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PH.D QUALIFYING EXAM: REAL ANALYSIS 2018 SPRING 

1.(15%) Given a differentiable function f : R -+ R with !(1) = 2 and f'(x) = 
x4+}(x)2 • Does the limit limx-+oo f(x) exist ? Prove or disprove your result. 

2. Given a continuous function f(x) : [0, 1] -+ R. 
(1).(10%) Show that limn-too f0

1 xn f(x)dx = 0. 

(2).(15%) Show that limn-too n f0
1 xnf(x)dx = !(1). 

3.(15%) Suppose f E L00 (X) on a measure space (X,J-L) with 0 < llflloo and 

J-L(X) < oo. For p > 0, let {3p = f:J( lfiPdJ-l. Sho~ that ~~; 1 -+ llflloo when p-+ oo. 

4.(10%) Let J-l be the Lebesgue measure on the a-algebra M of Lebesgue measur
able subsets of [0, 1]. Let N be a sub-a-algebra of M. Prove that given a function 
f E L1([0, 1], M, J-L), there exists a unique function g E £ 1([0, 1], N, J-L) such that 
fA gdJ-l = fA fdJ-L for every A E N. 

5. (10%) Let 

f(x) = {c~sx if x E Qc 
smx if x E Q 

Does the Lebesgue integral .{0
1 f exist ? Prove or disprove it. 

6.(15%) Suppose {An} is a sequence of disjoint measurable sets of [0, 1] with 
U An = [0, 1]. If { Bn} is a sequence of measurable subsets of [0, 1] such that 
limn-too IBn n Akl = 0 for all k. Show that limn-too IBnl = 0. 

7. (10%) Let A, B be two measurable subsets of R 1 . Define f(x) = I(A- x) n Bl. 
Evaluate fRl f(x). 


