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1. (25%) Consider the initial value problem

O+ ulu =0, (z,t)€eRx(0,1),
u(z,0) =23 -z, forzeR.

(a.) Show that the initial value problem above has a classical solution. (b.) Evaluate d;u and
d;u at the point (1, 3). (c.) Find a characteristic such that |9,u| tends to infinity along it as ¢
tends to 1 from below.

2. (25% ) (a.) Let U be an open set in R and V be a connected compact subset of U. Show
that there exists a constant C' > 0 such that

Suly) < u(@) < Cu(y), Yo,y €V

for all nonnegative harmonic function u in U. (b.) Show that there exists a constant C' > 0
such that

Zuly) < u(s) < Culy),Va,y € B

for all nonnegative harmonic function w in R3, (c.) Show that if u is a nonnegative harmonic
function in R? then u is a constant function.
3. (25%) Let Q be an open convex bounded smooth domain in R3. (a.) Prove that there exists
a conmstant C' > 0 such that

lullz2) < CllDull 2@

for all u € H}(Q). (b.) Prove that for each f € L%((2), there exists a unique weak solution
u € H3(Q) of the boundary-value problem

—Au=f inQ
u=20 on ON.

4. (25%) Let u solve the following initial value problem

U — Uge =0 in R X (0, 00)
u=g,us=h, onRXt=0,

where g and h are smooth functions with compact supports. Prove (a.)

/ e (@, )2 + e, £) Pz = / g (2, 0)2 + |us(z, 0)|2d
R R

for all ¢ > 0,
(b,
/ |ug (,t)|2dx = / |us(z,t)|*d
R R

for large enough ¢.



