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1. (10%) Let A C R has Lebesgue measure zero and let
1
— ifx #0,
flx) =9 Izl
0 ifzxz=0.
Show that B = {f(z) : € A} has Lebesgue measure zero.

2. (20%) Show that a subset Y of R" is Lebesgue measurable if and only if for every set A C R",
|A|e = |A N Y|e + |A \ Y|e7

where |A|. denotes the Lebesgue outer (exterior) measure of A.

3. (1) (25%) Let f be a Cauchy sequence in L'(R™). Show that there exist a function f € L'(R")
and a subsequence fi ,j =1,2,3,..., such that f, — fin L'(R") as k — oo and f, — [ a.e.
as j — o0.
(2) (15%) Let Ay, C [0,1],k =1,2,3,..., be a sequence of Lebesgue measurable sets with

[e0)
Z |Ak| < 00,
k=1

where |Ax| denotes the Lebesgue measure of Ay. Let x4, denote the characteristic function of
Ay. Show that xa, — 0 in L'([0,1]) and x4, — 0 a.e. on [0,1] as k — oo.

4. (1) (10%) Prove Young’s inequality.
(2) (20%) Prove Hélder’s inequality for functions defined on R™.



