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Problems 1-4, 15 points each; Problems 5,6, 20 points each

1. Assume SLLN. Let an iid sequence with a positive L' rv X as common distribution
to represent the life-time of, say, a bulb, Let rv N({t} denote the “ renewal number” up to
time ¢. State and prove the LLN for N(t). Let f(t) be a continuous function on unit interval
[0,1]. State and prove the so-called Monte Carlo convergence.

2. Use ch.f. to discuss the convergence in distribution of iid sequence X, with symmetric
rv. X as common distribution such that the decay (1) P{|X| > z} = £=*9,4 > 0, and
(2) P{{X| >z} =zt

3. Let (X,,F,) be a martingale, and each X, is in L*(dP). 1. prove that (X3, F,)is a
submartingale. 2. decompose X? into a sum of a martingale M, and an increasing process
A, with Ag = 0 (this is called Doob’s decomposition, try to start with defining Ay, and
explain that A, is “predictable”.

4. Let (X, F.) be a martingale, and each X, is in L?(dP). the difference is &npn =
Xp = Xm,m < n. prove 1. E[€2, |Fm] = B[X2|Fn] — X5 2. 1032, E&2_ ., < 00, then the
martingale convergence holds both a.s. and in mean square.

5. What means a probability distribution to be stationary for a MC? Let X be a finite-
states irreducible aperiodic MC. Then prove that there is at most one stationary distribu-
tion{try to use basic limit theorem). What means a MC to be doubly stochastic 7 In case
it is, write down the stationary distribution.

6. Let B, t > 0, denote the standard Brownian Motion on the line. 1. For each ¢ > 0,
define A, ; == B(L£) - B(U;})t); prove that Z?Zl A? ; converges in L? as n tends to oc. 2.

For any 6, exp8B, — 6%t/2,t > 0, is a martingale.




