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1. (10 points) Solve

Up + Uy +u = T

with u(z,0) =0 .

2. (30 points) Assume g € CZ(R) and h € C}(R).
(1) Solve the initial value problem for the wave equation in one dimension:
Uyt — Uzz =0 in R x (0, 00),
{u=g, ug=h onRx {t=0}.

(2) For the solution of the above equation, let k(t) = 3 oo * u?(z,t)dz be the
kinetic energy and p(t) = f u2(z,t)dz be the potentlal energy. Prove
(a) k(t) +p(t) is constant in t
(b) k(t) = p(t) for all large enough times t.

3. (20 points) Let 1 < p < n. If we want to establish an estimate of the form

lul| Lany < C||D?ul| Lo wn),

for certain constants C > 0, 1 < ¢ < oo and all functions u(z) € C°(R™), what is
the algebraic equation that p, ¢ and n should satisfy? Give a quick proof to your
answer by scaling the function u. The point is that the constants C and ¢ should
not depend on u

4. (20 points) Let

1 =2
———e & T eR,t>0,
B(z,t) = { (nt)"?
0 zeR™t<O.

Assume that g € C(R™) N L®(R™) and define
wat) = [ 0@ =v.000)dy
Prove that
1) [gn ®(z,t)dz =1,

(2) lim(g,4)—(z,0+) w(T, t) = g(xo) for each point zo € R™.
5.(20 points) Solve the initial-value problem for the quasilinear parabolic equation:

2 2

wt—lwu-kl w2=0 inR x (0,00)
w(z,t) = 2 on R x {t =0}.




