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1. Let u(z,t) satisfy

u?
u£+(5) =0z>0,t>0

and the initial value condition u(z,0) =1for 0 < z < 1, u(z,0) =0 for x > 1.
(a) Find the entropy solution with the boundary data w(0,t) =1, > 0;
(b) Find the entropy solution with the boundary data u{0,¢) = 1/(1+%),t > 0.

2. Solve the equation
Uy — Uz = 3" for —xx < r< o0, ~ 0 <t <o
u{z,0) = 0,u;{z,0) = 0.

3. Find a harmonic function u{z, y) in the half-plane {y > 0} with the bound-
ary data u(z,0) = 1 for z > 0, u(z,0) = —1 for z < 0. (Hint: consider
u(z,y) = g(z/y).)

4. Let u(z,t) satisfy
U = Ugg, 0 <2< 1,2 >0
with u(0,%) = u(l,t) =0 for ¢t > 0 and u(z,0) = f(z) for 0 < z < 1. Assume
that f{x) is continuous on [0, 1] and f{0) = f(1) = 0.
(a) Use the heat kernel and f(z) to write down the solution of the equation.
(b) Show that
tErEo u(z, t) =0

(¢) Show that there is o > ( such that

1
f v dr = O(e™™) as t — 0.
0

5. Let Au=0in R".

(a) Let Du be the gradient of  and v = |Duf?. Show that v is a subharmonic
function (Av > 0).

(b) Let B, = {z: |z| < r}. Show that

f‘—(lf |Du-]2d$j20for0§m$n.
dr \r™ Jg,

{¢) Show that
d 1
S —= Duf? =2 - Du(ra)? dw.
e ('r”‘2 /Br| u dx) rfam lw - Du(rw)|® dw



