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1. Let X be a random variable with a geometric distribution, i.e. P(X = z) = 0(1 — 0)*~ 1,

x =1,2,.... Consider the estimation of ¢ under squared error loss.
(a) (8%) Suppose ¢ has a prior distribution P(§ = 1/4) = 2/3, P( = 1) = 1/3. Find
the Bayes estimator for 6.

(b) (7%) Show that the Bayes estimator obtained in (a) is minimax.
2. Suppose that Xi,..., X, ~ Poisson(\).

(a) (5%) Find the UMVUE of exp(—\), the probability that X = 0.

(b) (10%) Find the asymptotic distribution of the UMVUE in (a).

3. Suppose X1, Xs,..., X, X U(p — o, + o), and we want to test Hy : 1 = 0 versus

Hy :p# 0basedon Xq, Xs, ..., X,,.

(a) (10%) Derive the likelihood ratio test and express it as a function of W' = X, —
Xy and U = max (X(n),—X(l)) where X(,,) = max(Xi,...,X,) and Xq) =
min( Xy, ..., X,).

(b) (10%) Show that, under Hy, U is complete and sufficient and U and W /U are inde-

pendent.

4. Starting with a density f with mean 0 and covariance matrix 021, create the location
family {f(z — 0) : |0] < oo}. Let X160 ~ f(z — 0) and consider a prior on 6 to
be 8 ~ f*", the n-fold convolution of f with itself. (The convolution of f with itself is
f2(z) = [ f(z—y)f(y)dy. The n-fold convolutionis f**(z) = [ f*"=V(z—y)f(y)dy.)
(a) (10%) Show that the Bayes estimator under squared error loss is 5 X'. Note that n

is a prior parameter.
(b) (10%) Calculate the mean squared error of 25 X, and compare it to the mean squared

error of X. Under what circumstances would you prefer 5 X7
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(¢) (10%) Show that, marginally, | X|?/ (po?) is an unbiased estimator of n + 1. Use this
fact to construct an empirical Bayes estimator of 6 that resembles a Stein estimator.

5. Let Xy, Xo,..., X, SN (u,0?), where 1 € R and 0 > 0 are both unknown.

(a) (10%) Define X, =n ' > " X;and S2 =n"' 3" | (X; — )_(n)Q. Find the asymp-
totic distribution of v/ (X,, — 1, S2 — 02)”.
(b) (10%) Suppose now the normality assumption is dropped, but the X;’s are assumed

to have a finite fourth moment. Let p3 = E (X; — ) and gy = E (X, — p)*. Find
the asymptotic distribution of \/n (X, — p, S2 — 0'2)T.



