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# 1.	 (20 pts) Let f : lR. ---t lR. be a measurable function. Must the following statement 
hold? 
Given c5 > 0, there exists a continuous function ¢ on lR. such that 

m ({x E lR. : f(x) t- ¢(x)}) < c5. 

Hereafter, me) is the Lebesgue measure. Prove or disprove your answer. 

# 2.	 (20 pts) Let f E L2(lR.n) and K(x) = l)lxl for x = (Xl,"', xn) E lRn, where 

n	 ) 1/2

Ixl =	 
(
L X; . Set K,(x) = :~I;I and let j be the maximal function defined 
J=l 

by
 
- 1 r
 
f(x) = s~p m(Q) J If(y)1 dy, 

Q 

where the supremum is taken over all cubes Q with center x and edges parallel 
to the coordinate axes. 

(i) Must j E L 2 (lRn )? (10 pts) 

(ii)	 Must there exist a constant C independent of f such that 

sup IK, * f(x)1 ::; C j(x), \:Ix E lRn 

,>0 

holds? Here * is the convolution. (10 pts) 

Prove or disprove all your answers. 

# 3.	 (20 pts) Let {!k : k = 1,2,3,· .. } be a bounded sequence in L2 ([0, 1]). Must the 
sequence {fd have a convergent subsequence in £1([0, :I.])? Prove or disprove all 
your answers. (10 pts) 

# 4.	 (20 pts) Can there exist f E L1(lR) and a sequence {fn}~=l C £1(lR) such that 
as n ---t 00, Ilfn - fll£1 ---t 0 but fn(x) ---t f(x) for no x? Prove or disprove your 
answer. 

# 5.	 (20 pt) Let E C [0,27l"] be a measurable set with positive (Lebesgue) measure. 

Must lim rcos2(nx + un) dx = 0 for any sequence {Un}~=l C lR? Prove or 
n->oo	 } E 

disprove your answer. 


