
o EXERCISES

I. (a) What is a one-to-one function?
(b) How can you tell from the graph of a function whether it is

one-to-one?

2. (a) Suppose f is a one-to-one function with domain A and
range B. How is the inverse function f-I defined? What is
the domain of f-I? What is the range of f-I?

(b) If you are given a formula for f, how do you find a
formula for f-I?

(c) If you are given the graph of f, how do you find the graph
ofrl?

3-16 A function is given by a table of values, a graph, a formula, or
a verbal description. Determine whether it is one-to-one.

x 1 2 3 4 5 6

I(x) 1.5 2.0 3.6 5.3 2.8 2.0

x 1 2 3 4 5 6

I(x) 1 2 4 8 16 32

9. f(x) = hx + 5)

II. g(x) = Ix I
10. f(x) = 1 + 4x - x2

12. g(x) = .;;

13. h(x) = 1 + cas x

14. h(x) = I + cas x, 0,,;; x ,,;; 7T'

~ f(t) is the height of a football t seconds after kickoff.

16. f(t) is your height at age t.

17. If f is a one-to-one function such that f(2) = 9, what
isrl(9)?

18. Iff(x) = x + cas x, find rl(l).

[]1J If h(x) = x + .;;, find h-I(6).

20. The graph of f is given.
(a) Why is f one-to-one?
(b) What are the domain and range of f-I?

(c) What is the value of rl(2)?
(d) Estimate the value of rl(O).

~ The formula C = ~(F - 32), where F ~ -459.67, expresses
the Celsius temperature C as a function of the Fahrenheit tem-
perature F. Find a formula for the inverse function and interpret
it. What is the domain of the inverse function?

where mo is the rest mass of the particle and c is the speed of
light in a vacuum. Find the inverse function of f and explain
its meaning.

[Elf(x) = 4x - 1
2x + 3

26. Y = 2x3 + 325. f(x) = .)10 - 3x

I - .;;
27. Y = c

1 + yX

~ 29-30 Find an explicit formula for f-1 and use it to graph f-l, f,
and the line y = x on the same screen. To check your work, see
whether the graphs of f and f-I are reflections about this line.
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33-36
(a) Show that f is one-to-one.
(b) Use Theorem 7 to find U-1)'(a).
(c) Calculate f-I(X) and state the domain and range of f-I.



(d) Calculate U-1)'(a) from the formula in part (c) and check
that it agrees with the result of part (b).

(e) Sketch the graphs of f and f-I on the same axes.

33. f(x) = Xl, a = 8

34. f(x) =~, a = 2

35. f(x) = 9 - x2, 0 ~ X ~ 3, a = 8

36.f(x)=I/{x-l), x>l, a=2

[ill] 43. Use a computer algebra system to find an explicit expression
for the inverse functionf(x) = .J Xl + x2 + X + I. (Your
CAS will produce three possible expressions. Explain why
two of them are irrelevant in this context.)

44. Show that hex) = sin x, x E ~, is not one-to-one, but its
restriction f(x) = sin x, -7T/2 ~ x ~ 7T/2, is one-to-one.
Compute the derivative of f-I = sin-I by the method of
Note 2.

37-40 Find U-1)'(a).

37. f(x) = 2x3 + 3x2 + 7x + 4, a = 4

38. f(x) = x3 + 3 sin x + 2 cas x, a = 2

~f(x) = 3 + x2 + tan(7Tx/2), -I < x < 1, a = 3

40. f{x) = .Jx3 + x2 + X + 1, a = 2

45. (a) If we shift a curve to the left, what happens to its reflec-
tion about the line y = x? In view of this geometric
principle, find an expression for the inverse of
g(x) = f(x + c), where f is a one-to-one function.

(b) Find an expression for the inverse of h(x) = f(cx),
where cop O.

46. (a) If f is a one-to-one, twice differentiable function with
inverse function g, show that

IiI.J Suppose f -I is the inverse function of a differentiable func-
tion f andf(4) = 5,f'(4) =~. Find U-1)'(5).

42. Suppose f-I is the inverse function of a differentiable func-
tionfand let G(x) = l/rl(x). Iff(3) = 2 andf'(3) = i,
find G'(2).

"( ) f"(g(x»
9 x = - [f'(g(x»]3

(b) Deduce that if f is increasing and concave upward, then
its inverse function is concave downward.

• If your instructor has assigned Sections 7.2*,
7.3*, and 7.4*, you don't need to read
Sections 7.2-7.4 (pp 392-4211

The function f(x) = 2X is called an exponential function because the variable, x, is the
exponent. It should not be confused with the power function g(x) = x2, in which the vari-
able is the base .

In general, an exponential function is a function of the form

where a is a positive constant. Let's recall what this means.
If x = n, a positive integer, then

1a-ll=-
a"

But what is the meaning of aX if x is an irrational number? For instance, what is meant by
2./3 or 5"?

To help us answer this question we first look at the graph of the function y = Y, where
x is rational. A representation of this graph is shown in Figure 1. We want to enlarge the
domain of y = 2X to include both rational and irrational numbers.

FIGURE I
Representation of y = 2x, x rational



@ EXERCISES

I. (a) Write an equation that defines the exponential function
with base a > O.

(b) What is the domain of this function?
(c) If a #- I, what is the range of this function?
(d) Sketch the general shape of the graph of the exponential

function for each of the following cases.
(i) a > I (ii) a = I (iii) 0 < a < I

2. (a) How is the number e defined?
(b) What is an approximate value for e?
(c) What is the natural exponential function?

~ 3-6 Graph the given functions on a common screen. How are
these graphs related?

3. y = 2", y = eX, y = 5", y = 20x

~;]y = 3", y = lOx, y = (Ox, y = (toy
6. y = 0.9x, y = 0.6-', y = 0.3x, y = 0.1"

7-12 Make a rough sketch of the graph of the function. Do not
use a calculator. Just use the graphs given in Figures 3 and 12 and,
if necessary, the transformations of Section 1.3.

7. Y = 4x - 3 8. Y = 4x-3

[!IJ Starting with the graph of y = eX, write the equation of the
graph that results from
(a) shifting 2 units downward
(b) shifting 2 units to the right
(c) reflecting about the x-axis
(d) reflecting about the y-axis
(e) reflecting about the x-axis and then about the y-axis

14. Starting with the graph of y = e", find the equation of the
graph that results from
(a) reflecting about the line y = 4
(b) reflecting about the line x = 2

1
15. (a) f(x) =--

I + eX
1

(b) f(x) =--
I - eX

17-18 Find the exponential function f(x) = Cax whose graph is
given.

19. Suppose the graphs of f(x) = x2 and g(x) = 2' are drawn on
a coordinate grid where the unit of measurement is 1 cm.
Show that, at a distance 1 m to the right of the origin, the
height of the graph of I is 100 m but the height of the graph
of 9 is more than 1025 km.

~ 20. Compare the rates of growth of the functions I(x) = x5 and
g(x) = 5x by graphing both functions in several viewing rect-
angles. Find all points of intersection of the graphs correct to
one decimal place.

~ [IT] Compare the functions f(x) = x 10 and g(x) = eX by graphing
both I and 9 in several viewing rectangles. When does the
graph of 9 finally surpass the graph of f?

~ 22. Use a graph to estimate the values of x such that
eX > 1,000,000,000.

23-30 Find the limit.

23. Jim (1.001)' 24. lim (1.001)'
x~~ .\"-----'.>-00

lim
e3x _ e-3x

lim e-x'25. 26 .
.\"-+00 e3x + e-3x X~OO

27. Jim e3/(2-x) 28. lim e3/(2-x)
x_2+ x-----o»2-

29. lim (e-2x cos x) 30. Jim elanX

x-+cc x-(1T/2)+



eX
32. y=--

I+x

34. Y = e"(cos u + cu)

36. g(x) = Ji eX

~ y = eQX
;

35. f(u) = e'/"

~ F(t) = etsin2t

39. y = JI + 2e3x

(
I e

2X
)45. y = cos I + e2x

47-48 Find an equation of the tangent line to the curve at the
given point.

eX
~y=-, (J,e)

x

~ Find y' if eX'Y = x + y.

50. Find an equation of the tangent line to the curve
xeY + yeX = I at the point (0, I).

51. Show that the function y = eX + e-xl2 satisfies the differen-
tial equation 2y" - y' - y = O.

52. Show that the function y = Ae-x + Bxe-x satisfies the differ-
ential equation y" + 2y' + y = O.

53. For what values of r does the function y = e" satisfy the
equation y" + 6y' + 8y = O?

54. Find the values of A for which y = e Ax satisfies the equation
y + y' = y".

~ If f(x) = e2
X, find a formula for f(n)(x).

56. Find the thousandth derivative of f(x) = xe-x•

57. (a) Use the Intermediate Value Theorem to show that there is
a root of the equation eX + x = O.

(b) Use Newton's method to find the root of the equation in
part (a) correct to six decimal places.

~ 58. Use a graph to find an initial approximation (to one decimal
place) to the root of the equation 4e-x' sin x = x2 - X + I.
Then use Newton's method to find the root correct to eight
decimal places.

59. Under certain circumstances a rumor spreads according to the
equation

p(t) = I + ae-kt

where p(t) is the proportion of the population that knows the

rumor at time t and a and k are positive constants. [In Sec-
tion lOA we will see that this is a reasonable model for p(t).]
(a) Find limt~oo p(t).
(b) Find the rate of spread of the rumor.
(c) Graph p for the case a = 10, k = 0.5 with t measured in

hours. Use the graph to estimate how long it will take for
80% of the population to hear the rumor.

~ 60. An object is attached to the end of a vibrating spring
and its displacement from its equilibrium position is
y = 8e -1/2 sin 4t, where t is measured in seconds and y is
measured in centimeters.
(a) Graph the displacement function together with the func-

tions y = 8e-t
/
2 and y = -8e-t/2. How are these graphs

related? Can you explain why?
(b) Use the graph to estimate the maximum value of the dis-

placement. Does it occur when the graph touches the
graph of y = 8e-t

/
2?

(c) What is the velocity of the object when it first returns to
its equilibrium position?

(d) Use the graph to estimate the time after which the
displacement is no more than 2 cm from equilibrium.

61. Find the absolute maximum value of the function
f(x) = x - eX.

62. Find the absolute minimum value of the function
g(x) = eX/x, x> O.

63-64 Find the absolute maximum and absolute minimum values
of f on the given interval.

63. f(x) = xe-x'/8, [-1, 4J 64. f(x) = x2e-x/2, [-I, 6J

65-66 Find (a) the intervals of increase or decrease, (b) the inter-
vals of concavity, and (c) the points of inflection.

eX
66. f(x) = 2

x

67-68 Discuss the curve using the guidelines of Section 4.5.

~ Y = e-1/(x+l) 68. y = e-x sin x

~ 69. A drug response curve describes the level of medication in
the bloodstream after a drug is administered. A surge
function S(t) = AtPe-kl is often used to model the response
curve, reflecting an initial surge in the drug level and then a
more gradual decline. If, for a particular drug, A = 0.01,
p = 4, k = 0.07, and t is measured in minutes, estimate the
times corresponding to the inflection points and explain their
significance. If you have a graphing device, use it to graph
the drug response curve.



ffi 70-71 Draw a graph of f that shows all the important aspects of
the curve. Estimate the local maximum and minimum values and
then use calculus to find these values exactly. Use a graph of f"
to estimate the inflection points.

I "Y = --- e-(x-I') /(2u)

uJ21T
occurs in probability and statistics, where it is called the nor-
mal density function. The constant JLis called the mean and
the positive constant u is called the standard deviation. For
simplicity, let's scale the function so as to remove the factor
1/(uJ2:;;:-) and let's analyze the special case where JL = O.
So we study the function

f(x) = e-x'/(2u')

(a) Find the asymptote, maximum value, and inflection points
of f.

(b) What role does u play in the shape of the curve?
(c) Illustrate by graphing four members of this family on the

same screen.

73-82 Evaluate the integral.

73. f: e-3x dx 74. f 'o xe-x dx

Illif eX~dx 76.
f (1 + eX)2

x dxe

eX + I
f eX(4 + eX)5 dx77. f---dx 78.eX

79. f sin x eCo,xdx f e I/x
80. --dx

x2

fe
JX

82. f eX sin(eX) dx[[Q vIx dx

83. Find, correct to three decimal places, the area of the region
bounded by the curves y = eX, y = eU, and x = 1.

85. Find the volume of the solid obtained by rotating about the
x-axis the region bounded by the curves y = eX, y = 0, x = 0,
and x = 1.

~ Find the volume of the solid obtained by rotating about the
y-axis the region bounded by the curves y = e-x2

, y = 0,
x = 0, and x = 1.

2 fX ,
erf(x) = ~ Jo e-r dt

is used in probability, statistics, and engineering.
(a) Show that f: e-r' dt = if:;[erf(b) - erf(a)].
(b) Show that the function y = eX'erf(x) satisfies the differ-

ential equation y' = 2xy + 2/f:;.

88. A bacteria population starts with 400 bacteria and grows at a
rate of r(t) = (450.268)eJ.12567r bacteria per hour. How many
bacteria will there be after three hours?

esinx - 1
90. Evaluate Hm ----

X---""'7T X - 7T

1 - e l/x

f(x) = 1 + el/x

I
j(x) = 1 + aebx

where a > O. How does the graph change when b changes?
How does it change when a changes?

93. (a) Show that eX ;. I + x if x ;. O.
[Hint: Show that f(x) = eX - (1 + x) is increasing
for x> 0.]

(b) Deduce that ~ ,,; f~eX'dx ,,; e.

94. (a) Use the inequality of Exercise 93(a) to show that, for
x;. 0,

(b) Use part (a) to improve the estimate of f~eX'dx given in
Exercise 93(b).

95. (a) Use mathematical induction to prove that for x ;. 0 and
any positive integer n,

x2 x"
eX ;. I + x + - + ... + -

2! n!

(b) Use part (a) to show that e > 2.7.
(c) Use part (a) to show that

eX
lim - = 00

X~OO xk



I. (a) How is the logarithmic function y = logax defined?
(b) What is the domain of this function?
(c) What is the range of this function?
(d) Sketch the general shape of the graph of the function

y = loga x if a > 1.

2. (a) What is the natural logarithm?
(b) What is the common logarithm?
(c) Sketch the graphs of the natural logarithm function and

the natural exponential function with a common set of
axes.

3. (a) 10gIO1000 (b) logl64

4. (a) In e-lOo (b) log381

5. (a) logs fs (b) e In 15

6. (a) log 10 0.1 (b) logs 320 - logs 5

G EXERCISES

We have seen that In x ~ 00 as x ~ 00. But this happens very slowly. In fact, In x grows
more slowly than any positive power of x. To illustrate this fact, we compare approximate
values of the functions y = In x and y = x 1/2 = j'; in the following table and we graph
them in Figures 5 and 6.

x 1 2 5 10 50 100 500 1000 10,000 100,000

lnx 0 0.69 1.61 2.30 3.91 4.6 6.2 6.9 9.2 11.5

~ 1 1.41 2.24 3.16 7.07 10.0 22.4 31.6 100 316

lnx
0 0.49 0.72 0.73 0.55 0.46

~
0.28 0.22 0.09 0.04

You can see that initially the graphs of y = j'; and y = In x grow at comparable rates,
but eventually the root function far surpasses the logarithm. In fact, we will be able to show
in Section 7.8 that

In x
lim -- = 0
x---+oo xP

for any positive power p. So for large x, the values of In x are very small compared with
xl'. (See Exercise 70.)

3xz
12.10---

(x + 1)5

13-18 Express the quantity as a single logarithm.

13. log 10 a - 10gIOb + 10gIOC

19. Use Formula 7 to evaluate each logarithm correct to six deci-
mal places.
(a) loglz e (b) log613.54 (c) logz 7T

7. (a) logz 6 - logz15 + logz 20
(b) log3100 - log318 - log3 50

8. (a) e-ZlnS (b) In(ln ee")

~ 20-22 Use Formula 7 to graph the given functions on a com-
mon screen. How are these graphs related?

20. y = logzx, y = 10g4x, Y = log6x, Y = logsx

9-12 Use the properties of logarithms to expand the quantity.

(x
3y

)9. logz 7



23-24 Make a rough sketch of the graph of each function. Do not
use a calculator. Just use the graphs given in Figures 2 and 3 and,
if necessary, the transformations of Section 1.3.

~ (a) y = 10glO(X+ 5)

24. (a) y = In( -x)

(b) y = -lnx

(b) y=ln[xl

25. (a) 2 In x = 1

26. (a) e2x+3 - 7 = 0

1m (a) 2,-5 = 3

(b) e-x = 5

(b) In(5 - 2x) = -3

(b) In x + In(x - I) = 1

(b) log2(mx) = c

30. 10(1 + e-'tl = 3

32. ee' = 10

IBJ In(2x + I) = 2 - Inx

28. (a) e3x+1 = k

29. 3xex + x2ex = 0

35-36 Find the solution of the equation correct to four decimal
places.

35. (a) e2+5x = 100 (b) In(ex - 2) = 3

37. (a) eX < 10

38. (a) 2 < In x < 9

(b) In x> -I

(b) e2-3x > 4

39. Suppose that the graph of y = log2x is drawn on a coordinate
grid where the unit of measurement is a centimeter. How many
kilometers to the right of the origin do we have to move before
the height of the curve reaches I m?

40. The velocity of a particle that moves in a straight line under the
influence of viscous forces is vet) = ce-kl, where c and k are
positive constants.
(a) Show that the acceleration is proportional to the velocity.
(b) Explain the significance of the number c.
(c) At what time is the velocity equal to half the initial velocity?

41. The geologist C. F. Richter defined the magnitude of an
earthquake to be 10glO(I/S), where 1 is the intensity of the
quake (measured by the amplitude of a seismograph 100 km
from the epicenter) and S is the intensity of a "standard"
earthquake (where the amplitude is only 1 micron = 10-4 cm).
The 1989 Lorna Prieta earthquake that shook San Francisco
had a magnitude of 7.1 on the Richter scale. The 1906 San
Francisco earthquake was 16 times as intense. What was its
magnitude on the Richter scale?

42. A sound so faint that it can just be heard has intensity
10= 10-12 watt/m2 at a frequency of 1000 hertz (Hz). The

loudness, in decibels (dB), of a sound with intensity 1 is then
defined to be L = 10 loglO(I/Io). Amplified rock music is
measured at ] 20 dB, whereas the noise from a motor-driven
lawn mower is measured at 106 dB. Find the ratio of the inten-
sity of the rock music to that of the mower.

43. If a bacteria population starts with 100 bacteria and doubles
every three hours, then the number of bacteria after t hours
is n = f(t) = 100· 2'/3.

(a) Find the inverse of this function and explain its meaning.
(b) When will the population reach 50,000?

44. When a camera flash goes off, the batteries immediately begin
to recharge the flash's capacitor, which stores electric charge
given by

(The maximum charge capacity is Qo and t is measured in
seconds.)
(a) Find the inverse of this function and explain its meaning.
(b) How long does it take to recharge the capacitor to 90% of

capacity if a = 2?

45-50 Find the limit.

45. lim In(x2 - 9)
.\"-----;03+

~ lim In(cos x)
x-o

49. lim [In(l + x2) - ln(l + x)J
x~"

53-54 Find (a) the domain of I and (b) rl and its domain.

53. I(x) = ~ 54. I(x) = In(2 + In x)

55. y = In(x + 3)

1m I(x) = eX'

59. y = 10g10(1 +~)
56. y = 210'

58. y = (In X)2,

eX
60. y=---

. I + 2ex

61. On what interval is the function f(x) = e3x - eX increasing?

62. On what interval is the curve y = 2ex - e-3x concave
downward?

63. On what intervals is the curve y = (x2 - 2)e-' concave
upward?



ffi 64. For the period from 1980 to 2000, the percentage of house-
holds in the United States with at least one VCR has been
modeled by the function

85
+ 53e-osl

where the time t is measured in years since midyear 1980, so
o ~ t ~ 20. Use a graph to estimate the time at which the
number of VCRs was increasing most rapidly. Then use
derivatives to give a more accurate estimate.

65. (a) Show that the function f(x) = In(x + R+"l) is an
odd function.

(b) Find the inverse function of f.
66. Find an equation of the tangent to the curve y = e-X that is

perpendicular to the Jine 2x - y = 8.

67. Show that the equation xl/lnx = 2 has no solution. What can
you say about the function f(x) = X l/Inx?

68. Any function of the form f(x) = [g(X)]h(x), where g(x) > 0,
can be analyzed as a power of e by writing g(x) = e1ng(x) so
that f(x) = eh(x)lng(x). Using this device, calculate each limit.
(a) lim x1nx (b) lim x-Inx

X--')oOO x-o+
(c) Jim x I/x (d) lim (In 2xr1nx

x-o+ x_(lO

69. Let a > I. Prove, using Definitions 4.4.6 and 4.4.7, that
(a) lim aX = 0 (b) lim aX = 00

x---+-oo x_oc

ffi 70. (a) Compare the rates of growth of f(x) = XO.I and
g(x) = In x by graphing both f and 9 in several viewing
rectangles. When does the graph of f finally surpass the
graph of g?

(b) Graph the function hex) = (In x)/XOI in a viewing rect-
angle that displays the behavior of the function as x --> 00.

In x
-0-1 < 0.1
x·

71. Solve the inequality In(x2 - 2x - 2) ~ O.

72. A prime number is a positive integer that has no factors
other than 1 and itself. The first few primes are 2, 3, 5, 7, 11,
13, 17, .... We denote by 1T(n) the number of primes that are
less than or equal to n. For instance, 1T(l5) = 6 because there
are six primes smaller than 15.
(a) Calculate the numbers 1T(25) and 1T(lOO).

[Hint: To find 1T(100), first compile a list of the primes up
to 100 using the sieve of Eratosthenes: Write the numbers
from 2 to 100 and cross out all multiples of 2. Then cross
out all multiples of 3. The next remaining number is 5, so
cross out all remaining multiples of it, and so on.]

(b) By inspecting tables of prime numbers and tables of loga-
rithms, the great mathematician K. F. Gauss made the
guess in 1792 (when he was 15) that the number of
primes up to n is approximately n/ln n when n is large.
More precisely, he conjectured that

lim 1T(n) = 1
Il---+OO n/ln n

This was finally proved, a hundred years later, by Jacques
Hadamard and Charles de la Vallee Poussin and is called
the Prime Number Theorem. Provide evidence for the
truth of this theorem by computing the ratio of 1T(n) to
n/ln n for n = 100,1000,104,105,106, and 107• Use the
following data: 1T(lOOO)= 168, 1T(l04) = 1229,
1T(l05) = 9592, 1T(l06) = 78,498, 1T(l07) = 664,579.

(c) Use the Prime Number Theorem to estimate the number
of primes up to a billion.

In this section we find the derivatives of the logarithmic functions y = loga x and the expo-
nential functions y = aX. We start with the natural logarithmic function y = In x. We know
that it is differentiable because it is the inverse of the differentiable function y = eX.

d I
-(lnx) =-
dx x



lim In(l + X)l/X = I
X~O

e = e1 = elim,~oln(l+x)l/'= lim e1n(J+xll/,= lim (l + X)I/X
X~O X~O

e = lim (l + X)l/x
x~o

Formula 8 is illustrated by the graph of the function y = (l + X)l/X in Figure 6 and a
table of values for small values of x.

I
I
I
I
I
I 2
I

----rl ---------
I
lOx
I

x (1 + x)"x

0.1 2.59374246
0.01 2.70481383
0.001 2.71692393
0.0001 2.71814593
0.00001 2.71826824
0.000001 2.71828047
0.0000001 2.71828169
0.00000001 2.71828181

If we put n = 1/x in Formula 8, then n ~ 00 as x ~ 0+ and so an alternative expression
for e is

( 1)"e=lim 1+-
11----"'00 n

8 EXERCISES

I. Explain why the natural logarithmic function y = In x is used
much more frequently in calculus than the other logarithmic
functions y = log" x.

2. f(x) = In(x2 + 10)

3. f(()) = In(cos ())

5. f(x) = log2(l - 3x)

7. f(x) = ~

9. f(x) = sin x In(5x)

(2t + 1)3
II. F(t) = In ( )43t - 1

In u
15. f(u) = 1 + In(2u)

17. h(t) = t3
- 3'

4. f(x) = cos(Jn x)

6. f(x) = logs(xeX)

8. f(x) = In $
()

1+lnt
10. f t = -1---I-n-t

IlIJ y = In(e~X + xe-X
)

23. y = 2x IOglO~

25. Y = 5-I/x

24. Y = log2(e-X cos 7TX)

26. Y = 21"



27-30 Find y' and y".

27. Y = x2 In(2x)

29. y = In (x + ~)
28. Y = (In x)/x2

30. y = In(sec x + tan x)

Ijfl (x) = x
~ f I - In(x - 1)

33. f(x) = In(x2 - 2x)

I
32. f(x) = -I-+-In-x

34. f(x) = In In In x

35. Iff(x) =~, findf'(I).
I+x

36. If f(x) = In(1 + e2x), findf'(O).

37-38 Find an equation of the tangent line to the curve at the
given point.

ffi 39. If f(x) = sin x + In x, find f'(x). Check that your answer is
reasonable by comparing the graphs of f and f' .

ffi 40. Find equations of the tangent lines to the curve y = (In x)/ x
at the points (1,0) and (e, l/e). Illustrate by graphing the
curve and its tangent lines.

41-52 Use logarithmic differentiation to find the derivative of the
function.

42. Y = ,fi eX'(x2 + 1)10

(;g2+I44. y= 4 _

x2 - I

48. Y = ,fix
50. Y = (sin x)lnx

52. y = (In x)COSX

49. Y = (cos xy
51. Y = (tan X)l/x

53. Find y' if y = In(x2 + y2).

[E] Find y' if xY = yX.

55. Find a formula for f(n)(x) if f(x) = In(x - I).

d9

56. Find --9 (x8 In x).
dx

ffi 57-58 Use a graph to estimate the roots of the equation correct
to one decimal place. Then use these estimates as the initial
approximations in Newton's method to find the roots correct to
six decimal places.

~ Find the intervals of concavity and the inflection points of the
functionf(x) = (In x)/,fi.

60. Find the absolute minimum value of the function
f(x) = xln x.

61. Y = In(sin x)

63. y = In(1 + x2)

62. Y = In(tan2x)

64. y = In(x2 - 3x + 2)

[ill] 65. If f(x) = In(2x + x sin x), use the graphs of f, f', and f" to
estimate the intervals of increase and the inflection points of
f on the interval (0, 15].

ffi 66. Investigate the family of curves f(x) = In(x2 + c). What
happens to the inflection points and asymptotes as c changes?
Graph several members of the family to illustrate what you
discover.

ffi 67. The flash unit on a camera operates by storing charge on a
capacitor and releasing it suddenly when the flash is set off.
The following data describe the charge Q remaining on the

" capacitor (measured in microcoulombs, fl-C) at time t (mea-
sured in seconds).

t 0.00 0.02 0.04 0.06 0.08 0.10

Q 100.00 81.87 67.03 54.88 44.93 36.76

(a) Use a graphing calculator or computer to find an expo-
nential model for the charge.

(b) The derivative Q'(t) represents the electric current (mea-
sured in microamperes, fl-A) flowing from the capacitor to
the flash bulb. Use part (a) to estimate the current when
t = 0.04 s. Compare with the result of Example 2 in
Section 2. I.

ffi 68. The table gives the population of Mexico (in millions) in the
20th century census years.

Year Population Year Population

1900 13.6 1960 34.9
1910 15.2 1970 48.2
1920 14.3 1980 66.8
1930 16.6 1990 81.2

1940 19.7 2000 97.5
1950 25.8

(a) Use a graphing calculator or computer to fit an exponen-
tial function to the data. Graph the data points and the
exponential model. How good is the fit?

(b) Estimate the rates of population growth in 1950 and 1960
by averaging slopes of secant lines.

(c) Use your exponential model in part (a) to find a model for
the rate of growth of the Mexican population in the 20th
century.



(d) Use your model in part (c) to estimate the rates of growth
in 1950 and 1960. Compare with your estimates in
part (b).

69-80 Evaluate the integral.

r3 r 4 + u
2

69. -dx 70. ---du
2 x I u3

r dt 9 ( I Y71. 72. L j; + j; dx
I 8 - 3t

r x2 + x + I f sinOn x)73. dx 74. dx
I x x

IThJ f On
x
x)2 dx f cos x76. dx

2 + sinx

f sin 2x eX
77. dx 78. f-dx

I + cos2x eX + I

79. f 10' dt 80. S x2x
' dx

81. Show that f cot x dx = In [sin x I + C by (a) differentiating
the right side of the equation and (b) using the method of
Example 11.

82. Find, correct to three decimal places, the area of the region
above the hyperbola y = 2/(x - 2), below the x-axis, and
between the lines x = -4 and x = -1.

83. Find the volume of the solid obtained by rotating the region
under the curve

I
y= y'X+l

84. Find the volume of the solid obtained by rotating the region
under the curve

I
y = x2 + 1

85. The work done by a gas when it expands from volume VI
to volume V2 is W = f~'P dV, where P = P(V) is the
pressure as a function of the volume V. (See Exercise 27 in
Section 6.4.) Boyle's Law states that when a quantity of gas
expands at constant temperature, PV = C, where C is a con-
stant. If the initial volume is 600 cm3 and the initial pressure
is 150 kPa, find the work done by the gas when it expands at
constant temperature to 1000 cm3.

86. Find f if rex) = x-2, x> 0, f(1) = 0, and f(2) = O.

87. If 9 is the inverse function of f(x) = 2x + In x, find g'(2).

88. If f(x) = eX + In x and hex) = rl(x), find h'(e).

89. For what values of m do the line y = mx and the curve
y = x/(x2 + 1) enclose a region? Find the area of the region.

~ 90. (a) Find the linear approximation to f(x) = In x near I.
(b) Illustrate part (a) by graphing f and its linearization.
(c) For what values of x is the linear approximation accurate

to within 0.1 ?

In(l + x)
lim---= 1
x-a x

92. Show that ;~ (I + :)" = eX for any x > O.

==================~_T_H_E_N_A_T_U_R_A_L_L_O_G_A_R_I_T_H_M_I_C_F_U_N_C_T_I O_N _

• If your instructor has assigned Sections
7.2-7.4. you need not read Sections 7.2*,7.3*,
and 7.4* (pp. 421-446).

In this section we define the natural logarithm as an integral and then show that it obeys
the usual laws of logarithms. The Fundamental Theorem makes it easy to differentiate this
function.

fx 1
lnx = -dt

I t

The existence of this function depends on the fact that the integral of a continuous func-
tion always exists. If x> 1, then In x can be interpreted geometrically as the area under



The calculation of derivatives of complicated functions involving products, quotients, or
powers can often be simplified by taking logarithms. The method used in the following
example is called logarithmic differentiation.

X3/4~
i!j EXAMPLE 14 Differentiate y = (3x + 2)5 .

SOLUTION We take logarithms of both sides of the equation and use the Laws of Loga-
rithms to simplify:

1 dy 3 1 1 2x 3--=-.-+ -. ---- 5 .---
y dx 4 x 2 x2 + 1 3x + 2

Solving for dy/dx, we get

dy = y(l.- +
dx 4x

x 15)
x2 + 1 3x + 2

• If we hadn't used logarithmic differentiation in
Example 14. we would have had to use both the
Quotient Rule and the Product Rule. The resulting
calculation would have been horrendous. X3/4~( 3 x 15)

(3x + 2)5 4x + x2 + 1 - 3x + 2

STEPS IN LOGARITHMIC DIFFERENTIATION

I. Take natural logarithms of both sides of an equation y = j(x) and use the Laws
of Logarithms to simplify.

2. Differentiate implicitly with respect to x.

3. Solve the resulting equation for y'.

If j(x) < 0 for some values of x, then In j(x) is not defined, but we can write
I y I = I j(x) I and use Equation 7.

§ EXERCISES

1-4 Use the Laws of Logarithms to expand the quantity.

r2

I. In C 2. In Ja(b2 + c2)
3vs

7. 41n x - 51n(x2 + 1)

8. Inx + alny - blnz

3x2

4. In ( )5
X + I

9-12 Make a rough sketch of the graph of each function. Do not
use a calculator. Just use the graph given in Figure 4 and, if neces-
sary, the transformations of Section 1.3.

5-8 Express the quantity as a single logarithm.

5. In 5 + 5 In 3 6. In 3 + ~In 8

9. y = -Inx

II. y = In(x + 3)

10. y = In Ixl
12. y = I + In(x - 2)



13-14 Find the limit.

13. lim In(x2 - 9)
x--+3+

15-34 Differentiate the function.

15. f(x) = -J; In x

17. f(O) = In(cos 0)

19.f(x)=~

21. f(x) = sin x In(5x)

a-xlID g(x) = In--
a+x

(2t + 1)3
25. F(t) = In ( )43t - 1

27. g(x) = In(x#-=!)

In u
29. f(u) = 1 + 1n(2u)

31. y = In 12 - x - 5x21
33. y = tan[ln(ax + b)]

16. f(x) = In(x2 + 10)

18. f(x) = cos(ln x)

20. f(x) = In ~

22. h(x) = In(x + .jx2 - I)

24 f(t) _l_+_ln_t
. =l-lnt

32. Y = In tan2x

34. y = In I cos(ln x) 1

35-36 Find y' and y".

35. Y = x2 1n(2x)

x
Imf(x) = 1 - In(x - 1)

39. f(x) = .j1 - In x

41. Iff(x) =~, tind1'(l).
1 + x

42. If f(x) = In x, tind1"(e).
x

ffi 43-44 Find 1'(x). Check that your answer is reasonable by com-
paring the graphs of f and l' .
43. f(x) = sin x + In x 44. f(x) = In(x2 + x + 1)

45-46 Find an equation of the tangent line to the curve at the
given point.

47. Find y' if y = In(x2 + y2).

48. Find y' if In xy = y sin x.

49. Find a formula for f(")(x) if f(x) = 1n(x - 1).

d9

50. Find dx9 (x8 In x).

ffi 51-52 Use a graph to estimate the roots of the equation correct
to one decimal place. Then use these estimates as the initial
approximations in Newton's method to tind the roots correct to
six decimal places.

53. Y = In(sin x)

55. y = In(l + x2)

54. Y = In(tan2x)

56. y = In(x2 - 3x + 2)

[ill] 57. If f(x) = In(2x + x sin x), use the graphs of f, 1', and 1" to
estimate the intervals of increase and the inflection points of
f on the interval (0, 15].

ffi 58. Investigate the family of curves f(x) = In(x2 + c). What
happens to the inflection points and asymptotes as c changes?
Graph several members of the family to illustrate what you
discover.

59-62 Use logarithmic differentiation to tind the derivative of the
function.

f4 3
63. -dx

2 x f2 4 + u2

64. --3-du
I u

f2 dt
65. --

I 8 - 3t 66. r(;; + ~rdX
~f.6~

e xlnxfe X2 + X + I
67. ----dx

I x

f cos x
70. ----dx

2 + sin x

f sin 2x d71. ---- x
I + cos2x f sinOn x)

72. ---dx
x

73. Show that f cot x dx = In I sin x I + C by (a) differentiating
the right side of the equation and (b) using the method of
Example 13.

74. Find, correct to three decimal places, the area of the region
above the hyperbola y = 2/(x - 2), below the x-axis, and
between the lines x = -4 and x = -1.



75. Find the volume of the solid obtained by rotating the region
under the curve y = 1/ v'x+l from 0 to 1 about the x-axis.

76. Find the volume of the solid obtained by rotating the region
under the curve

1
y = Xl + I

from 0 to 3 about the y-axis.

77. The work done by a gas when it expands from volume VI
to volume Vl is W = S~'P dV, where P = P(V) is the
pressure as a function of the volume V. (See Exercise 27 in
Section 6.4.) Boyle's Law states that when a quantity of gas
expands at constant temperature, PV = C, where C is a con-
stant. If the initial volume is 600 cm3 and the initial pressure
is 150 kPa, find the work done by the gas when it expands at
constant temperature to 1000 cm3

•

78. Find f if rex) = x-l, x> 0, f(l) = 0, and f(2) = O.

79. If 9 is the inverse function of f(x) = 2x + In x, find g'(2).

ffi 80. (a) Find the linear approximation to f(x) = In x near I.
(b) Illustrate part (a) by graphing f and its linearization.
(c) For what values of x is the linear approximation accurate

to within O.l?

81. (a) By comparing areas, show that

~< In 1.5 < f2

82. Refer to Example 1.
(a) Find an equation of the tangent line to the curve y = l/t

that is parallel to the secant line AD.
(b) Use part (a) to show that In 2 > 0.66.

83. By comparing areas, show that

1 1 1 1 1 1- + - + ... + - < In n < 1 + - + - + ... + --
2 3 n 2 3 n-l

84. Prove the third law of logarithms. [Hint: Start by showing
that both sides of the equation have the same derivative.]

85. For what values of m do the line y = mx and the curve
y = x/(xl + l) enclose a region? Find the area of the region.

ffi 86. (a) Compare the rates of growth of f(x) = XO
I and

g(x) = In x by graphing both f and 9 in several viewing
rectangles. When does the graph of f finally surpass the
graph of g?

(b) Graph the function hex) = (In x)/XOI in a viewing rect-
angle that displays the behavior of the function as x ~ 00.

(c) Find a number N such that

In x
-0-1 < 0.1
x·

In(l + x)
lim----= 1
X-70 X

=================~ THE NATURAL EXPONENTIAL FUNCTION

Since In is an increasing function, it is one-lo-one and therefore has an inverse function
which we denote by expo Thus, according to the definition of an inverse function, ,

r'{f(x)) = x

f(r'(x)) = x rn exp(lnx) = x and In(expx) = x

In particular, we have

exp(O) = I since Inl=O

exp(l) = e since In e = 1



f ? ll!J EXAMPLE8 Evaluate rex dx.

EXAMPLE 9 Find the area under the curve y = e-3x from 0 to 1.

SOLUTION The area is

M EXERCISES

I. Sketch, by hand, the graph of the function I(x) = eX with par-
ticular attention to how the graph crosses the y-axis. What fact
allows you to do this?

2-4 Simplify each expression.

2. (a) eln
15 (b) In(11 e)

3. (a) e-21n5 (b) In(ln eeOO

)

5. (a) 2 In x = 1

6. (a) e2x+3 - 7 = 0

7. (a) e3x+1 = k

8. (a) In(In x) = I

9. 3xex + x2ex = 0

II. e2x - eX - 6 = 0

(b) e-x = 5

(b) In(5 - 2x) = -3

(b) In x + In(x - I) = I

(b) eex
= 10

10. 10(1 + e-xt1 = 3

[!bJ In(2x + 1) = 2 - Inx

13-14 Find the solution of the equation correct to four decimal
places.

13. (a) e2+5x = 100

14. (a) In(1 + v!x") = 2

(b) In(eX
- 2) = 3

(b) el/(x-4) = 7

17-20 Make a rough sketch of the graph of the function. Do not
use a calculator. Just use the graph given in Figure 2 and, if neces-
sary, the transformations of Section 1.3.

21-22 Find (a) the domain of I and (b) I-I and its domain.

21. I(x) = ~ 22. I(x) = In(2 + In x)

eX
26. y=---

I + 2ex

e3x _ e-3x

27. Hm 3 3
X-HO e x + e- x

28. lim e-x'
x~oo

30. lim e3/(2-x)
x---:,.2-

32. Jim etanx
x~(7r/2)+



eX
34. y=--

1 + x
36. Y = e"(cos u + cu)

38. g(x) = ~ eX

40. f(t) = sin(et) + e,int

42. y = ektan/X

~ y = eax'

37. feu) = ell"

~ F(t) = e"in2t

41. y = viI + 2e3x

eX + e-x
44. y=---eX - e-x

aeX + b
45. y = X dce +

(
1 - e2X

)47. y = cos ---2-x
I + e

49-50 Find an equation of the tangent line to the curve at the
given point.

~ Find y' if e
X2y

= x + y.

52. Find an equation of the tangent line to the curve
xeY + yeX = 1 at the point (0, 1).

53. Show that the function y = eX + e-x/2 satisfies the differen-
tial equation 2y" - y' - y = O.

54. Show that the function y = Ae-X + Bxe-x satisfies the differ-
ential equation y" + 2y' + y = O.

55. For what values of r does the function y = erx satisfy the
equation y" + 6y' + 8y = O?

56. Find the values of A for which y = eAx satisfies the equation
y + y' = y".

IRJ If f(x) = e2X, find a formula for f(n)(x).

58. Find the thousandth derivative of f(x) = xe-X.

59. (a) Use the Intermediate Value Theorem to show that there is
a root of the equation eX + x = O.

(b) Use Newton's method to find the root of the equation in
part (a) correct to six decimal places.

~ 60. Use a graph to find an initial approximation (to one decimal
place) to the root of the equation 4e-x' sin x = x2 - X + 1.
Then use Newton's method to find the root correct to eight
decimal places.

61. Under certain circumstances a rumor spreads according to the
equation

where pet) is the proportion of the population that knows the
rumor at time t and a and k are positive constants. [In Sec-

tion 10.4 we will see that this is a reasonable equation
for p(t).]
(a) Find limHoo pet).
(b) Find the rate of spread of the rumor.

~ (c) Graph p for the case a = 10, k = 0.5 with t measured in
hours. Use the graph to estimate how long it will take for
80% of the population to hear the rumor.

~ 62. For the period from 1980 to 2000, the percentage of house-
holds in the United States with at least one VCR has been
modeled by the function

85
Vet) = 1 + 53e-05t

where the time t is measured in years since midyear 1980, so
o ~ t ~ 20. Use a graph to estimate the time at which the
number of VCRs was increasing most rapidly. Then use
derivatives to give a more accurate estimate.

63. Find the absolute maximum value of the function
f(x) = x - eX.

64. Find the absolute minimum value of the function
g(x) = eX/x, x > O.

65-66 Find the absolute maximum and absolute minimum values
of f on the given interval.

65. f(x) = xe-x2/8, [-1,4] 66. f(x) = x2e-x/2, [-1,6]

67-68 Find (a) the intervals of increase or decrease, (b) the inter-
vals of concavity, and (c) the points of inflection.

eX
68. f(x) = 2"

x

69-70 Discuss the curve using the guidelines of Section 4.5.

~ y = e-1/(x+1) 70. y = e2x - eX

ffi 71. A drug response curve describes the level of medication in
the bloodstream after a drug is administered. A surge
function Set) = AtPe-kt is often used to model the response
curve, reflecting an initial surge in the drug level and then a
more gradual decline. If, for a particular drug, A = 0.01,
p = 4, k = 0.07, and t is measured in minutes, estimate the
times corresponding to the inflection points and explain their
significance. If you have a graphing device, use it to graph
the drug response curve.

~ 72-73 Draw a graph of f that shows all the important aspects of
the curve. Estimate the local maximum and minimum values and
then use calculus to find these values exactly. Use a graph of f"
to estimate the inflection points.



occurs in probability and statistics, where it is called the nor-
mal density function. The constant f.L is called the mean and
the positive constant a is called the standard deviation. For
simplicity, let's scale the function so as to remove the factor
1/(a.Jh) and let's analyze the special case where f.L = O.
So we study the function

f(x) = e-x'/(2<r')

(a) Find the asymptote, maximum value, and inflection points
of f.

(b) What role does a play in the shape of the curve?
(c) Illustrate by graphing four members of this family on the

same screen.

75. f: e-3x dx

f (I + eX)2
78. ---dxeX

80. f eX(4 + eX)5 dx

81. f sin x eCosxdx f
e Ilx

82. -dx
Xl

84. f eX sin(eX) dx

85. Find, correct to three decimal places, the area of the region
bounded by the curves y = eX, y = e3X, and x = l.

86. Find f(x) if rex) = 3ex + 5 sin x, f(O) = l, and 1'(0) = 2.

87. Find the volume of the solid obtained by rotating about the
x-axis the region bounded by the curves y = eX, y = 0, x = 0,
and x = l.

~ Find the volume of the solid obtained by rotating about the
y-axis the region bounded by the curves y = e-x', y = 0,
x = 0, and x = l.

89. The error function

2 [x ,
erf(x) = J:;; Jo e-' dt

is used in probability, statistics, and engineering.
(a) Show that S: e-I

' dt = ~J:;; [erf(b) - erf(a)].

(b) Show that the function y = ex'erf(x) satisfies the differ-
ential equation yl = 2xy + 2/J:;;.

90. A bacteria population starts with 400 bacteria and grows at a
rate of r(t) = (450.268)eI.J2567' bacteria per hour. How many
bacteria will there be after three hours?

esinx
- 1

92. Evaluate lim
X--'Jo7T X - 1T

1 - e Ilx

f(x) = 1 + e1/x

you'll see that f appears to be an odd function. Prove it.

~ 94. Graph several members of the family of functions

1
f(x) = I + aebx

where a > O. How does the graph change when b changes?
How does it change when a changes?

97. (a) Show that eX ;:;. I + x if x ;:;. O.
[Hint: Show that f(x) = eX - (I + x) is increasing
for x> 0.]

(b) Deduce that ~ ,,:;S~eX'dx,,:; e.

98. (a) Use the inequality of Exercise 97(a) to show that, for
x;:;. 0,

(b) Use part (a) to improve the estimate of S~eX'dx given in
Exercise 97(b).

99. (a) Use mathematical induction to prove that for x ;:;.0 and
any positive integer n,

Xl x"
eX ;:;. I + x + - + ... + -2! n!

(b) Use part (a) to show that e > 2.7.
(c) Use part (a) to show that

for any positive integer k.

~ 100. This exercise illustrates Exercise 99(c) for the case k = 10.
(a) Compare the rates of growth of f(x) = x 10 and g(x) = eX

by graphing both f and 9 in several viewing rectangles.
When does the graph of 9 finally surpass the graph of f?

(b) Find a viewing rectangle that shows how the function
hex) = eX/x 10 behaves for large x.

(c) Find a number N such that



B EXERCISES

I. (a) Write an equation that defines aX when a is a positive
number and x is a real number.

(b) What is the domain of the function f(x) = aX?
(c) If a ¥- 1, what is the range of this function?
(d) Sketch the general shape of the graph of the exponential

function for each of the following cases.
(i) a > 1 (ii) a = I (iii) 0 < a < I

2 If a is a positiv~ number and a ¥- I, how is logo x
defined?
W~at is the domain of the function f(x) = logo x?

) What is the range of this function?
(d) If a> 1, sketch the general shapes of the graphs of

y = logo x and y = aX with a common set of axes.

3-6 Write the expression as a power of e.

3. SJ'i 4. lOX'

7-10 Evaluate the expression.

7. (a) 10gIO1000

8. 10gIOJ10

9. (a) logz 6 - 10gzlS + logz 20
(b) log3100 - log318 - log3 SO

1
10. (a) logo -

a

ffi 11-12 Graph the given functions on a C'lmmf1;nscreen. How are
these graphs related?

II. y = 2X, Y = eX, Y = SX, Y = 20x

13. Use Formula 6 to evaluate each logarithm correct to six deci-
mal places.
(a) log 12 e (b) IOg6 13.S4 (c) logz 7T

ffi 14-16 Use Formula 6 to graph the given functions on a common
screen. How are these graphs related?

14. y = logz x, y = log4 x, Y = IOg6x, Y = logs x

19. (a) Suppose the graphs of f(x) = x2 and g(x) = 2x are drawn
on a coordinate grid where the unit of measurement is I cm.
Show that, at a distance I m to the right of the origin, the
height of the graph of f is 100 m but the height of the
graph of 9 is more than lOz5 km.

(b) Suppose that the graph of y = logzx is drawn on a coor-
dinate grid where the unit of measurement is a centimeter.
How many kilometers to the right of the origin do we have
to move before the height of the curve reaches 1 m?

ffi 20. Compare the rates of growth of the functions f(x) = x5 and
g(x) = SXby graphing both functio[1.s,ilT'S{yvelaiviewing rect-

I ·'-....~':.1gles.Find alt-.pofnts-ohnte,'S~ction of the graphs correl:t'fo
, one decimal place.

25. h(t) = t3 - 3'

27. Y = S-I/x

1m feu) = (2" + 2-U
) 10

31. f(x) = logz(l - 3x)

33. y = 2x 10gIOvIx"

35. Y = XX

28. y = lO"nO

"30. Y = 23

32. f(x) = log5(xeX
)

34. y = logz(e-X cos 7TX)

36. Y = XC05X

38. y = vlx"x

40. Y = (sin x)lnX

42. y = (In x/osx

39. Y = (cos x)"

41. Y = (tan x) I/x

43. Find an equation of the tangent line to the curve y = lOXat the
point (1, 10).
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I /
~ 44. If j(x) = xCos", find f'(x). Check that your answer is reason-

able by c~paring the graphs of j and f'.

~ f21O'dt.I, 46. f (x5 + Y) dx

I f loglOx47. --,dx
x

48. f x2x' dx

2X

50. f 2:+idx

51. Find the area of the region bounded by the curves y = 2",
y = Y, x = - 1, and x = 1.

52. The region under the curve y = lO-x from x = 0 to x = 1 is
rotated about the x-axis. Find the volume of the resulting
solid.

~ 53. Use a graph to find the root of the equation 2' = 1 + 3-' cor-
rect to one decimal place. Then use this estimate as the initial
approximation in Newton's method to find tbe root correct to
six decimal places.

~ Find y' if xY = yX.

5.5. Fiyd.-fhe-::;v'<:[§efunction ofj(x) = 10glO(1 + i-» '_
...._.-" , X

.......r- "

57. The geologist C. F. Richter defined the magnitude of an
earthquake to be 10gIOU/S), where I is the intensity of the
quake (measured by the amplitude of a seismograph 100 Ian
from the epicenter) and S is the intensity of a "standard"
earthquake (where the amplitude is only I micron = 10-4 cm).
The 1989 Loma Prieta earthquake that shook San Francisco
had a magnitude of 7.1 on the Richter scale. The 1906 San
Francisco earthquake was 16 times as intense. What was its
magnitude on the Richter scale?

58. A sound so faint that it can just be heard has intensity
10 = 10-12 watt/m2 at a frequency of 1000 hertz (Hz). The
loudness, in decibels (dB), of a sound with intensity I is then
defined to be L = 10 10gIOU/lo). Amplified rock music is
measured at 120 dB, whereas the noise from a motor-driven
lawn mower is measured at 106 dB. Find the ratio of the
intensity of the rock music to that of the mower.

59. Referring to Exercise 58, find the rate of change of the loud-
ness with respect to the intensity when the sound is measured
at 50 dB (the level of ordinary conversation).

60. According to the Beer-Lambert Law, the light intensity at a
depth of x meters below the surface of the ocean is
I(x) = loa", where lo is the light intensity at the surface and a
is a constant such that 0 < a < 1.
(a) Express the rate of change of I(x) with respect to x in

terms of I(x).

(b) If lo = 8 and a = 0.38, find the rate of change of
intensity with respect to depth at a depth of 20 m.

(c) Using the values from part (b), find the average light
intensity between the surface and a depth of 20 m.

~ 61. The flash unit on a camera operates by storing charge on a
capacitor and releasing it suddenly when the flash is set off .
The following data describe the charge Q remaining on the
capacitor (measured in microcoulombs, /-1C)at time t (mea-
sured in seconds).

t 0.00 0.02 0.04 0.06 0.08 0.10

Q 100.00 81.87 67.03 54.88 44.93 36.76

(a) Use a graphing calculator or computer to find an expo-
nential model for the charge.

(b) The derivative Q'(t) represents the electric current (mea-
sured in microamperes, /-1A)flowing from the capacitor to
the flash bulb. Use part (a) to estimate the current when
t = 0.04 s. Compare with the result of Example 2 in
Section 2.1.

~ 62. The table gives the population of Mexico (in millions) in the
20th century census years.

Year Population Year Population

1900 13.6 1960 34.9
1910 15.2 1970 48.2 ---------
1920 14.3 1980 66.3
1930 16.6 1990 81.2

1940 19.7 2000 97.5- ---"
_ ..

1950 25.8 ~

(a) US'C\,agraphing calctJ.b,or or computer to fit an exponen-
tial fu'nction to tlll; data. Graph the data points and the
exponential model. How good is the fit?

(b) Estimate the rates of population growth in 1950 and 1960
by averaging slopes of secant lines.

(c) Use your exponential model in part (a) to find a model for
the rate of growth of the Mexican population in the 20th
century.

(d) Use your model in part (c) to estimate the rates of growth
in 1950 and 1960. Compare with your estimates in
part (b).

63. Prove the second law of exponents [see (3)].

64. Prove the fourth law of exponents [see (3)].

65. Deduce the following laws of logarithms from (3):
(a) log.(xy) = loga x + log a y
(b) loga(x/y) = loga x - loga y
(c) 10ga(xY) = y log a x

66. Show that Jim (1 + .::.)n = eX for any x > O.
II~OO n



@ EXERCISES

I. A population of protozoa develops with a constant relative
growth rate of 0.7944 per member per day. On day zero the
population consists of two members. Find the population size
after six days.

2. A common inhabitant of human intestines is the bacterium
Escherichia coli. A cell of this bacterium in a nutrient-broth
medium divides into two cells every 20 minutes. The initial
population of a culture is 60 cells.
(a) Find the relative growth rate.
(b) Find an expression for the number of cells after t hours.
(c) Find the number of cells after 8 hours.
(d) Find the rate of growth after 8 hours.
(e) When will the population reach 20,000 cells?

rn A bacteria culture initially contains 100 cells and grows at a
rate proportional to its size. After an hour the population has
increased to 420.
(a) Find an expression for the number of bacteria after

t hours.
(b) Find the number of bacteria after 3 hours.
(c) Find the rate of growth after 3 hours.
(d) When will the population reach 1O,000?

4. A bacteria culture grows with constant relative growth rate.
After 2 hours there are 600 bacteria and after 8 hours the
count is 75,000.
(a) Find the initial population.
(b) Find an expression for the population after t hours.
(c) Find the number of cells after 5 hours.
(d) Find the rate of growth after 5 hours.
(e) When will the population reach 200,000?

W The table gives estimates of the world population, in millions,
from 1750 to 2000:

Year Population Year Population

1750 790 1900 1650
1800 980 1950 2560
1850 1260 2000 6080

(a) Use the exponential model and the population figures for
1750 and 1800 to predict the world population in 1900
and 1950. Compare with the actual figures.

(b) Use the exponential model and the population figures for
1850 and 1900 to predict the world population in 1950.
Compare with the actual population.

(c) Use the exponential model and the population figures for
1900 and 1950 to predict the world population in 2000.
Compare with the actual population and try to explain the
discrepancy.

6. The table gives the population of India, in millions, for the
second half of the 20th century.

Year Population

1951 361
1961 439
1971 548
1981 683
1991 846
2001 1029

(a) Use the exponential model and the census figures for
1951 and 1961 to predict the population in 2001.
Compare with the actual figure.

(b) Use the exponential model and the census figures for
1961 and 1981 to predict the population in 2001.
Compare with the actual population. Then use this model
to predict the population in the years 2010 and 2020.

ffi (c) Graph both of the exponential functions in parts (a)
and (b) together with a plot of the actual population.
Are these models reasonable ones?

7. Experiments show that if the chemical reaction

NzOs ~2NOz + IOz

takes place at 45°C, the rate of reaction of dinitrogen pent-
oxide is proportional to its concentration as follows:

d[NzOs] = 0.0005[N20s]
dt

(a) Find an expression for the concentration [N20S] after
t seconds if the initial concentration is C.

(b) How long will the reaction take to reduce the concentra-
tion of N20S to 90% of its original value?

8. Bismuth-2l0 has a half-life of 5.0 days.
(a) A sample originally has a mass of 800 mg. Find a formula

for the mass remaining after t days.
(b) Find the mass remaining after 30 days.
(c) When is the mass reduced to 1 mg?
(d) Sketch the graph of the mass function.

00 The half-life of cesium-137 is 30 years. Suppose we have a
100-mg sample.
(a) Find the mass that remains after t years.
(b) How much of the sample remains after 100 years?
(c) After how long will only 1 mg remain?

10. A sample of tritium-3 decayed to 94.5% of its original
amount after a year.
(a) What is the half-life of tritium-3?
(b) How long would it take the sample to decay to 20% of its

original amount?



II. Scientists can determine the age of ancient objects by the
method of radiocarbon dating. The bombardment of the upper
atmosphere by cosmic rays converts nitrogen to a radioactive
isotope of carbon, 14e, with a half-life of about 5730 years.
Vegetation absorbs carbon dioxide through the atmosphere and
animal life assimilates 14e through food chains. When a plant
or animal dies, it stops replacing its carbon and the amount of
14e begins to decrease through radioactive decay. Therefore the
level of radioactivity must also decay exponentially.

A parchment fragment was discovered that had about 74% as
much 14e radioactivity as does plant material on the earth
today. Estimate the age of the parchment.

12. A curve passes through the point (0, 5) and has the property
that the slope of the curve at every point P is twice the
y-coordinate of P. What is the equation of the curve?

[ill A roast turkey is taken from an oven when its temperature has
reached 85°C and is placed on a table in a room where the
temperature is 22°C.
(a) If the temperature of the turkey is 65°C after half an hour,

what is the temperature after 45 minutes?
(b) When will the turkey have cooled to 40°C?

14. A thermometer is taken from a room where the temperature is
20°C to the outdoors, where the temperature is 5°C. After one
minute the thermometer reads l2oe.
(a) What will the reading on the thermometer be after one

more minute?
(b) When will the thermometer read 6°C?

15. When a cold drink is taken from a refrigerator, its temperature
is 5°e. After 25 minutes in a 20°C room its temperature has
increased to 10°C.
(a) What is the temperature of the drink after 50 minutes?
(b) When will its temperature be 15°C?

16. (a) A cup of coffee has temperature 95°C and takes 30 min-
utes to cool to 61°C in a room with temperature 20°C.
Show that the temperature of the coffee after t minutes is

where k = 0.02.
(b) What is the average temperature of the coffee during the

first half hour?

17. The rate of change of atmospheric pressure P with respect to
altitude h is proportional to P, provided that the temperature
is constant. At 15°C the pressure is 101.3 kPa at sea level and
87.14 kPa at h = 1000 m.
(a) What is the pressure at an altitude of 3000 m?
(b) What is the pressure at the top of Mount McKinley, at an

altitude of 6187 m?

18. (a) If $1000 is borrowed at 8% interest, find the amounts
due at the end of 3 years if the interest is compounded
(i) annually, (ii) quarterly, (iii) monthly, (iv) weekly,
(v) daily, (vi) hourly, and (viii) continuously.

~ (b) Suppose $1000 is borrowed and the interest is com-
pounded continuously. If A(t) is the amount due after
t years, where 0 ,,; t"; 3, graph A(t) for each of the inter-
est rates 6%, 8%, and 10% on a common screen.

[!!] (a) If $3000 is invested at 5% interest, find the value of the
investment at the end of 5 years if the interest is com-
pounded (i) annually, (ii) semiannually, (iii) monthly,
(iv) weekly, (v) daily, and (vi) continuously.

(b) If A(t) is the amount of the investment at time t for the
case of continuous compounding, write a differential
equation and an initial condition satisfied by A(t).

20. (a) How long will it take an investment to double in value if
the interest rate is 6% compounded continuously?

(b) What is the equivalent annual interest rate?

===============~~INVERSE TRIGONOMETRIC FUNCTIONS

In this section we apply the ideas of Section 7.1 to find the derivatives of the so-called
inverse trigonometric functions. We have a slight difficulty in this task: Because the
trigonometric functions are not one-to-one, they do not have inverse functions. The diffi-
culty is overcome by restricting the domains of these functions so that they become one-
to-one.

You can see from Figure 1 that the sine function y = sin x is not one-to-one (use the
Horizontal Line Test). But the function f(x) = sin x, -1T/2 ~ x ~ 1T/2, is one-to-one
(see Figure 2). The inverse function of this restricted sine function f exists and is denoted
by sin -lor arcsin. It is called the inverse sine function or the arcsine function.



§ EXERCISES

1-10 Find the exact value of each expression.

I. (a) sin-I(J3/2)

2. (a) tan-I(I/J3)

(b) cos-I(-I)

(b) sec-I 2

(b) sin-I(I/ft)3. (a) arctan 1

4. (a) sec-1ft

5. (a) tan(arctan 10)

6. (a) tan-I (tan 37r/4)

7. tan(sin-I(D)

9. sin(2 tan-1y'2)

(b) arcsin 1

(b) sin-l(sin(77r/3»

(b) cos(arcsin D
8. csc(arccos n

10. cos(tan-12 + tan-I 3)

12-14 Simplify the expression.

12. tan(sin-1x) ITIJ sin(tan-1x)

14. cos(2 tan -I x)

ffi 15-16 Graph the given functions on the same screen. How are
these graphs related?

15. y = sin x, -71/2 ~ x ~ 71/2; Y = sin-Ix; y = x

16. Y = tan x, -71/2 < x < 71/2; Y = tan-Ix; y = x

17. Prove Formula 6 for the derivative of cos -I by the same
method as for Formula 3.

18. (a) Prove that sin-Ix + cos-Ix = 71/2.
(b) Use part (a) to prove Formula 6.

d 1
19. Provethat-(coC1x) = --I + 2'

dx x

d I
20. Prove that - (sec-Ix) = p-=l"'dx xx-

d _I ) I21. Prove that - (csc x = - ~1'dx X-yX- - 1

22-35 Find the derivative of the function. Simplify where
possible.

22. y = Jtan-1x

23. y = tan -I...!x"

lID y = sin-I(2x + I)

27. H(x) = (l + x2) arctan x

24. f(x) = x In(arctan x)

26. g(x) = p-=l" sec-I x

28. F(fJ) = arcsin Jsin fJ

~30. y = arctan \j ~

31. Y = arctan( cos fJ)

33. h(t) = cot-I(t) + cOCI(I/t)

(x) #-a34. y = tan -] - + In --
a x + a

(
b + a cos x)

35. y = arccos b '
a + cosx

36-37 Find the derivative of the function. Find the domains of
the function and its derivative.

38. Findy' if tan-I (xy) = I + x2y.

39. If g(x) = x sin-l(x/4) + JI6 - x2, find g'(2).

40. Find an equation of the tangent line to the curve
y = 3 arccos(x/2) at the point (1,71).

ffi 41-42 Findl'(x). Check that your answer is reasonable by com-
paring the graphs off and l' .
41. f(x) = ~ arcsin x 42. f(x) = arctan(x2 - x)

(
1 + x2

)44. Jim arccos I 2 2
x-~ + X

!ill Where should the point P be chosen on the line segment AS
so as to maximize the angle fJ?

48. A painting in an art gallery has height h and is hung so that
its lower edge is a distance d above the eye of an observer (as
in the figure on page 462). How far from the wall should the
observer stand to get the best view? (In other words, where



should the observer stand so as to maximize the angle () sub-
tended at her eye by the painting?)

.~!:
49. A ladder 5 m long leans against a vertical wall. If the bottom

of the ladder slides away from the base of the wall at a speed
of I mis, how fast is the angle between the ladder and the
wall changing when the bottom of the ladder is 3 m from the
base of the wall?

50. A lighthouse is located on a small island, 3 km away from the
nearest point P on a straight shoreline, and its light makes
four revolutions per minute. How fast is the beam of light
moving along the shoreline when it is 1 km from P?

51-54 Sketch the curve using the guidelines of Section 4.5.

51. Y = sin-I(-x-) 52. y = tan-I(~)
x+l x+I

[ill] 55. If f(x) = arctan(cos(3 arcsin x)), use the graphs of f, 1', and
f" to estimate the x-coordinates of the maximum and mini-
mum points and inflection points of f.

~ 56. Investigate the family of curves given by f(x) = x - c sin-Ix.
What happens to the number of maxima and minima as c
changes? Graph several members of the family to illustrate
what you discover.

57. Find the most general antiderivative of the function

2 + x2

f(x) = 1 + x2

58. Findf(x) ifj'(x) = 4/~ andfm = 1.

59-70 Evaluate the integral.

f13/2 6
59. ---dt

1/2 J1=t2

113/461.
o

dx
+ I6x2 f dt

62. --~--
y I - 4t2

f I + x[ill --2 dx
1 + x 1"'/2 sin x64. ----dx

o 1 + cos2x

66. f x~dX

t2

67. f J1=t6 dt1 - t6 f
e2x

68. ~dx

f dx
69. -';;-x-(l-+-x-) 70. f-_x-dx

1 + x4

71. Use the method of Example 8 to show that, if a > 0,

f ~ dx = sin-I(~) + C

72. The region under the curve y = 1/R+4 from x = 0 to
x = 2 is rotated about the x-axis. Find the volume of the
resulting solid.

73. Evaluate S~sin-Ix dx by interpreting it as an area and inte-
grating with respect to y instead of x.

74. Prove that, for xy ¥- 1,

x+y
arctan x + arctan y = arctan ---

1- xy

if the left side lies between - 7T/2 and 7T /2.

75. Use the result of Exercise 74 to prove the following:
(a) arctan ~ + arctan 5 = 7T/4
(b) 2 arctan 5 + arctan ~ = 7T/4

76. (a) Sketch the graph of the function f(x) = sin(sin-1x).
(b) Sketch the graph of the function g(x) = sin-I(sin x),

xEIR.
cosx

(c) Show that g'(x) = -,--I'cosx
(d) Sketch the graph of hex) = cos-1(sin x), x E IR, and find

its derivative.

x-I 7T
arcsin -- = 2 arctan ~ - -

x + 1 2

79. Some authors define y = sec-Ix ~ sec y = x and
y E [0, 7T/2) U (7T/2, 7T]. Show that with this definition
we have (instead of the formula given in Exercise 20)

d ( -I) 1
- sec x = I I C21dx x yX- - 1

80. Let f(x) = x arctan(l/x) if x¥-O and f(O) = o.
(a) Is f continuous at O?
(b) Is f differentiable at O?



d. d
- (smh-1x) = -In(x + #+1)
dx dx

1 d
~-(x+R+1)x + yX- + 1 dx

= -x-+-";-~-2-+-1(l + -";-x2_x+-1)
R+1+x

(x+R+1)R+1
1

R+1
d

i.'!j EXAMPLE 5 Find - [tanh-'(sin x)].
dx

SOLUTION Using Table 6 and the Chain Rule, we have

d 1 d
- [tanh-I (sin x)] = - (sin x)dx 1 - (sin x)2dx

1 cos x
cosx = -- = secx

1 - sin2x cos2x

11 dx
i.'!j EXAMPLE 6 Evaluate ~ .

o y 1 + x-

SOLUTION Using Table 6 (or Example 4) we know that an antiderivative of l/~ is
sinh -IX. Therefore

(I dx = sinh-IxrJo~ 0

= sinh-II

§ EXERCISES

I. (a) sinh 0 (b) cosh 0

2. (a) tanh 0 (b) tanh 1

3. (a) sinh(ln 2) (b) sinh 2

4. (a) cosh 3 (b) cosh(ln 3)

5. (a) sech 0 (b) cosh-II

6. (a) sinh 1 (b) sinh-II

7-19 Prove the identity.

7. sinh( -x) = -sinh x
(This shows that sinh is an odd function.)

8. cosh( - x) = cosh x
(This shows that cosh is an even function.)

[!J cosh x + sinh x = eX

II. sinh(x + y) = sinh x cosh y + cosh x sinh y

12. cosh(x + y) = cosh x cosh y + sinh x sinh y



tanh x + tanh y
14. tanh(x + y) = h h

I + tan xtan y

OIl sinh 2x = 2 sinh x cosh x

16. cosh 2x = cosh2x + sinh2x

x2 - I[ill tanh (In x) = -2--
X + I

_I_+_t_an_h_x_= e2x18.
I-tanhx

19. (cosh x + sinh x)" = cosh nx + sinh nx
(n any real number)

20. If tanh x = K find the values of the other hyperboJic
functions at x.

21. If cosh x = ~and x > 0, find the values of the other
hyperbolic functions at x.

22. (a) Use the graphs of sinh, cosh, and tanh in Figures 1-3 to
draw the graphs of csch, sech, and coth.

ffi (b) Check the graphs that you sketched in part (a) by using a
graphing device to produce them.

Use the definitions of the hyperbolic functions to find each of
the following limits.
(a) Jim tanh x (b) Jim tanh x

x_co x_-oo

(g) Jim coth x
x-o+

(i) lim csch x
x_-oo

24. Prove the formulas given in Table I for the derivatives of the
functions (a) cosh, (b) tanh, (c) csch, (d) sech, and (e) coth.

25. Give an alternative solution to Example 3 by letting
y = sinh-Ix and then using Exercise 9 and Example I(a)
with x replaced by y.

26. Prove Equation 4.

27. Prove Equation 5 using (a) the method of Example 3 and
(b) Exercise 18 with x replaced by y.

28. For each of the following functions (i) give a definition Jike
those in (2), (ii) sketch the graph, and (iii) find a formula sim-
ilar to Equation 3.
(a) csch-I (b) sech-I (c) coth-I

29. Prove the formulas given in Table 6 for the derivatives of the
following functions.
(a) cosh -I (b) tanh -I (c) csch-I

(d) sech-I (e) coth-I

30. f(x) = eX sinh x

32. g(x) = cosh4x

34. Y = x coth(I + x2)

36. f(t) = csch t(I - In csch t)

38. y = sinh(cosh x)

31. f(x) = tanh 3x

33. h(x) = cosh(x4)

37. f(t) = sech2(el
)

39. y = arctan(tanh x)

4 I + tanh x
40. y= ----

I - tanh x
41. G(x) = I - cosh x

1 + cosh x

42. Y = x2 sinh-I(2x)

44. y = x tanh-Ix + In ~

~ y = xsinh-\x/3) - ~

46. Y = sech-I~, x> 0

47. Y = coth-1-R+!

48. The Gateway Arch in St. Louis was designed by Eero Saarinen
and was constructed using the equation

for the central curve of the arch, where x and yare measured
in meters and Ix I :;;:;91.20.
(a) Graph the central curve.
(b) What is the height of the arch at its center?
(c) At what points is the height 100 m?
(d) What is the slope of the arch at the points in part (c)?

49. If a water wave with length L moves with velocity v in a body
of water with depth d, then

gL (27Td)-tanh --
27T L

where g is the acceleration due to gravity. (See Figure 5.)
Explain why the approximation

v~ r;L-yh
is appropriate in deep water.

ffi 50. A flexible cable always hangs in the shape of a catenary
y = c + a cosh(x/ a), where c and a are constants and a > 0
(see Figure 4 and Exercise 52). Graph several members of the
family of functions y = a cosh(x/ a). How does the graph
change as a varies?

~ A telephone line hangs between two poles 14 m apart in the
shape of the catenary y = 20 cosh(x/20) - IS, where x and
y are measured in meters. (See the diagram on page 470.)
(a) Find the slope of this curve where it meets the right pole.



52. Using principles from physics it can be shown that when a
cable is hung between two poles, it takes the shape of a curve
y = f(x) that satisfies the differential equation

where p is the linear density of the cable, 9 is the acceleration
due to gravity, and T is the tension in the cable at its lowest
point, and the coordinate system is chosen appropriately.
Verify that the function

y = f(x) = .!...- COSh( pgx)
pg T

is a solution of this differential equation.

~ (a) Show that any function of the form

y = A sinh mx + B cosh mx

satisfies the differential equation y" = m 2y.
(b) Find y = y(x) such that y" = 9y, y(O) = -4,

and y'(0) = 6.

sinh x
54. Evaluate ;~ ----;;-.

55. At what point of the curve y = cosh x does the tangent have
slope I?

57. f sinh x cosh2x dx 58. f sinh(l + 4x) dx

f sinh);
59. ); dx 60. f tanh x dx

f cosh x
61. ----dx

cosh2x - 1 f sech2x
62. ----dx

2 + tanh x

f6 I63. ~ dt
4 yt2 - 9

64. [1 J 1 dt
Jo 16t2 + 1

f eX
65. 2 dx1 - e x

ffi 66. Estimate the value of the number e such that the area under the
curve y = sinh ex between x = 0 and x = 1 is equal to 1.

ffi 67. (a) Use Newton's method or a graphing device to find approxi-
mate solutions of the equation cosh 2x = 1 + sinh x.

(b) Estimate the area of the region bounded by the curves
y = cosh 2x and y = 1 + sinh x.

68. Show that the area of the shaded hyperbolic sector in Figure 7
is A(t) = 4 t. [Hint: First show that

1 fCOSh' ~A(t) = 2: sinh t cosh t - 1 Y x2 - 1 dx

and then verify that A'(t) = 4.]
69. Show that if a =I' 0 and b =I' 0, then there exist numbers a

and f3 such that aeX + be-x equals either ct sinh (x + f3) or
a cosh(x + f3). In other words, almost every function of the
form f(x) = aex + be-x is a shifted and stretched hyperbolic
sine or cosine function.

F(x)=~
x-I

Although F is not defined when x = 1, we need to know how F behaves near 1. In partic-
ular, we would like to know the value of the limit

In x
lim--
x~l x-I



Likewise, G is continuous on I. Let x E I and x > a. Then F and G are continuous on
[a, x] and differentiable on (a, x) and G' =F- 0 there (since F' = f' and G' = g'). There-
fore, by Cauchy's Mean Value Theorem, there is a number y such that a < y < x and

F'(y)
G'(y)

F(x) - F(a)
G(x) - G(a)

F(x)
G(x)

Here we have used the fact that, by definition, F(a) = 0 and G(a) = O. Now, if we let
x ~ a+, then y ~ a+ (since a < y < x), so

lim f(x) = lim F(x) = lim F'(y) = lim f'(y) = L
x->a+ g(x) x~a+ G(x) y~a+ G'(y) y~a+ g'(y)

Jim f(x) = L
x~a g(x)

This proves I'Hospital's Rule for the case where a is finite.
If a is infinite, we let t = 1/x. Then t ~ 0+ as x ~ 00, so we have

lim f(x) = lim f(1/t)
x~'" g(x) r~O+ g(l/t)

. j'(l/t)(-l/t2)
= hm-----

r~O+ g'(l/t)( -l/t2)

= Jim j'(l/t) = lim j'(x)
HO+ g'(1/ t) x~'" g'(x)

§ EXERCISES

1-4 Given that

4. (a) lim [J(x)]g(x) (b) Jim [J(x)]p(x) (c) lim [h(x)]p(x)
X--'l>Q X--""Q x-""a

which of the following limits are indeterminate forms? For those
that are not an indeterminate form, evaluate the Jimit where
possible.

(d) Jim [p(x)Jf(x) (e) lim [p(x)]q(x) (f) lim q~p(x)
X--'l>Q x-a x_a

· f(x)[IJ (a) hm -( -)
x-a 9 X

· hex)
(c) hm-( )

x-a p X

· p(x)
(e) hm -(-)

x-a q X

(b) lim f(x)
Ha p(x)

(d) lim p(x)
x~a f(x)

5-64 Find the limit. Use I'Hospital's Rule where appropriate. If
there is a more elementary method, consider using it. If I'Hospital's
Rule doesn't apply, explain why.

x2 - 1
5.lim--

x~-I x + 1
x2 + X - 6

6.1im----
x~2 x - 2

2. (a) Jim [J(x)p(x)]
x~a

(c) lim [p(x)q(x)]
x~a

x9 - 1
7. Jim-s--

x~l x-I
xa - I

8.lim-b--
x~l x-I

9. Jim + cos x
x~(,,/2) 1 - sin x

sin 4x
IO.lim--

x~o tan 5x



sinx
II. lim--

x-----",Q x3

tanpx
13.lim--

X~O tan qx

lnx
15.. Iim c

\"----..00 yX

lnx
17. lim--

x-o+ x

eX
19.1im3"

."(--0"00 x

eX - I - x
~Iim 2

."(---->0 X

tanh x
23.1im--

X~O tan x

5' - 3'
25.lim---

(-0 t

sin-Ix
27.lim--

x_o x

'2<il9 . I - cos x
~ hm 2x-o X

x + sin x31. lim----
X~O x + cos x

l-x+lnx
33. lim -----

x~1 1 + cos 7TX

xa - ax + a-
35. lim -------

x~1 (x - 1)2

cos x-I + ~X2
37.1im------

x-o x4

~ Jim x3e-x'
x_co

47. Jim (~l - -I 1_)
x-I x - nx

49. Jim (~ - x)
x--+co

e3, - 1
12.lim---

1_0 t

tan x
14.lim--

X--lo7T x

x + x2

16. lim 2
x~oo I - 2x

In In x
18. Jim--

X-HIO X

Inx
20.lim--

x~1 sin 7TX

. eX - 1 - x - ~X2
22. hm 3x_o X

x - sinx
24.1im----

X~O x - tan x

sin x - x
26. lim---

x--+O x3

. (In xf
28.hm--

x_ex; x

cos mx - cos nx
30.lim------

x_o x2

32. lim x
X~O tan -I (4x)

P+234.lim----.===
X~OO .J2x2 + 1

eX - e-x - 2x
36. lim ------

x~o x - sin x

cos x In(x - a)
38. lim ------

x--+o+ In(eX
- eQ

)

50. lim (cot x ~ ..!-.)
x_o x

51. Jim (x - In x) 52. lim (xe I/x - x)
x-+oo X~OC

53. lim xx' 54. lim (tan 2x)'
x---+O+ x-o+

~ lim (l - 2X)I/x ( a)"x56. lim I + -
x-o x_co X

( 3 5 Y lim x(ln2)/(1+ Inx)57. lim I + - + 2" 58.
X-HIO x x X~OO

59. lim xl/x 60. Jim (eX + x) I/x
X~OO X~OO

61. lim (4x + I)co" 62. lim (2 - x)lan(1Tx/2)
x--+o+ x---;o.l

63. lim (cos X)I/x2
64. . (2X - 3 Y'+Ihm ---

x--+O+ X~OO 2x + 5

~ 65-66 Use a graph to estimate the value of the limit. Then use
I'Hospital's Rule to find the exact value.

(
2)X 5x _ 4x

65. lim 1 + - 66. lim ---
X-H'J X x-o 3x - 2x

~ 67-68 Illustrate I'Hospital's Rule by graphing both f(x)/g(x) and
f'(x)/ g'(x) near x = 0 to see that these ratios have the same limit
as x --? O.Also calculate the exact value of the limit.

67. f(x) = eX - I, g(x) = x3 + 4x

68. f(x) = 2x sin x, g(x) = sec x -

69-74 Use I'Hospital's Rule to help sketch the curve. Use the
guidelines of Section 4.5.

Inx
70. Y = -2-

X

72. Y = eX/x

74. y = (x2
- 3)e-X

[ill] 75-77
(a) Graph the function.
(b) Use I'Hospital's Rule to explain the behavior as x --? 0+ or

as x --? 00.

(c) Estimate the maximum and minimum values and then use
calculus to find the exact values.

(d) Use a graph of f" to estimate the x-coordinates of the inflec-
tion points.

75. f(x) = x-x

ITIJ f(x) = x I/x



Ell 78. Investigate the family of curves given by I(x) = x"e-X
, where

n is a positive integer. What features do these curves have in
common? How do they differ from one another? In particular,
what happens to the maximum and minimum points and
inflection points as n increases? Illustrate by graphing several
members of the family.

79. Investigate the family of curves given by I(x) = xe-cx, where
c is a real number. Start by computing the limits as x -'> :too.
Identify any transitional values of c where the basic shape
changes. What happens to the maximum or minimum points
and inflection points as c changes? Illustrate by graphing sev-
eral members of the family.

80. The first appearance in print of I'Hospital's Rule was in
the book Analyse des lnfiniment Petits published by the
Marquis de I'Hospital in 1696. This was the first calculus
textbook ever published and the example that the Marquis
used in that book to illustrate his rule was to find the limit
of the function

J2a3x - x4 - a~

a-W
as x approaches a, where a > O. (At that time it was common
to write aa instead of a2.) Solve this problem.

lim xx~ooU+l

Evaluate the limit using another method.

82. If a metal ball with mass m is projected in water and the force
of resistance is proportional to the square of the velocity, then
the distance the ball travels in time tis

m jicset) = -In cosh -
c mt

83. If an electrostatic field E acts on a liquid or a gaseous polar
dielectric, the net dipole moment P per unit volume is

eE + e-E I
peE) = E -Ee - e E

84. A metal cable has radius r and is covered by insulation, so
that the distance from the center of the cable to the exterior of
the insulation is R. The velocity v of an electrical impulse in
the cable is

where c is a positive constant. Find the following limits and
interpret your answers.
(a) lim v (b) lim v

R----+r+ r---70+

85. If an initial amount Ao of money is invested at an interest rate
r compounded n times a year, the value of the investment after
t years is

( r)nl
A = Ao 1 + -;;

If we let n -'> 00, we refer to the continuous compounding
of interest. Use I'Hospital's Rule to show that if interest is
compounded continuously, then the amount after t years is

86. If an object with mass m is dropped from rest, one model for
its speed v after t seconds, taking air resistance into account, is

mgv = -(1 - e-ct/m)
c

where 9 is the acceleration due to gravity and c is a positive
constant. (In Chapter 10 we will be able to deduce this
equation from the assumption that the air resistance is
proportional to the speed of the object; c is the propor-
tionality constant.)
(a) Calculate Jimt~OOv. What is the meaning of this limit?
(b) For fixed t, use I'Hospital's Rule to calculate limc~o+ v.

What can you conclude about the velocity of a falling
object in a vacuum?

87. In Section 5.3 we investigated the Fresnel function
Sex) = s; sinG1Tt2) dt, which arises in the study of the dif-
fraction of light waves. Evaluate

88. Suppose that the temperature in a long thin rod placed along
the x-axis is initially C/(2a) if I x I ,,:; a and 0 if I x I > a. It can
be shown that if the heat diffusivity of the rod is k, then the
temperature of the rod at the point x at time t is

T(x, t) = C fa e-(x-u)2/(4kt) du
aJ47Tkt Jo

To find the temperature distribution that results from an initial
hot spot concentrated at the origin, we need to compute



. f(2 + 3x) + f(2 + 5x)
hm ---------
x-o X

arc PRo Let B(8) be the area of the triangle PQR. Find
lime....,0+ A(8)/B(8).

(
sin 2x b)

lim --3-+a+2' =0x_o x x

lim f(x + h) - f(x - h) = f'(x)
/,....,0 2h

98. The figure shows two regions in the first quadrant: A(t) is the
area under the curve y = sin(x2) from 0 to t, and B(t) is the
area of the triangle with vertices 0, P, and (t, 0). Find
lim,....,o+A(t)/B(t).

Explain the meaning of this equation with the aid of a
diagram.

. f(x + h) - 2f(x) + f(x - h) "( )
hm 2 - f x
/,....,0 h

eX
lim- = 00
x_co xn

for any positive integer n. This shows that the exponential func-
tion approaches infinity faster than any power of X.

{
e-1/X2 if x ,p 0

f(x) = 0 if x = 0

lnx
lim-- = 0
x--+oo xP

(a) Use the definition of derivative to compute 1'(0).
(b) Show that f has derivatives of all orders that are defined

on IR. [Hint: First show by induction that there is a poly-
nomial p,,(x) and a nonnegative integer k" such that
f(n)(x) = Pn(x)f(x)/xk' for x ,p 0.]

for any number P > O.This shows that the logarithmic
function approaches 00 more slowly than any power of X. f(x) = {lxlX if x,p 0

I Ifx=O

97. The figure shows a sector of a circle with central angle 8. Let
A(8) be the area of the segment between the chord PR and the

(a) Show that f is continuous at O.
(b) Investigate graphically whether f is differentiable at 0 by

zooming in several times toward the point (0, I) on the
graph of f.

(c) Show that f is not differentiable at O. How can you
reconcile this fact with the appearance of the graphs in
part (b)?

1 IX ( ")96. Evaluate lim 3 sin t- dt.
x-o x 0

WRITING
PROJECT

L'Hospital's Rule was first published in 1696 in the Marquis de I'Hospital's calculus textbook
Analyse des Infiniment Petits, but the rule was discovered in 1694 by the Swiss mathematician
John (Johann) Bernoulli. The explanation is that these two mathematicians had entered into a
curious business arrangement whereby the Marquis de I'Hospital bought the rights to Bernoulli's
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mathematical discoveries. The details, including a translation of l'Hospital's letter to Bernoulli
proposing the arrangement, can be found in the book by Eves [1].

Write a report on the historical and mathematical origins of l'Hospital's Rule. Start by pro-
viding brief biographical details of both men (the dictionary edited by Gillispie [2] is a good
source) and outline the business deal between them. Then give I'Hospital's statement of his rule,
which is found in Struik's sourcebook [4] and more briefly in the book of Katz [3]. Notice that
I'Hospital and Bernoulli formulated the rule geometrically and gave the answer in terms of dif-
ferentials. Compare their statement with the version of l'Hospital's Rule given in Section 7.8 and
show that the two statements are essentially the same.

I. Howard Eves, In Mathematical Circles (Volume 2: Quadrants III and IV) (Boston: Prindle,
Weber and Schmidt, 1969), pp. 20-22.

2. C. C. Gillispie, ed., Dictionary of Scientific Biography (New York: Scribner's, 1974). See the
article on Johann Bernoulli by E. A. Fellmann and J. O. Fleckenstein in Volume II and the
article on the Marquis de I'Hospital by Abraham Robinson in Volume VIII.

3. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins, 1993),
p.484.

4. D. J. Struik, ed., A Sourcebook in Mathematics, 1200-1800 (Princeton, NJ: Princeton Uni-
versity Press, 1969), pp. 315-316.

=================0 REVI EW

I. (a) What is a one-to-one function? How can you tell if a func-
tion is one-to-one by looking at its graph?

(b) If f is a one-to-one function, how is its inverse function
f-1 defined? How do you obtain the graph of f-1 from the
graph of f?

(c) If f is a one-to-one function andf'(j-l(a)) # 0, write a
formula for (j-l)'(a).

2. (a) What are the domain and range of the natural exponential
function f(x) = eX?

(b) What are the domain and range of the natural logarithmic
function f(x) = In x?

(c) How are the graphs of these functions related? Sketch these
graphs by hand, using the same axes.

(d) If a is a positive number, a # 1, write an equation that
expresses loga x in terms of In x.

3. (a) How is the inverse sine functionf(x) = sin-1x defined?
What are its domain and range?

(b) How is the inverse cosine functionf(x) = cos-1x defined?
What are its domain and range?

(c) How is the inverse tangent functionf(x) = tan-Ix defined?
What are its domain and range? Sketch its graph.

4. Write the definitions of the hyperbolic functions sinh x, cosh x,
and tanh x.

5. State the derivative of each function.
(a) y = eX (b) y = aX (c) y = In x

(d) y = 10gQx
(g) Y = tan-Ix
(j) y = tanh x

(m) y = tanh-1x

(e) y = sin-Ix

(h) y = sinh x
(k) y = sinh-Ix

(f) y = cos-Ix

(i) y = cosh x
(I) y = cosh-1x

6. (a) How is the number e defined?
(b) Express e as a limit.
(c) Why is the natural exponential function y = eX used more

often in calculus than the other exponential functions
y = aX?

(d) Why is the natural logarithmic function y = In x used more
often in calculus than the other logarithmic functions
y = logax?

7. (a) Write a differential equation that expresses the law of
natural growth.

(b) Under what circumstances is this an appropriate model for
population growth?

(c) What are the solutions of this equation?

8. (a) What does I'Hospital's Rule say?
(b) How can you use l'Hospita!'s Rule if you have a product

f(x)g(x) where f(x) --c>0 and g(x) --c>00 as x --c>a?
(c) How can you use I'Hospital's Rule if you have a difference

f(x) - g(x) where f(x) --c>00 and g(x) --c>00 as x --c>a?
(d) How can you use I'Hospital's Rule if you have a power

[f(x)]g(x) where f(x) --c>0 and g(x) --c>0 as x --c>a?

http://www.stewartcalculus.com


Determine whether the statement is true or false. If it is true, explain why.
If it is false, explain why or give an example that disproves the statement.

I. If 1is one-to-one, with domain IR, then rl(j(6)) = 6.

2. If 1is one-to-one and differentiable,with domain IR,then
(1-1)'(6) = 1//,(6).

3. The function I(x) = cos x, -ni2 ,,;;x ,,;;ni2, is one-to-one.

4. tan-I
( -1) = 3n/4

5. If 0 < a < b, then In a < In b.

7. You can always divide by eX.

8. If a> 0 and b > 0, then In(a + b) = In a + In b.

9. If x > 0, then (In X)6 = 6 In x.

10. ~ (lOX) = xlOX-1

dx

d III. - (In 10) = -
dx 10

1 sin-Ix
13. cos-1x =-- 14. tan-Ix = ---

cos X cos-1x

15. cosh x ? I for all x 16. In _1_ = _fO dx
10 I X

f6 dx17. -= 31n2
2 x

tan x sec2x
= Jim -.-= 00

- cos X X~""- Sill X

I. The graph of 1is shown. Is 1one-to-one? Explain.
y

2. The graph of 9 is given.
(a) Why is 9 one-to-one?
(b) Estimate the value of g-I(2).
(c) Estimate the domain of 9 -I.

(d) Sketch the graph of 9-I.

Y

3. Suppose 1 is one-to-one, 1(7) = 3, and /,(7) = 8. Find
(a) rl(3) and (b) (1-1)'(3).

x + 1
4. Find the inverse function of I(x) = ---.

2x + 1

5-9 Sketch a rough graph of the function without using a
calculator.

7. Y = -Inx

9. y = 2 arctan x

10. Let a > 1. For large values of x, which of the functions y = xa,

y = aX, and y = logax has the largest values and which has the
smallest values?

II. (a) e21n3

12. (a) In e""

(b) loglo25 + loglO4

(b) tan( arcsin 0

13-20 Solve the equation for x.

13. lnx = ~
15. e" = 17

17. In(x + 1) + In(x - I) = 1

19. tan-Ix = 1

14. eX = ~

16. In(l + e-X
) = 3

18. logs(cX) = d

20. sin x = 0.3

23. h(fJ) = etan28

25. y = In I sec 5x + tan 5x I

27. Y = eCX(c sin x - cos x)

29. y = In(sec2x)

el1x

31. y=-2
x

e'
22. g(t) = ---

I + e'

24. h(u) = IOJU

26. Y = e-'(t2 - 2t + 2)



34. y = eCosx + cos(eX
)

36. F(z) = loglO(l + Z2)

38. y = (cos x)X

40. y = arctan(arcsin~)

35. R(v) = v tan-Iv

37. y = x sinh(x2)

41. Y = In(~) + _I_
x In x

42. xeY = y - 1

(x2 + 1)4
44 y=------

. (2x + In3x - 1)5

46. y = x tanh-I~45. y = cosh-I(sinh x)

47. y = cos(eJilU13x)

48. Show that

_d_ (!tan -I x + ! In _(X_+_I_)_2)= 1 _
dx 2 4 x2 + I (J + x)(J + x2)

49-52 Find l' in terms of g'.

49. j(x) = eY(x)

51. j(x) = In I g(x) I
50. j(x) = g(eX

)

52. j(x) = g(In x)

53-54 Find j(l/l(x).

53. j(x) = 2x

55. Use mathematical induction to show that if j(x) = xeX,
then j(II)(X) = (x + n)ex•

56. Find y' if y = x + arctan y.

57-58 Find an equation of the tangent to the curve at the given
point.

59. At what point on the curve y = [In(x + 4)]2 is the tangent
horizontal?

~ 60. If j(x) = xesinX, find I'(x). Graph j and l' on the same
screen and comment.

61. (a) Find an equation of the tangent to the curve y = eX that is
parallel to the line x - 4y = l.

(b) Find an equation of the tangent to the curve y = eX that
passes through the origin.

62. The function C(t) = K(e-at - e-bl), where a, b, and K are
positive constants and b > a, is used to model the concentra-
tion at time t of a drug injected into the bloodstream.
(a) Show that limH~ C(t) = O.
(b) Find C'(t), the rate at which the drug is cleared from

circulation.
(c) When is this rate equal to O?

65. lim e2/(x-3l
x-3-

1 + 2x

69.lim---
x_~ I - 2x ( 4)X70. lim 1 + -

x-H;Q X

tan 7TX
71. lim----

x_o In(l + x)
I - cos x

72.1im----
x_o x2 + X

e4x - I - 4x
73. lim -----

x-a x2

e4x - I - 4x
74. lim

x2

. (x I )77. hm -- - --
x~l+ x-I In x

79. y = tan-I(l/x)

81. y = x In x

83. y = xe-2x

80. y = sin-I(l/x)

82. y = e2x-x'

84. y = x + In(x2 + I)

ffi 85. Graph j(x) = e-I/x' in a viewing rectangle that shows all the
main aspects of this function. Estimate the inflection points.
Then use calculus to find them exactly.

ffi 86. Investigate the family of functions j(x) = cxe -ex'. What hap-
pens to the maximum and minimum points and the inflection
points as c changes? Illustrate your conclusions by graphing
several members of the family.

87. An equation of motion of the form s = Ae-el cos(wt + 8)
represents damped oscillation of an object. Find the velocity
and acceleration of the object.

88. (a) Show that there is exactly one root of the equation
In x = 3 - x and that it lies between 2 and e.

(b) Find the root of the equation in part (a) correct to four
decimal places.

89. A bacteria culture contains 200 cells initially and grows at a
rate proportional to its size. After half an hour the population
has increased to 360 cells.
(a) Find the number of bacteria after t hours.
(b) Find the number of bacteria after 4 hours.
(c) Find the rate of growth after 4 hours.
(d) When will the population reach 1O,000?

90. Cobalt-60 has a half-life of 5.24 years.
(a) Find the mass that remains from a 100-mg sample after

20 years.
(b) How long would it take for the mass to decay to I mg?



91. The biologist G. F. Gause conducted an experiment in the
1930s with the protozoan Paramecium and used the population
function

64
P(t) = -1-+-3-l-e---o.-79-44-'

to model his data, where t was measured in days. Use this
model to determine when the population was increasing most
rapidly.

92-105 Evaluate the integral.

r 1 f 292. dt 93. o ye-2y dy
o 16 + t2r dr f eX94. 95. dx
2 1 + 2r o I + e2x

rT
/
2 cos x dx f e

JX
96.

o 1 + sin2x 97. J; dx

f cosOn x) f x + 198. dx 99. dx
x x2 + 2x

f 1
csc2x

f tan x In(cos x) dx100. dx 10 I.
+ cot x

102. f viI ~ x4 dx 103. f 2,anO sec2e de

104. f sinh au du 105. f(~YdX

106-108 Use properties of integrals to prove the inequality.

106. fol~dx~e-l

107. fOI eXcosxdx ~ e - 1

109-110 Find rex).
fJX e'

109. f(x) = - ds
I S i2X 2

IIO.f(x)= e-'dt
Inx

III. Find the average value of the function f(x) = l/x on the
interval [1,4].

112. Find the area of the region bounded by the curves
y = eX,y = e-X,x = -2, and x = 1.

113. Find the volume of the solid obtained by rotating about the
y-axis the region under the curve y = 1/(1 + x4) from x = 0
to x = 1.

114. If f(x) = x + x2 + eX, find U-1)'(1).

115. If f(x) = In x + tan-Ix, find (rl)'(7T/4).

116. What is the area of the largest rectangle in the first quadrant
with two sides on the axes and one vertex on the curve
y = e-X?

117. What is the area of the largest triangle in the first quadrant
with two sides on the axes and the third side tangent to the
curve y = e-X?

118. Evaluate S~eX dx without using the Fundamental Theorem of
Calculus. [Hint: Use the definition of a definite integral with
right endpoints, sum a geometric series, and then use
l'Hospital's Rule.]

119. If F(x) = S: tX dt, where a, b > 0, then, by the Fundamental
Theorem,

bx+1 _ ax+1

F(x) =----
x + 1

for all x, find an explicit formula for f(x).

122. (a) Show that In x < x - I for x> 0, x¥- 1.
(b) Show that, for x> 0, x¥- 1,

x-I
--<lnx

x

I lnb-lna 1-<----<-
b b-a a

if b > a > O.
(d) Give a geometric proof of Napier's Inequality by com-

paring the slopes of the three lines shown in the figure.

(e) Give another proof of Napier's Inequality by applying
Property 8 of integrals (see Section 5.2) to S: (l/x) dx.



=============================================::::;1 P 11.0alE M S
I PROBLEMS I

I. If a rectangle has its base on the x-axis and two vertices on the curve y = e -x', show that the
rectangle has the largest possible area when the two vertices are at the points of inflection of
the curve.

2. Prove that log2 5 is an irrational number.

3. Show that

d"
-- (e"X sin bx) = r"eax sin(bx + nO)
dx"

4. Show that sin-I (tanh x) = tan-I(sinh x).

5. Show that, for x > 0,

X
---2 < tan-Ix < x
1 + x

6. Suppose f is continuous, f(O) = 0, f(l) = 1, rex) > 0, and f~f(x) dx = ~.Find the value of
the integral f~rl(y) dy.

7. Show that f(x) = .1': J]+"t"3 dt is one-to-one and find U-I)'(O).

8. If

x 2 sin x
y = ---- - --~~ arctanJa2=1 Ja2=1 a + Ja2=1 + cos x

, 1
show that y = ----

a + cos x

(
X + a)xlim -- =e

x.......;o.oo X - a

10. Sketch the set of all points (x, y) such that I x + y I ~ eX.

II. Prove that cosh(sinh x) < sinh(cosh x) for all x.

12. Show that, for all positive values of x and y,

eX+Y

-- ~ e2

xy

13. For what value of k does the equation e2x = k.j; have exactly one solution?

14. For which positive numbers a is it true that aX ~ 1 + x for all x?

15. For which positive numbers a does the curve y = aX intersect the line y = x?

16. For what values of e does the curve y = ex3 + eX have inflection points?
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