —2).

37. For functions of one variable it is impossible for a continuous
function to have two local maxima and no local minimum.
But for functions of two variables such functions exist. Show
that the function

fy)=—-(2—12—(xy—x— 1)

has only two critical points, but has local maxima at both
of them. Then use a computer to produce a graph with a
carefully chosen domain and viewpoint to see how this is
possible.

38

/19 38. If a function of one variable is continuous on an interval and

has only one critical number, then a local maximum has to be
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39.

40.
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an absolute maximum. But this is not true for functions of two
variables. Show that the function

Flx,y) =3xe” — x° — ¥

has exactly one critical point, and that f has a local maximum
there that is not an absolute maximum. Then use a computer to
produce a graph with a carefully chosen domain and viewpoint
to see how this is possible.

Find the shortest distance from the point (2, 1, —1) to the
planex + y —z = 1.

Find the point on the plane x — y + z = 4 that is closest to the
point (1, 2, 3).

Find the points on the cone z> = x? + y? that are closest to the

42.

point (4, 2, 0).

Find the points on the surface y> = 9 + xz that are closest to
the origin.

Find three positive numbers whose sum is 100 and whose

44.

45.

46.

47.

48.

49.

50.

product is a maximum.

Find three positive numbers whose sum is 12 and the sum of
whose squares is as small as possible.

Find the maximum volume of a rectangular box that is
inscribed in a sphere of radius .

Find the dimensions of the box with volume 1000 cm? that has
minimal surface area.

Find the volume of the largest rectangular box in the first
octant with three faces in the coordinate planes and one
vertex in the plane x + 2y + 3z = 6.

Find the dimensions of the rectangular box with largest
volume if the total surface area is given as 64 cm’.

Find the dimensions of a rectangular box of maximum volume
such that the sum of the lengths of its 12 edges is a constant c.

The base of an aquarium with given volume V is made of slate
and the sides are made of glass. If slate costs five times as
much (per unit area) as glass, find the dimensions of the aquar-
ium that minimize the cost of the materials.

[51.] A cardboard box without a lid is to have a volume of

52.

32,000 cm’. Find the dimensions that minimize the amount
of cardboard used.

A rectangular building is being designed to minimize

heat loss. The east and west walls lose heat at a rate of

10 units/m? per day, the north and south walls at a rate of

8 units/m’ per day, the floor at a rate of 1 unit/m? per day, and

the roof at a rate of 5 units/m?” per day. Each wall must be at

least 30 m long, the height must be at least 4 m, and the

volume must be exactly 4000 m”.

(a) Find and sketch the domain of the heat loss as a function of
the lengths of the sides.

53.

54.

55.

56.

(b) Find the dimensions that minimize heat loss. (Check both
the critical points and the points on the boundary of the
domain.)

(c) Could you design a building with even less heat loss
if the restrictions on the lengths of the walls were removed?

It the length of the diagonal of a rectangular box must be L,
what is the largest possible volume?

Three alleles (alternative versions of a gene) A, B, and O
determine the four blood types A (AA or AO), B (BB or BO),
O (00), and AB. The Hardy-Weinberg Law states that the pro-
portion of individuals in a population who carry two different
alleles is

P =2pq + 2pr + 2rq

where p, g, and r are the proportions of A, B, and O in the
population. Use the fact that p + ¢ + r = 1 to show that P is
at most 3.

Suppose that a scientist has reason to believe that two quan-
tities x and y are related linearly, that is, y = mx + b, at least
approximately, for some values of m and b. The scientist
performs an experiment and collects data in the form of points
(x1, y1), (x2, y2), . . ., (x5 ¥4), and then plots these points. The
points don’t lie exactly on a straight line, so the scientist wants
to find constants m and b so that the line y = mx + b “fits” the
points as well as possible. (See the figure.)

B

Let d; = y; — (mx; + b) be the vertical deviation of the point
(x;, y;) from the line. The method of least squares determines
m and b so as to minimize 3/_; d7, the sum of the squares of
these deviations. Show that, according to this method, the line
of best fit is obtained when

mEx,-+bn:2y,-

i=1 i=1
n n n
mzx,-z-’-bEX,-: EJC;)’i
=1 -1 i=1

Thus the line is found by solving these two equations in the
two unknowns m and b. (See Section 1.2 for a further discus-
sion and applications of the method of least squares.)

Find an equation of the plane that passes through the point
(1, 2, 3) and cuts off the smallest volume in the first octant.
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5.8 | EXERCISES

[1] Pictured are a contour map of f and a curve with equation
g(x, y) = 8. Estimate the maximum and minimum values
of f subject to the constraint that g(x, y) = 8. Explain your
reasoning.

VA

40

v/
i

2. (a) Use a graphing calculator or computer to graph the circle
x* + y* = 1. On the same screen, graph several curves of
the form x* + y = c until you find two that just touch the
circle. What is the significance of the values of ¢ for these
two curves?

(b) Use Lagrange multipliers to find the extreme values of
f(x,y) = x? + y subject to the constraint x> + y? = 1.
Compare your answers with those in part (a).

//ﬁ\

3-17 Use Lagrange multipliers to find the maximum and
minimum values of the function subject to the given constraint(s).
B fxy) =x*+y% xy=1

4, f(x,y)=4x+6y; x*+y*=13

x*+2y’=6

5. fx.y) = x%;
6. f(x,y)=¢e"; x*+y'=16
7. f(x,y,2) =2x + 6y + 10z; x>+ y>+22=35
8. f(x,y,z) =8x —4z; x>+ 10y*+z2=5
9. f(x,v.2) =xyz; x*+2°+322=6

10. f(x,y,2) =x%y2% x*+y*+22=1

0L fx,y,2) =x2+y*+ 2% x*+y'+24=
12. f(x,y,2) =x*+y* + 2%
13. fx,y,z,0=x+y+z+t; x*+y’+2+17=1

14, f(x1, %2, ....%) = X1+ X2+ *+ - + Xu3

xt+x3+ - +x2=1

I5. fOx,y,2)=x+2y; x+y+z=1, y?+z72=4
16. f(x,y,z) =3x —y — 3z

x+y—2z=0, x*+22=1
17. f(x,y,z) =yz+xy; xy=1, y>+z2=1

18-19 Find the extreme values of f on the region described by
the inequality.

18. f(x,y) =2x>+3y2—4x—5, x*+y*<16

fx,y)=e™, x*+4y’<1

20. Consider the problem of maximizing the function

f(x,y) = 2x + 3y subject to the constraint \/; + \/\7 = 5.

(a) Try using Lagrange multipliers to solve the problem.

(b) Does f(25, 0) give a larger value than the one in part (a)?

(c) Solve the problem by graphing the constraint equation
and several level curves of f.

(d) Explain why the method of Lagrange multipliers fails to
solve the problem.

(e) What is the significance of £(9, 4)?

A

T
[

21. Consider the problem of minimizing the function f(x, y) = x

on the curve y> + x* — x* = 0 (a piriform).

(a) Try using Lagrange multipliers to solve the problem.

(b) Show that the minimum value is f(0, 0) = 0 but the
Lagrange condition V£(0, 0) = AVg(0, 0) is not satisfied
for any value of A.

(c) Explain why Lagrange multipliers fail to find the mini-
mum value in this case.

[(&s]22. (a) If your computer algebra system plots implicitly defined
curves, use it to estimate the minimum and maximum val-
ues of f(x,y) = x> + y* + 3xy subject to the constraint
(x — 3)> + (y — 3)> = 9 by graphical methods.

(b) Solve the problem in part (a) with the aid of Lagrange
multipliers. Use your CAS to solve the equations numeri-

cally. Compare your answers with those in part (a).

23. The total production P of a certain product depends on the
amount L of labor used and the amount K of capital invest-
ment. In Sections 15.1 and 15.3 we discussed how the Cobb-
Douglas model P = bL*K'~* follows from certain economic
assumptions, where b and « are positive constants and o < 1.
If the cost of a unit of labor is m and the cost of a unit of
capital is n, and the company can spend only p dollars as its
total budget, then maximizing the production P is subject to
the constraint mL + nK = p. Show that the maximum
production occurs when

1 F=
and K=L"9P
m n



M
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24. Referring to Exercise 23, we now suppose that the pro-
duction is fixed at bL°K'"® = Q, where Q is a constant.
What values of L and K minimize the cost function
C(L,K) =mL + nK?

[25] Use Lagrange multipliers to prove that the rectangle with
maximum area that has a given perimeter p is a square.

26. Use Lagrange multipliers to prove that the triangle with
maximum area that has a given perimeter p is equilateral.
Hint: Use Heron’s formula for the area:

A=1s(s —x)(s —y)(s — 2

where s = p/2 and x, y, z are the lengths of the sides.

27-39 Use Lagrange multipliers to give an alternate solution to
the indicated exercise in Section 15.7.

27. Exercise 39 28.
29. Exercise 41 30.
31. Exercise 43 32.
33. Exercise 45 34.
35 Exercise 47 36.
37. 38.
39.

Exercise 40
Exercise 42
Exercise 44
Exercise 46
Exercise 48
Exercise 49 Exercise 50

Exercise 53

40. Find the maximum and minimum volumes of a rectangular
box whose surface area is 1500 cm” and whose total edge

length is 200 cm.

The plane x + y + 2z = 2 intersects the paraboloid

41.
z = x? 4 y*in an ellipse. Find the points on this ellipse that
are nearest to and farthest from the origin.

42. The plane 4x — 3y + 8z = 5 intersects the cone

72 = x> + y?in an ellipse.
(a) Graph the cone, the plane, and the ellipse.
(b) Use Lagrange multipliers to find the highest and lowest

points on the ellipse.

APPLIED ROCKET SCIENCE

APPLIED PROJECT ROCKET SCIENCE 977

[(AS]43-44 Find the maximum and minimum values of f subject to
the given constraints. Use a computer algebra system to solve the
system of equations that arises in using Lagrange multipliers. (If
your CAS finds only one solution, you may need to use additional
commands.)

43. f(x,y,z) =ye* " 9x* + 4y? + 3622 =36, xy + yz = 1

4. f(x,y,z)=x+y+z; x>*—y*=z x*+z2=4

(a) Find the maximum value of

flo, x2, 00y %0) = Ymix2 - -+ x4
given that x, x, . . ., x, are positive numbers and
x; + x>+ -+ + x, = ¢, where c is a constant.

(b) Deduce from part (a) that if x;, x, . .
numbers, then

" X|+X2+"'+X,,
VX1X2* * Xy =

n

., X, are positive

This inequality says that the geometric mean of n
numbers is no larger than the arithmetic mean of the
numbers. Under what circumstances are these two
means equal?

46. (a) Maximize 2}, x;y; subject to the constraints >}, xt=1
and Zf, y? = 1.
(b) Put
a; b
x; = vl* and Yi= T
2y Z b?

to show that
2 a,'b,' = 1/2 ajz \/z bj2

for any numbers ay, . . ., a,, by, . .., b,. This inequality is
known as the Cauchy-Schwarz Inequality.

PROIJECT

Many rockets, such as the Pegasus XL currently used to launch satellites and the Saturn V that

first put men on the moon, are designed to use three stages in their ascent into space. A large first
stage initially propels the rocket until its fuel is consumed, at which point the stage is jettisoned
to reduce the mass of the rocket. The smaller second and third stages function similarly in order
to place the rocket’s payload into orbit about the earth. (With this design, at least two stages are
required in order to reach the necessary velocities, and using three stages has proven to be a good
compromise between cost and performance.) Our goal here is to determine the individual masses
of the three stages, which are to be designed in such a way as to minimize the total mass of the
rocket while enabling it to reach a desired velocity.
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I5 | REVIEW

CONCEPT CHECK

(a) What is a function of two variables?
(b) Describe three methods for visualizing a function of two
variables.

. If z is defined implicitly as a function of x and y by an equation

of the form F(x, y, z) = 0, how do you find 9z/dx and dz/dy?

. (a) Write an expression as a limit for the directional derivative

2. What is a function of three variables? How can you visualize . Nl A
such a function? of f at (xo, yo) in the direction of a unit vector u = (a, b).
How do you interpret it as a rate? How do you interpret it
3. What does geometrically?
. v%iir(la R fl,y)=L (b) If f is differentiable, write an expression for D, f(xo, yo) in
o terms of f; and f,.
mean? How can you show that such a limit does not exist?
4. (a) What does it mean to say that f is continuous at (a, b)? 14. (a) Define the gradient vector Vf for a function f of two or
(b) If £ is continuous on R?, what can you say about its graph? three variables.
) ) ) o (b) Express D, f in terms of Vf.
5. (a) Write expressions for the partial derivatives f,(a, b) and (c) Explain the geometric significance of the gradient.
f(a, b) as limits.
(b) How do you interpret f(a, b) and f,(a, b) geometrically? 15. What do the following statements mean?
How do you interpret them as rates of change? (a) f has a local maximum at (a, b).
(c) If f(x, y) is given by a formula, how do you calculate f; (b) f has an absolute maximum at (g, b).
and f,? (c) f has alocal minimum at (a, b).
6. What does Clairaut’s Theorem say? (d) f has an absolute minimum at (a, b).
(e) f has a saddle point at (a, b).
7. How do you find a tangent plane to each of the following types
of surfaces? ) ) 16. (a) If f has a local maximum at (a, b), what can you say about
(a) A graph of a function of two variables, z = f(x, y) its partial derivatives at (a, b)?
(b) A level surface of a function of three variables, (b) What is a critical point of f?
F(x,y,z) =k
8. Define the linearization of f at (a, b). What is the corre- I7. State the Second Derivatives Test.
sponding linear approximation? What is the geometric . e .
interpretation of the linear approximation? 18. (a) What is a closed set in R*? What is a bounfied set?
(b) State the Extreme Value Theorem for functions of two
9. (a) What does it mean to say that f is differentiable variables.
at (a, b)? (c) How do you find the values that the Extreme Value
(b) How do you usually verify that f is differentiable? Theorem guarantees?
10. If z = f(x, y), what are the differentials dx, dy, and dz? 19. Explain how the method of Lagrange multipliers works
11. State the Chain Rule for the case where z = f(x, y) and x and y in finding the extreme values of f(x, y, z) subject to the
are functions of one variable. What if x and y are functions of constraint g(x, y, z) = k. What if there is a second constraint
two variables? h(x,y,z) =c?
TRUE-FALSE QUIZ
Determine whether the statement is true or false. If it is true, explain why. *f
If it is false, explain why or give an example that disproves the statement. 3. fo= ax dy
L f‘(a, b) = [im f(a’ y) _f(a’ b) 4. Dkf(x’ Y, Z) =f:(x’ya Z)
b y—b 5. If f(x,y) — L as (x,y) — (a, b) along every straight line
2. There exists a function f with continuous second-order through (a, b), then lim, )~ .5 f(x, y) = L.
partial derivatives such that f,(x, y) = x + y* and 6. If f.(a, b) and f,(a, b) both exist, then f is differentiable

Hxy) =x—y%

at (a, b).



7. If f has a local minimum at (a, b) and f is differentiable at
(a, b), then Vf(a, b) = 0.

8. If f is a function, then

lim )f(x, y) =f(2,5)

(x3)—2.5

9. If f(x,y) = Iny, then Vf(x,y) = 1/y.

CHAPTER I5 REVIEW |[|| 98I

10. If (2, 1) is a critical point of f and
o2, 1) £5(2, 1) < [fo(2, D]?
then f has a saddle point at (2, 1).
1. If f(x,y) = sin x + sin y, then —/2 < D.f(x,y) < 2.

12. If f(x, y) has two local maxima, then f must have a local
minimum.

EXERCISES

1-2 Find and sketch the domain of the function.
l. f(x,y)=In(x +y + 1)

2 fr,y)=v4d—x2—y2 + 1 —x2

9-10 Evaluate the limit or show that it does not exist.

2xy 2xy

9. lim ———— 10. lm —————
=1 x? + 2y? x)—0,0 x* + 2y?

3-4 Sketch the graph of the function.
3. flr,y)=1-—y?
4. fxy)=x*+(y — 20

5-6 Sketch several level curves of the function.

5. f(x,y) = V4x2 + y?

6. fx,y)=e"+y

7. Make a rough sketch of a contour map for the function whose
graph is shown.

8. A contour map of a function f is shown. Use it to make a
rough sketch of the graph of f.

y

I1. A metal plate is situated in the xy-plane and occupies the
rectangle 0 =< x < 10, 0 = y < §, where x and y are measured
in meters. The temperature at the point (x, y) in the plate is
T(x, y), where T is measured in degrees Celsius. Temperatures
at equally spaced points were measured and recorded in the
table.

(a) Estimate the values of the partial derivatives 7.(6, 4)
and T,(6, 4). What are the units?

(b) Estimate the value of D, T(6, 4), where u = (i + j)/v/2.
Interpret your result.

(c) Estimate the value of 7.,(6, 4).

y
X 0 2 4 6 8

0 30 38 45 51 55

2 52 56 60 62 61

4 78 74 72 68 66

6 98 87 80 75 71

8 96 90 86 80 75
91 T 87 78

12. Find a linear approximation to the temperature function 7 (x, y)
in Exercise 11 near the point (6, 4). Then use it to estimate the
temperature at the point (5, 3.8).

10 92 92

13-17 Find the first partial derivatives.
13. f(x,y) = +/2x + y2

15. g(u,v) = utan™'v 16. w=

14. u = ¢ "sin 20

X

17. T(p,q,r) = pln(g + ¢")
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18. The speed of sound traveling through ocean water is a func-
tion of temperature, salinity, and pressure. It has been
modeled by the function

C = 14492 + 4.6T — 0.055T* + 0.000297"°
+ (1.34 — 0.017)(S — 35) + 0.016D

where C is the speed of sound (in meters per second), T is the
temperature (in degrees Celsius), S is the salinity (the concen-
tration of salts in parts per thousand, which means the num-
ber of grams of dissolved solids per 1000 g of water), and D
is the depth below the ocean surface (in meters). Compute
dC/aT, 0C/dS, and 9C/dD when T = 10°C, § = 35 parts
per thousand, and D = 100 m. Explain the physical signifi-
cance of these partial derivatives.

19-22 Find all second partial derivatives of f.
19. f(x,y) = 4x> — xy? 20. z = xe ¥

2L f(x,y,2) = x*y'z" 22. v = rcos(s + 2t)

dz 0z
23. If z = xy + xe’*, show that x— + »(— =xy+ z
ax dy
24. Tf z = sin(x + sin ¢), show that
o s oo
dx dxat 9t ox?
25-29 Find equations of (a) the tangent plane and (b) the normal
line to the given surface at the specified point.
25, z=3x>—y*+2x, (1,-2,1)
26. z=—¢"cosy, (0,0,1)
27. x* 4+ 2y —32=3, (2,-1,1)
28. xy +yz+zx=3, (1,1,1)
29. sin(xyz) =x + 2y + 3z, (2,—-1,0)

30. Use a computer to graph the surface z = x* + y* and its

tangent plane and normal line at (1, 1, 2) on the same screen.
Choose the domain and viewpoint so that you get a good
view of all three objects.

5

31. Find the points on the hyperboloid x? + 4y* — z* = 4 where
the tangent plane is parallel to the plane 2x + 2y + z = 5.

32. Find du if u = In(1 + se*).

33. Find the linear approximation of the function
f(x,y,z) = x*/y? + z? at the point (2, 3, 4) and use it

to estimate the number (1.98)°y/(3.01)2 + (3.97)2.

34. The two legs of a right triangle are measured as 5 m and
12 m with a possible error in measurement of at most
0.2 cm in each. Use differentials to estimate the maximum
error in the calculated value of (a) the area of the triangle and
(b) the length of the hypotenuse.

35. Ifu = x*y’ + z*, where x = p + 3p?% y = pe”, and
z = p sin p, use the Chain Rule to find du/dp.

36. If v = x’siny + ye™, where x = s + 2t and y = st, use the
Chain Rule to find dv/ds and dv/dt when s = 0 and t = 1.

37. Suppose z = f(x, y), where x = g(s, 1), y = h(s, 1),
g(1,2) = 3,9,1,2) = —1,4/(1,2) = 4, h(1,2) = 6,
h(1,2) = =5, h(1,2) = 10, £.3,6) = 7, and f,(3, 6) = 8.
Find 9z/ds and 9z/0t when s = 1 and t = 2.

38. Use a tree diagram to write out the Chain Rule for the case
where w = f(t, u,v),t = t(p, q, r, s), u = u(p, g, r, s), and
v = v(p, q. r, s) are all differentiable functions.

39. If z = y + f(x* — y?), where f is differentiable, show that

daz Jdz
—+x—=x
0x dy

y

40. The length x of a side of a triangle is increasing at a rate of
6 cm/s, the length y of another side is decreasing at a rate of
4 cm/s, and the contained angle 6 is increasing at a rate of
0.05 radian/s. How fast is the area of the triangle changing
when x = 80 cm, y = 100 cm, and 6 = 7/6?

41. If z = f(u, v), where u = xy, v = y/x, and f has continuous
second partial derivatives, show that
, 9%z 2 0’z Jz Jz

X—5 -y > = —4up——+ 20—
ox= T dy” ou dv v

Jdz

ay’

2 . dz
42, If yz* + x%*2° = ™, find — and
dx

43. Find the gradient of the function f(x, y, z) = 22,

44. (a) When is the directional derivative of f a maximum?
(b) When is it a minimum?
(c) When is it 0?
(d) When is it half of its maximum value?

45-46 Find the directional derivative of f at the given point in
the indicated direction.

45. f(x,y) =2/x —y% (L,95),

in the direction toward the point (4, 1)

46. f(x,y,z) =xy +xJ/1 +z, (1,2,3),

in the direction of v =2i + j — 2k

47. Find the maximum rate of change of f(x,y) = x?y + \/)7
at the point (2, 1). In which direction does it occur?

48. Find the direction in which f(x, y, z) = ze™” increases most
rapidly at the point (0, 1, 2). What is the maximum rate of
increase?

49. The contour map shows wind speed in knots during Hurri-
cane Andrew on August 24, 1992. Use it to estimate the



value of the directional derivative of the wind speed at
Homestead, Florida, in the direction of the eye of the
hurricane.

NOAA / AOML / Hurricane Research Division

| NS SN I |
0 10 20 30 40
(Distance in miles)

50. Find parametric equations of the tangent line at the point
(=2, 2, 4) to the curve of intersection of the surface
z = 2x* — y? and the plane z = 4.

51-54 Find the local maximum and minimum values and saddle
points of the function. If you have three-dimensional graphing
software, graph the function with a domain and viewpoint that
reveal all the important aspects of the function.

51 f(x,y) =x>—xy+y>+9x — 6y + 10
52. f(x,y) = x* — 6xy + 8y°

53. f(x,y) = 3xy — x’y — xy*

54. f(x,y) = (x> + y)e?

55-56 Find the absolute maximum and minimum values of f on
the set D.

55. f(x,y) = 4xy?> — x*y> — xy*; D is the closed triangular
region in the xy-plane with vertices (0, 0), (0, 6), and (6, 0)

56. f(x,y) =e¢* ' (x? +2y?); Disthedisk x>+ y>*<4

57. Use a graph and/or level curves to estimate the local

maximum and minimum values and saddle points of
f(x,y) =x* — 3x + y* — 2y Then use calculus to find
these values precisely.
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58. Use a graphing calculator or computer (or Newton’s method

or a computer algebra system) to find the critical points of
flx,y) =12 + 10y — 2x* — 8xy — y* correct to three
decimal places. Then classify the critical points and find
the highest point on the graph.

59-62 Use Lagrange multipliers to find the maximum and mini-
mum values of f subject to the given constraint(s).

59. f(x,y) = x%y; x*+y’=1

1 1.3
y© ox oy

6l. f(x,y,z) =xyz; x> +y*+2z2=3

+

klb—'

60. f(x,y) =

62. f(x,y,z) =x*+ 2y + 3z%
x+y+z=1, x—y+2z2=2

63. Find the points on the surface xy?z® = 2 that are closest to
the origin.

64. A package in the shape of a rectangular box can be mailed by
the US Postal Service if the sum of its length and girth (the
perimeter of a cross-section perpendicular to the length) is at
most 108 in. Find the dimensions of the package with largest
volume that can be mailed.

65. A pentagon is formed by placing an isosceles triangle on a
rectangle, as shown in the figure. If the pentagon has fixed
perimeter P, find the lengths of the sides of the pentagon that
maximize the area of the pentagon.

66. A particle of mass m moves on the surface z = f(x, y). Let
x = x(1) and y = y(¢) be the x- and y-coordinates of the
particle at time 7.

(a) Find the velocity vector v and the kinetic energy
K = 5m|v|? of the particle.

(b) Determine the acceleration vector a.

(c) Letz = x> + y?and x(¢) = tcos t, y() = tsin t. Find
the velocity vector, the kinetic energy, and the
acceleration vector.



PLUS

6.

. A rectangle with length L and width W is cut into four smaller rectangles by two lines parallel

to the sides. Find the maximum and minimum values of the sum of the squares of the areas of
the smaller rectangles.

Marine biologists have determined that when a shark detects the presence of blood in the water,
it will swim in the direction in which the concentration of the blood increases most rapidly.
Based on certain tests, the concentration of blood (in parts per million) at a point P(x, y) on
the surface of seawater is approximated by

Clx,y) = e~ 20

where x and y are measured in meters in a rectangular coordinate system with the blood source

at the origin.

(a) Identify the level curves of the concentration function and sketch several members of this
family together with a path that a shark will follow to the source.

(b) Suppose a shark is at the point (xo, yo) when it first detects the presence of blood in the
water. Find an equation of the shark’s path by setting up and solving a differential equation.

A long piece of galvanized sheet metal with width w is to be bent into a symmetric form with

three straight sides to make a rain gutter. A cross-section is shown in the figure.

(a) Determine the dimensions that allow the maximum possible flow; that is, find the dimen-
sions that give the maximum possible cross-sectional area.

(b) Would it be better to bend the metal into a gutter with a semicircular cross-section?

For what values of the number r is the function

x+y+2" .

A —. - A #
frypd={+y +2 if (x,y.2) #0

0 if (x,y,z2)=0

continuous on R*?

Suppose f is a differentiable function of one variable. Show that all tangent planes to the
surface z = xf(y/x) intersect in a common point.

(a) Newton’s method for approximating a root of an equation f (x) = 0 (see Section 4.8)
can be adapted to approximating a solution of a system of equations f(x, y) = 0 and
g(x,y) = 0. The surfaces z = f(x, y) and z = g(x, y) intersect in a curve that intersects the
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xy-plane at the point (r, s), which is the solution of the system. If an initial approximation
(x1, y1) is close to this point, then the tangent planes to the surfaces at (x,, y;) intersect in a
straight line that intersects the xy-plane in a point (x2, y»), which should be closer to (r, s).
(Compare with Figure 2 in Section 4.8.) Show that

foy — g

Xp=x — — and Y=y

_ _ f:9 = f9x
£y — £19:

gy = f16:

where f, g, and their partial derivatives are evaluated at (x,, y;). If we continue this proce-
dure, we obtain successive approximations (x,, y,).

(b) It was Thomas Simpson (1710-1761) who formulated Newton’s method as we know it
today and who extended it to functions of two variables as in part (a). (See the biography
of Simpson on page 538.) The example that he gave to illustrate the method was to solve
the system of equations

x* + y¥= 1000 x’ + y* =100
In other words, he found the points of intersection of the curves in the figure. Use the

method of part (a) to find the coordinates of the points of intersection correct to six deci-
mal places.

X+ y? = 1000

X+ y*=100

. If the ellipse x*/a® + y*/b* = 1 is to enclose the circle x> + y? = 2y, what values of ¢ and b
minimize the area of the ellipse?

. Among all planes that are tangent to the surface xy*z> = 1, find the ones that are
farthest from the origin.
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