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Choose 5 from the following 6 problems 

1. Let Ud be a sequence of functions in V, 1 ::; p < 00, which converges almost everywhere to a 
function f in V. Show that Ud converges to f in V if II fkII LP ---+ II f II Lp· 

2. Let S be the set of functions which are positive a.e. on [0, 1]. Define 

1
1 1 

1 t f- 1dx), 1 1 1!vIJ = ( 0 x2fdx)(}o NJ = ( 0 fdx)( 0 f- 2dx)2. 

(a) Determine infJES!vIJ and find all minimizers of !vIJ in S. 
(b) Determine infJEs NJ and find all minimizers of NJ in S. 

3. Let E be a subset of !R.n. 
(a) Prove that E is Lebesgue measurable if and only if E = H\ Z, where H is a GfJ set and Z has 

measure zero. (A set is called GfJ if it is the intersection of a countable collection of open sets.) 
(b) Prove that E is Lebesgue measurable if and only if 

m*(A) = m*(E n A) + m*(EC n A) for every A c jRn, 

where m* dentotes the Lebesgue outer measure. 

4. Let 1 ::; P ::; 00, 1 ::; q ::; 00, f E V(!R.n) and g E Lq(jRn). 
(a) Prove that Ilf * gilLP ::; Ilfllv,llgllLq if q = 1. 
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(b) Prove that Ilf * gllu ::; Ilfllv,llgllLQ if - + - ~ 1 and - = - + - - 1. 

p q r p q 

5. Assume {xd c jRn, Ck ~ 0, and 2.:kCk < 00. Let g(x) = 2.:k Ck f(x+Xk). 
(a) Show that g(x) is finite almost everywhere if f(x) is Lebesgue integrable on !R.n. 
(b) Does the same conclusion hold if f(x) E V(!R.n) and 1 < p ::; oo? 

6. 
(a) Prove that (1 - X 2 )b is absolutely continuous on [0,1] if b > O. 
(b) Let f be a nonnegative absolutely continuous function on [0,1]. Is it true that J1 is also 

absolutely continuous on [0,1]7 

1 




