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1. (25 pts)
(a) Solve the equation
TUug + Uy — 3u = —2e¥,u(0,y) = €v.
(b) Let a € R. Find all a such that the equation
YUy — TUy = (y + az?)eY
has a C! solution in RZ.

2. (25 pts) Assume f € C%(R) and g € C*(R). Solve the initial value problem
for the one dimensional wave equation '

U — Ugy = 0 in R x (0, 00),
u=f,uy =g onRx{t=0}.

3. (25 pts) Let §2 be a smooth bounded domain in R™ and u(z,t) be a smooth
solution of

0.1) { w(z,t) = Au(z,t) — u(z,t) — 2 [, |z — y|*u(y,t)dy in Q x (0, 00)
; u(z,t) = g(z) on 89 x (0, c0),

where A is the Laplacian in z variables.
(a) Define

Pl /Q 51Ve@)? + su())dz + /Q /Q b ottt

Show that F'(u) is a non-increasing function of ¢.

(b) Prove that equation (0.1) has a time independent weak solution v(z)
which satisfies :

{ 0 = Av(z) —v(z) — 2 [ |z — y[*v(y) dy in Q
v(z) = g(z) on 0.

(Hint: Use F(w) as an energy functional.)

4. (25 pts) Let
1

)= amy®
f(z) € C(R), f(x+1) = f(z) and fol f(z) dz = 3. Define

oz, t) = / K(z - 4,1)f(y) dy.

(a) Show that limg ¢ (z0,0+) U(,t) = f(zo) for each zo € R.
(b): Show that lim;_,e v(0,t) = 3.

o2
K(z,t ",z eR,t>0,
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