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1. (40% ) For each of the following statements : Prove or disprove it.

(a) Let f and {f,}52, be real functions defined on R such that for any
p>1, fe LP(R) and {f,}22, C LP(R). Is it possible that

B fa = fllr =0 forall p21,

but fn(z) — f(z) for no z ?

(b) If there exists a positive constant M such that || f||L»g) < M for any
p > 1, then f € L*(R).

(c) A perfect set must be uncountable.
(d) Suppose F : R® — R™ is a Lipschitz transformation. If A C R™ is a
measurable set, then F'(A) is also measurable.

. (15%)Suppose f € L(R™) and f* is the Hardy-Littlewood maximal func-
tion of f. Prove that there exists a constant ¢ independent of f and «
such that

|{m€R”

F@) > a}| < 5/"|f|, a>0.

(0]

. (10%) Let F be a closed subset of R and let é(z) = 0(x, F') be the corre-
sponding distance function. If A > 0 and f is nonnegative and integrable
over the complement of F', prove that the function

/ A
R

|z~ gl
is integrable over F'.
. (15%)State and prove the Fubini’s Theorem.
. (10%) Let 1
o) = [ (@) ')}
be a functional defined for all p(t) € C§([0,1]). Show that

(a) I is not bounded above.

)
(b)

(c) 0is alocal minimum of /.

I is not bounded below.

. (10%) For functions f and g defined on the interval [a,b], prove that if
f and g have a common discontinuous point, then the Riemann-Stieltjes

integral j: fdg does not exist.



