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1.	 (total 30%, 10% each) Let L ={/ :[0, 1] ~ IR is Lebesgue integrable} , 

M ={/ :[0,1] ~ IR is Riemann integrable} eLand 

N ={/: [0, 1] ~ IR is continuous} c L with norm II/II =J~lf( x)ldx for f E L.: 

i.	 Is M a Banach space (complete norm linear space)? 

ii.	 Is the closure of N equal to L? 
iii.	 Does there exist a linear map T: M ~ L such that T is onto and
 

bounded (i.e. supllT(f)11 < (0) ?
 
fEM 

11J11=1
 

Justify your answers.
 

2.	 (20%) Let {J~}:=lcL[O,l] and fEL[O,1) satisfy 

limJ,,(x)=f(x),\lxE[O,l], fl
lJ,,(x)1 

2 
dx<1 and fl 

lf(x)!2<00.provethat
k-->oo	 0 0 

J~IJ" - flP dx ~ ° as k ~ 00 for any 0< p < 2. What about p =2? 

3.	 (20%) Find {/~}:=I a sequence of functions such that h converges to f 

weakly in L2 [0,1), strongly in L3
/ 
2 [0,1) but not strongly in L2 [0,1] . 

l+x	 I-x 

4.	 (totaI30%,lO%each)Let ¢,EC[-l,1) satisfy \lG>O,I¢,(x)l~e-~ +e-' for 

xE(-l,l),and ¢,(x)=x at x=±1.Let fErt[-l:1), F(x)=[f(s)ds 

i.	 Find the limit }~~+(n,(x)f(x)dx=? 

ii.	 Find the limit lim ~Jl ¢, (x)F(x)dx =? 
,-->0+ G	 -I 

iii.	 Prove that \I G > o,IJ~J~ ~¢, (x- Y)f(y)dydxl ~ e-
C

% for some constant
 

Co >° independent of G.
 




