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PH.D QUALIFYING EXAM: REAL ANALYSIS 2017 FALL 

1.(10%) Let Z be a measure zero set in R1. Show that the set {x2 : x E Z} has 
measure zero. 

2. 
(1).(10%) Suppose f E L 8 (Rn) n Lt(Rn) for some 1 < s < t < oo. Will f 
belong to LP(Rn) for s < p < t? Prove or disprove your result . 

.!..=.E 
(2).(10%) For 0 < p < 1. Show that II! +g+hllp ~ 3 P (llfllp+ ll9llp+ llhllp) 

.!..=£ 
and 3 P is best possible. 

3.(15%) Let E be the interval (0, 2). Does the Lebesgue integral JE sin(x~l) exist 
? Prove or disprove your result. 

4.(15%) Let m be the usual Lebesgue measure on R1 , and define 

J.L(E) = { - 1
-

2
dm(x), 

}E 1+x 

for Lebesgue measurable set E. Show that m is absolutely continuous with respect 
to J.L, i.e. show that m(E) = 0 whenever J.L(E) = 0. 

5. 
(1).(10%) Let 

f(x) = g if X~ 0 

if X< 0 

Find the value of its maximal function at x = -2, i.e. what is the value of 
!*( -2). 

(2).(10%) Denote g* the Hardy-Littlewood maximal function of g. Given 
g E L 2 (Rn), show that 1lg*l12 ~ c1lgl12 for some constant c only depending on 
the dimension n. 

6.(20%) Given a measurable set E C [0, 1] with lEI = 20\ 7 . Show that E contains 
an arithmetic progression of length 3, i.e. there are three numbers a, b, c E E such 
that b =a+ rand c =a+ 2r for some r =f=. 0. (Hint: use Lebesgue Differentiation 
Theorem) 


