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1. (total 30%, 10% each) Let L = {f : [O, 1] — R is Lebesgue integrable} ,
M ={f:[0,1] > R is Riemann integrable} < L and

N

{f:[O,l] —>Ris continuous} c L withnorm |f]= I;lf(x)[dx forfel.

i. Is M aBanach space (complete norm linear space)?
ii. Is the closure of N equalto L?
iii. Does there exist a linear map 7 :M — Lsuchthat 7 isontoand

bounded (i.e. sup”T(f)“ <®)?
SfeM
IA=1

Justify your answers,

2. (20%) Let {f,}; <L[0,1] and feL[0,1] satisfy
lim f, (x) = £ (x),¥xe[0,1], [[|fi(x) dx<1 and [|/(x) <. Prove that
Lllfk—flpdx—>0 as k—>ow forany 0<p<2.Whatabout p=27?

3. (20%) Find {f,}, asequence of functions such that f, convergesto f

1

weakly in Z*[0,1], stronglyin L*[0,1] but not strongly in L*[0,1].

I+x I=-x

4. (total 30%, 10% each) Let ¢, e C[-1,1] satisfy V&> 0,|¢, (x)l <e ¢ +e ¢ for

xe(=L1),and 4, (x)=x at x=*1.let fel[-Ll], F(x)=J:f(s)ds

i Findthelimit lim [’ n, (x) f(x)dr=2
.. . oo L
i. Find the limit )Lr&;_[_l;és (x)F(x)dx="?

. Prove that Ve >0, Jf/ J‘_}j/ﬂﬁ[ (x=»)f(y)dpdx|< e'c% for some constant

¢, >0 independent of ¢.





