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Answer questions in order. 

1.	 (10%) Let Zl' Z2, be independent and identically distributed (i.i.d.) uniform random 
variables on {I, 2, , n}, and Tn = inf{k : I{ZI, Z2,"" Zk}! = n} be the first time in 
the sequence Zl, Z2, that all numbers {I, 2, ... ,n} are present. Find a suitable constant 
sequence (bn), and show that Tn/bn converges in L2 and thus in probability. Determine the 
limit. 

2.	 (30%=12+6+6+6) Let Xl, X 2, ... be independent random variables that each one has mean 
zero and finite variance, and Sn = Xl + .. ,+ X n. 

(a) For a > 0, prove Kolmogorov's maximal inequality: 

(b) Let Pk = sUPm,n2:k ISm - Sn I and ~ > O. Apply the above inequality to show that 

(c) Conclude from (b) that Xl + X 2 + ... converges alrp.ost surely if E~=l Var(Xn) < 00. 

(d) Suppose further that the random variables Xl, X 2, . .. are identically distributed. For 

any 6 > 0 show that Sn --+ 0 almost surely as n --+ 00. (Hint. You might 1 

n l / 2 (in n) 2+0
 

need Kronecker's lemma.)
 

3.	 (14%=10+4) 

(a) Let Y>. be a random variable having Poisson distribution with parameter A. Find con
stants a(A) and b(A), and show that (Y>. - a(A))/b(A) converges weakly as A --+ 00. 

Determine the limit distribution. 

(b) Let UI , U2 , •.• be Li.d. Poisson random variables with a fixed parameter Aand let a > A. 
1 

Evaluate the limit lim -In P (UI + ... + Un 2:. na) if exists. 
n~oo n 

4.	 (14%=10+4) Let (Pxy) be the transition probabilities of a Markov chain X n on state space 
§, and Fn = o-(Xo,Xl, ... , X n). Call a function harmonic (super-harmonic, sub-harmonic) 
at x if LPxyj(y) = j(x) (:s;, 2:.j(x), respectively.) For A C §, define the stopping time 

yES 

TA = inf{n 2:. 0 : X n E A} that is the first entrance time into A. For any bounded function 
jon § denote 

(Sj)(x) - L P xyj(y) = Ex[J(XI )], (If)(x) = j(x), 
y 

n-l 

Zn - j(Xn) - j(Xo) - "L((S - 1)j )(Xk ), n 2:. 1, Zo = 0, 
k=O 

UA(x) - Px(TA < 00). 

(a) Prove that Zn is a martingale \yith respect to Fn. 

(b) Show that UA satisfies 0::; UA ::; 1, UA = 1 on A,and (S - I)UA = 0 on AC. 



5.(16%"=10+6) 

(a)	 Given a Markov chain, write down the definitions that a state is transient, null re
current and positive recurrent, respectively. In which case(s) that the chain has a 
stationary distribution? Is the stationary distribution unique when exists? 

(b) Use the results in Question 4 to show that an irreducible Markov chain is recurrent if 
and only if every nonnegative super-harmonic function is constant. 

6.	 (16%=12+4) Let B(t), t 2:: 0, be the standard one dimensional Brownian motion.Fix t > 0 
and let ~m,n = B(tm2-n ) - B(t(m - 1)2-n ). 

2n 

(a) Apply Borel-Cantelli lemma to show that 2::= ~~,n converges almost surely as n -7 00. 

m=l 
Determine the limit. 

(b)	 What conclusion can you get from (a)? 


