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Qualified Exam for Real Analysis	 Feb. 2013 

1.	 (20%) 

Let! be integrable on (a,b). Prove that there exists a unique 

function g such that 

r: g(t)dt =(r: /(t )dtr,Va < x < b. 

2.	 (20%) 

Suppose that! and g are measurable functions on jRd. 

Recall the definition of the convolution off and g given by 

Show thatf *g is integrable whenever! and g are integrable, 

and that 

with equality iff and g are non-negative. 

3.	 (20%) 

2
Suppose {qJk} :=1 is an orthonormal basis for L (}Rd) . Prove that 

the collection {qJj,k} j,k?\ with qJj,k ( X, y) = qJj ( X) qJk (y) is 

an orthonormal basis of L2(}Rd x}Rd). 



4.	 (20%) 

For p,q > 1, let 

2	 uI p,q = inf {Ilull: -Ilull: :u E LP nLq nL , II l1 =I} I2 

LS	 L
S

where is the function space defined as r = (ll~?) with the 

I 

norm IlulL = (flR 2 lu (x )IS dxY for u E LS 
and S > 1.Answer the 

following questions. 

(i) Suppose P > q > 2. Which one holds true: 

(A) I p,q is finite I (B) I p,q = 00 I (C) I p,q = -00 . 

(ii) Suppose q > p > 2 . Which one holds true: 

(A) I p,q is finite I (B) 1p,q =00 I (C) I p,q = -00 . 

Justify your answers rigorously. 

5.	 (20%) 
i. Calculate the value 

1=inf {fR' [u'~ x) - ~l + u' (x) + 1] dx: fR' u' (x )dx =I} . 
ii. Can the value I be achieved by a function i.e. there exists 

Prove or disprove your result. 


