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1. Consider the first order PDE
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z

(a) (10%) Find the solution with initial data u(z,0) = z.

(b) (10%) Find the entropy solution with initial data u(z,0) = 1for 0 <z <1
and u(z,0) = 0 otherwise.

2. (20%) Consider the Laplace equation Au = 0 in a two-dimensional fan
0<r<1 0<#8 < «a where 0 < o < w/2 is the angle of the fan. Use
separation of variable to find general solution for the Dirichlet problem

u(1,68) = g(f), 0 < 8 < a,
and u(r,0) = ¢(0), u(r,e) = g(a) for 0 < r < 1. Here g is a smooth function.

3. Cosider a domain = (a,b) x (c,d) in two dimensions and an arbitrary C'
function u defined on ! with » = 0 on 9%2.

(a) (10%) Prove the Poincaré inequality: there exists a constant C' which is
independent of u such that
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(b) (10%) What is the best constant C7

4. (15%) Consider the heat equation u; = ., on half line £ > 0 and t > 0. with
the boundary condition

u2(0,1) = au(0,t), uz{oc,t) =0, fort > 0.

and initial condition u(x,0) = f(x). Here, o is a constant and f is a smooth
function with f(co) = f.(co0) = 0. Use heat kernel to construct solution.

5. (15%) Consider the telegraph equation:
Uy + Up = Ugg, 00 < T < OO,

with initial data u(z, Q) = f(z), u(z,0) = g(z).
Show that the solution is unique. (Hint; by energy method)

6. (10%) Consider the elliptic equation
Au+c(z)u =0, z € Q C RY compact.

Under what condition does u satisfies maximum principle on Q7 Prove your
statement.




