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Real Analysis Qualifying Exam

There are six problems in this exam. To pass the cxam, you have to
answer at least four problems correctly.

1. Let (X,8.p) be a o-finite measure space. Assume that @ X — [0, 00}
is a measurable function. Let ¢ 1 |0,00) — [0,00) be a /' function with
never-vanishing derivative, Show that

/X go f(a)du = / ' Dp{x: flx) > th)di.

(]

2. Prove or disprove the following statements.

{a} Denote £ the Lebesgue measurable set of R. Asswune that f.g: R — R
are Lebesgue measurable functions. ie., {r: f{#) > {1} € £ and {x: g{+) >
iy e Lforallt € R. Is [ o g Lebesgue measurable?

{b) Let B be the Borel set of R, Asswne that [ and ¢ are Borel measurable,
e, {a: flay >t} eBand {r:g{x) >t} € Bforallt € R Is fog Borel
measuralle?

(¢} Let u be the Lebesgue measure of R. Let A be a Lebesgue measurahle
set. and B be a Borel set satisfying u{A) = (B) = 0. If N C 4, then must
N be a Lebesgue measurable set? Ou the other hand, if N € B, then nst
N be a Bovel set?

3. Let f: R — R be Lebesgue measurable. Show that there exists a Borel
function g such that f = g a.e.

4. Prove or disprove the following statements (consider R with Lebesgue
measure).

(a) fu — S amiformly in R = f, — [ in L.

(L) f, = fin L' = f, — f pointwise a.e.

(¢) Let oo : R — R be contimmous and [, — [ a.e., then dro f,, — 4o [ a.c.

5. Let { X8, 4) be a measure space with 1e(X) < oc. Assume that the real-
valued finction [ is measttable aud lim I e exists and s finite. Show
that

lim / [rdpe=p{{e: ey = 1)),

6. Let [ X — [0,5¢) he a weasurable and essentially bounded function.
Denote ess sup f =: A > 0. Asswne that 1 X) < 0o, Show that

{a)
lim { / _,r‘"“ri;:.)l/” = A/
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