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1.	 Solve the equations. 
(x + 1)2

(a)ux+Yuy = 2 u,u(O,y)=y; 
x + 1 

(b) uxuy = 2xu, u(l, y) = 2y. 

2. (Poincare type inequality) Let u be a C 1 function defined on R 
(a) Assume u(O) = u(l) = O. Prove that there exists a constant C which is 
independent of u such that 

1	 11 lu(x)1 2 dx ::; C 1 lux(xW dx. 

(b) Assume J~oo eXlu(xW dx < 00. Prove that there exists a constant C which 
is independent of u such that .1: eX/u(xW dx ::; C 1: eXlux(xW dx. 

What is the best constant C? 

3. Let u be a smooth function in JR3. 
(a) Solve the problem 

uxx = U yy = U zz ,
 

u(x, 0, 0) = x2+ x, uy(x, 0, 0) = 0, uz(x, 0, 0) = 0, uyz(x, 0, 0) = 1.
 

Is the solution unique? 
(b) Is it true that if u(x, y, z) satisfies Uxx = Uyy = Uzz, then it has the form 

u = F(x + Y + z) + G(x + y - z) + P(x - y + z) + Q(x - y - z). 

for some functions F(t), G(t), P(t) and Q(t)? 

4. Suppose u(x, t) is a smooth solution of 

Ut-~u+c(x)u = OinUx(O,oo) 

u = 0 on au x [0,(0), 

u(x,O) = g(x), 

where U is a bounded open set in JRN with smooth boundary au. 
(a) Show that Ju1JV'u12 - c(x)u2) dx is nonincresing in t. 
(b) Show that u 2: 0 if 9 2: O. 
(c) Show that u(x, t) is nondecresing in t if ~g - c(x)g 2: O. (Hint: Consider 
v = u(x, t + a) - u(x, t). Prove that v 2: 0 for each a > 0.) 

5. Let u be a harmonic function in JR2. Prove that 

1	 C1u(O) = 2 R u(x) dB and lV'u(O)I::; R max lu(x)/ 
7r Ixl=R	 Ixl=R 

for some constant C independent of u. 


