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Real Analysis Qualifying Exam
Fach problem set counts 25 points.

1. Answer the following questions regarding the Riemann-Stieltjes integral.
. o5 . by
(i) Show that if f“) fdg exists, then so does _]“’ gdf, and
b

/).fflg — F(B)g(®) — fla)g(a)] — / odf.
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(ii) For functions f and ¢ defined on the interval [a,b], prove that if f and ¢ have a
common discontinuous point, then ]”h fdg does not exist.
2. Show that there exist sets Fy, Es, ---, E, ---, such that
Ex \\E, |Ex|i < +o0,
Euli > |E

lim .
k—o0

with strict inequality, where
argument in details.

- |; denotes the outer measure. You have to make your

3. True or False. For cach of the following statements, prove or disprove it.
(i) If the real function f(x) is differentiable at z = 0, f is continuous in certain neigh-
borhood of z = 0.

(ii) Supposed f: R — R. If f’(x) is bounded for all z € R, then f’(z) does not have
any jump discontinuity.

(iii) Let f(z) € L?(E) for all p > 1. Then f(2) € L*(FE).

(1) State (i) Hardy-Littlewood Lemma for maximal functions and (ii) Simple Vitali
(covering) Lemma.
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(2) Prove the Lebesgue differentiation theorem: If f € L
r € R"

(IR™), then for almost every
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@) /,,r(_,v) fyldy = J(@).




