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1. Let f be a real-valued function on R.
(a) (10%) If f is Lebesgue measurable, then for any a € R, f~!(a) is a measurable set.

(b) (15%) Does the converse of (a) hold true? That is, if for any a € R, f*(a) is measurable,
then f is a measurable function.

2. Let 1 < p,q < oo be conjugate, i.e., 1/p+1/q = 1. Let {x, = (2;,)32,} be a sequence of
elements in ¢,. Recall that the sequence {x,,} converges weakly in ¢, to some x = (z;) € ¢,
if

i (ca,y) = lim Y @i =D wiys VY= () € by
J J
Show that

(a) (5%) strong convergence implies weak convergence;
(b) (15%) for 1 < p < o0, the converse is false by constructing a counterexample;

(¢) (15%) for p = 1, weak and strong convergence are equivalent.

3.(25%) Let f be a measurable function on R™. Define (f) = sup,.,a|{z € R" : |f(z)] >
a}|, and recall that f belongs to weak L'(R™) iff (f) < co. Show that weak L'(R™) has all the
properties of a Banach space with respect to (-) except the triangle inequality. Show however
that there is a constant x > 1 such that the quasi-triangle inequality (f + g) < x((f) + (g))
holds for all measurable functions f and g. Also show that the constant x cannot be 1 by
considering the case of one dimension f = x(0,1/2] + 2X(1/2,1]> 9 = 2X[0,1/2] + X(1/2,1]-

4.(15%) Let f be a real-valued function on R. Then the set of discontinuous points of f is
an F set.



