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1. {20%) Which ofthe following spaces is (are) separable? 

Justify your answer. 

2. {20%) Construct an absolutely continuous strictly monotone function g on 

[ 0, 1] such that g' = 0 on a set of positive measure. 

3. {20%) Let g e Loo [ 0,1] with norm llglloo . Prove that \;/ B > 0, :3 f e t [ 0,1] such 

4. (total20%, 10% each) Suppose f e L' (IRn ), n ~ 2 and JRJJidx:::; 1. 

(i) f 
1 . 

Provethat \;/keN, :3rk~10k suchthat IJidS<-,where 
aa'7< rk 

(ii) Suppose that f is continuous on IRn. Prove that '<;fk eN, :3rk ~ 10k 

and xk e IRn such that If ( xk )I:::; C rk-n, where C is a positive ~ 

constant independent to k 

5. (total 20%, 10% each) 

i. Calculate the value P = inf {fR" u
2 -ln ( 1 + u2 )dx: JR" u

2
m dx = 1} for 

m, n eN. Justify your answer. Discuss all cases of m, n eN. 

ii. Can the value P be achieved by a function in L2m ( IR n)? Justify your 

answer. Discuss all cases of m,n eN. 


