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Qualified Exam for Real Analysis Feb. 2013

1. (20%)

Let / be integrable on (a,b). Prove that there exists a unique

function g such that

a

ng(t)df =(J:f(t)dt)2,Va<x<b.

2. (20%)
Suppose that  and g are measurable functions on R,

Recall the definition of the convolution of / and g given by

(fg)(x)=]./(x=»)g(»)a.

Show that f * g is integrable whenever f and g are integrable,
and that

”f*g”L'(Rd) = ”f”L‘(Rd) “gnz,‘(kd) ’

with equality if / and g are non-negative.

3. (20%)
Suppose {(pk}:zl is an orthonormal basis for L’ (Rd ) Prove that
the collection {gﬂj,k}j,k21 with @, 4 (xa J’) =@; (x)(0k (y) is

an orthonormal basis of L (Rd x R )



4.

5.

(20%)

For p,g>1let

Ly =int {Jul? =[ull cue 2NN L, u

:1},

where L’ is the function space defined as r=r (Rz) with the

norm [, =( [ Ju (=)

following questions.

)s for uel’ and S >1.Answer the

()  Suppose P >g > 2. Which one holds true:

w 1,, is finite , (g) ]p,q =, () 1,,=",

(i) Suppose 4 > P > 2 . Which one holds true:

A 1,, is finite | (g) Ip’q =00 (() ]p,q =0

Justify your answers rigorously.

(20%)
Calculate the value

I= inf{jnz[uzéx) — 1 (x) +1:|dx o (x)dx = 1}

Can thevalue I be achieved by a function i.e. there exists

uELZ(R ) with J dx—l such that

IR2 v \/l+u )+1|dx=1?

Prove or disprove your result.



