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PH.D QUALIFYING EXAM : REAL ANALYSIS 2019 FALL

1.(10%) Denote M f the Hardy-Littlewood maximal function of f € L'(R"). Show
that M f is of weak (1,1).

2.(15%) Assume f(z) is a real valued continuous function on R and fR |fa)|dz <
oc. Show that there exists a sequence {x,} of real numbers such that z, — oo,
Znf(zn) = 0 and z,f(—2zn) — 0. )

3.(15%) Let 1 < p,q < oo and 515 + —é > 1. Assume r satisfies 11 =
that [|f * gllr < [[f]lpllgllg-
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=t g 1, show

4.(15%) Assume f,g € L'(R™). Given a real value A, let F) = {z € R"; f(x) > A}
and Gy = {z € R% g(x) > A}. Show that [p. |f—gldz = [R [(FA\GA)U(GA\F))|.

5.(15%) Let p be a finite measure on X, and for measurable functions f,g on X,

let d(f,9) = [y Ti72idu. Show that {f,} converges in measure to f if and only
if imy—es d{fn, f) = 0.

6.(15%) Assume {¢,} is an orthonormal system in L*([0, 1]). Define
E = {z € [0, 1]; lim ¢, (x)exists}.
Let ¢(x) = limp—s00 XE®n(x). Show that ¢(z) = 0.

7.(15%) Assume f(x) is continuous on R, find the limit

1

s n 1
r}ggon | fle+ E)cos(nx)d:c.



