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Here is the English translation: 1

1. Recursive relations:

(a) The Fibonacci sequence is givenby a; = a, = 1,4, = a,_1 +a,—2

for n > 3. Solve a,, and find the limit lim
n—oo [Zn_l

(2) Consider the sequence {a,}: a1 = 1,4, =2, and a, = 2a,_1 + a,_»
for n > 3. Prove that k € IN, 2¥ | a,, if and only if 2F | n.

2. Consider two lines L1, L, on a plane and a point P ¢ L1 U L.

(a) Show that there are points Q € L;, R € L, such that POR is an
equilateral triangle. Discuss the number of possibilities for such
(Q,R). (If you want to use coordinate geometry, you may assume
that P = (0,0) and L1 isy = 1.)

(b) How to construct Q and R by ruler and compass?

3. It is known that rational numbers are dense in real numbers. In fact, we
also have a quantitative version of the denseness:

(a) Prove that there exists a constant ¢ > 0 such that for all integers p, g
with g > 0 we have

lgv2 —p| > ;

(Hint: ¢ depends on v/2. You may try to prove |gv/2 — p||qgv2+ p| >
1 first.)
(b) Define f(x) on [1,2] by the following:

(x) = 0 if xisirrational,
flx) = 7 if x = g is rational with the lowest form and g > 0.

Prove that f(x) is differentiable at x = v/2 and f'(1/2) = 0. (Hint:
You can use the result of (a) directly.)

4. Letv; = (1,0,1,1), v, = (1,-1,1,1),v3 = (1,1,—-1,1), vy = (3,1, -1, 3).

(a) Determine wether vy, v, v3 are linearly independent?

(b) Determine wether v1, vy, v3, v4 are linearly independent?

(c) Can you substitute one of v, v, v3 by v4 so that they still form the
same linear span?

(d) Can you substitute any one of vy, v, v3 by v4 so that they still form
the same linear span?

IDate: Am 9:00 - 11:00, December 19, 2021. Give your answers in details. No credit will
be assigned to non-substantial solutions. The shortlist for the afternoon oral examination
will be announced before 12:50



