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PH.D QUALIFYING EXAM : REAL ANALYSIS 2018 SPRING

1.(15%) Given a differentiable function f : R — R with f(1) = 2 and f'(z) =
57‘#(1)7' Does the limit lim; ;o f(z) exist 7 Prove or disprove your result.

2. Given a continuous function f(z):[0,1] = R.
(1).(10%) Show that limy e fy " f(z)dz = 0.

(2)-(15%) Show that lim,,e0n [y 2”f(z)dz = f(1).

3.(15%) Suppose f € L*(X) on a measure space (X,u) with 0 < ||f]leo and
p(X) < oo. For p > 0, let By = [y |f|Pdp. Show that 95%1_ — || flloc when p — oco.

4.(10%) Let p be the Lebesgue measure on the o-algebra M of Lebesgue measur-
able subsets of [0,1]. Let N be a sub-c-algebra of M. Prove that given a function
f € L([0,1], M, i), there exists a unique function g € L!([0, 1], N, 1) such that
Ja9dp = [, fdu for every A€ N.

5. (10%) Let

coszT ifx€Q°
@y =% HeeQ
sinx fxe@

Does the Lebesgue integral fol f exist 7 Prove or disprove it.
6.(15%) Suppose {A,} is a sequence of disjoint measurable sets of [0, 1] with

UA, = [0,1]. If {B,} is a sequence of measurable subsets of [0,1] such that
limp,_yo0 | B N Ag| = 0 for all k. Show that lim,_, |Byp| = 0.

7. (10%) Let A, B be two measurable subsets of R!. Define f(z) = |(4 — z) N B].
Evaluate [p; f(z).



