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There ave six problems in this exam. To pass the exam, you have to at
least answer four problems correctly.

1. If f is measurable on E, define w;{a) = m{f > a} for —oo < a < +oc.
Hereafter m(A) denotes the measure of A. If fi, 7 f. show that wy, 7wy, If
fv — f in measure, show that wy, — wy at each point of continuity of wy. {For
the second part. show that if fy — f in measure, then limsup;_ . w fla) <
we(a — £) and liminfy..o wy, (@) = wyla +¢) for every & > 0.]

2. Ifp >0, [o|f— ful> — 0, and [ |fel’ < M for all k. show that
JplfP < M.

3. Give an cxample of a bounded continuous f on (0, oc) such that
linm, e f(2) =0 but f & L*(0,00) for any p > 0.

4. Prove the following integral version of Minkowski's inequality for 1 < p <

/']f T.y) fh‘jdy pS/ [\f(b y‘dy Yda.

[For 1 < p < oc, note that the pth power of the left-hand side is ma jorized by
[ S 1F G pldelP 7 f (2 y)|dady. Integrate fivst with respect to y and apply
Holder lllﬁql_ldllt).]

5. A sequence { f,} of measurable functions is said to be a Cauchy sequence
in measure if given ¢ > 0 there is an N such that for all m,n > N we have

mdx : |Fadle) = fulz)| 2 ef <o

Show that if {f,} is Cauchy sequence in measure, then there is a function
f to which the sequence {f,} converges in measure. [Choose n,41 > 7, 50
i E I -~ = £ VT y 5 .
that m{x : |fo, = fuo| > 2772 < 277 Then the series Y (fu, 0 — fu.)
couverges almost everywhere to a function g. Let f = g+ f.,. Then f,, — f

in measure, and one can show that consequently f,, — f in measure.]

6. Let {f,} be a sequence of fimctions in L7, 1 < p < oo, which converges
almost everywhere to a function f in L?. Show that {f,} converges to f in
LP if and only if || fallr — ||z




