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PH.D QUALIFYING EXAM : REAL ANALYSIS 2019 SPRING

1.(15%) Let (X, M, p) be a measure space. For 1 < p < oo show that f € LP(X)
if and only if 3700 n= P R{|f| > L1 4+ % nP-Luf|f] > n} < o

2.(10%) Construct a sequence of sets Fy, Eo, -+ , Ey, - -+ such that Ej, is decreasing
to a set F and |Fyle < 0o and im0 |Exle > |Ele.

3.(15%) Let ¢(z) be a bounded measurable fuiiction in R™ such that ¢(x) = 0 for
|| 2 1 and [ é(z) = 1. For € > 0 denote ¢c(x) = ¢ "¢(%). Show that if f € L'
then for = in the Lebesgue set of f, we have

El—?(l)f * Pe(z) = f().

4.(15%) Let f(z) € LY(R™), and M f(x) be its Hardy-Littlewood maximal func-
tion. Show that M f(x) is lower semicontinuous.

5.(15%) Suppose B is a Lebesgue nonmeasurable set in R™. Show that we can find
a subset By C B such that By is also nonmeasurable and if A C By is Lebesgue
measurable, then |A4]| = 0.

6.(15%) Let {¢x} be an orthonormal system and {c,} be a sequence of numbers
in 2. Show that there exists a function f € L? such that its Fouerier series with
respect to {@y} is exactly equal to 3~ cpdp(x).

7.(15%) Let (X, M, 1) be a measure space with u(X) < co. Given a sequence of
measurable functions {f,} such that each f,, is finite p-a.e. Is it possible to find
a positive sequence {c,}, i.e. ¢, > 0 for every n, such that lim, e cnfn(z) = 0
p-a.e. 7 Show your result.



