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1. Show that an open set in R can be written down as a disjoint union of countable open
intervals. (14%)

2. Let f : R — R be a measurable function. Show that for any € > 0 there exists a continuous
function g : R — R such that m({z|f(z) — g(z) # 0}) < e¢. Here, m(E) denotes the Lebesgue
measure of set E. (14%)

3 Show that £ C R" is measurable if and only if E = H \ Z for some H of G5 type and Z of
measure zero. (14%)

4. Let E be a measurable subset of R™. Suppose a sequence of measurable functions { fi}
converges in measure to f on E and |fx| < ¢, where ¢, are measurable functions on E such
that ¢r — ¢ € L(E) a.e. Show that f € L(E) and [, fr, — [, . (15%)

5. Let f: R” — R be a measurable function. Suppose

e

for every measurable subset FE of R". Show that f = 0 almost everywhere. (14%)
6. Let f be measurable and periodic with period [. Suppose that

/0 |flao=t)+ f(B+1t)|dt <1

for all & and . Show that f € L[0,1]. (14%)
7. Let K(z,y) > 0 be a measurable function on R" x R™. Define T'(f)(z) = [p. K (x,y)f(y)dy.
Suppose there exist positive measurable functions p, ¢ and positive numbers a, b such that

s K(z,y)p(y)dy < aq(z),

- K(z,y)q(x)dz < ap(y).

Show that

T <ab [ 17w)Pdy

R

(15%)



