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1. (20 points) Suppose u(t) € C*(R™) satisfies

d? Ndu N

i +
Ez-u—i-?d—t—t—zuzo, in R7,
lim ﬁzo
t—o0 ’

U(t) > 0, Yt > 0, “ ’
where N is a positive integer. Show that, for 0 < T <t < oo, u satisfles
t_
uft) < (T) No(T).
Hint: Find the fundamental solutions for the equation

d? Ndu N

=0 inRt
Wu+75—t—2u—0, in RT,

and apply the maximum principle. Make sure you use the decay condition of
u(z) when you make the argument.

2. (20 points) Integrate by parts to prove:

/ \DulPds < C( / lufPdz) ( / | D2ylP) 4
U U U
for 2 < p < oo and all u € W2P(U) N Wy'P(U).

3. (20 points) Solve the equation

{uzl + Ug, =2 for 5 >0,

u(z1,0) = —e®i,

4. (20 points) Suppose u is a smooth solution of

0 in U x (0, 00),
0 on 0U x {0, 00),
9(x),

where U is a bounded open set in RY with smooth boundary 6U.

ue(x,t) — Au(z, t) + c(z)u(z, t)

u(z,0)

a) If g(x) is bounded and there exists-a number 7 such that ¢(z) > v > 0 for
all € U, prove
lu(z, t)| < Ce™ ™,

for some constant C.

b) If g > 0 and ¢(z) is bounded, show that u > 0.



5. (20 points) Let u solve

U —Au=0 inR®x (0, 00),
u=g, uy=h on]Rgx{tzO},
where g, h are smooth functions with compact supports. Show that there exists

a constant C such that

lu(z, )| < C/t,
forallz € R, ¢t > 0.




