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1.(a)(10%) Let B = {z = (21,29, ,2,) € R¥|zi + 23 + - + 22 < 1} and Sy =
{(0,0,---,0,£1)}. Argue the solvability of the boundary value problem:
Hfu=0 in B,
u=0 VY2 E@B\ 8, u=1 at & =48,
(b)(15%) Let u(z) be a complex-valued harmonic function in an open domain (2. Assume
zo € Q such that supg |u| = [u(zo)|. Show that u is a constant.
(c)(15%) Now let 2 = R"\ B and u € C?(Q) N C°(2) satisfy Au = 0 in Q. Furthermore,
assume
lim u(z) = 0.
|z| =00

Show that
s%p lu| = max |-

2. Consider the scalar hyperbolic equation

du du

— =a— I L gl >

T aam n 0<g<l, t20,
where a is a positive constant. Let u(z,0) = f(z) and assume that f(z) € C' in [0,1].
(a)(10%) Let g(t) € C', t > 0, be any given function. Please impose the boundary value
u(x,t) = g(t) on suitable boundary such that u(z,t) is solvable for all 0 <2 <1 and ¢ > 0.
(b)(20%) Find the compatibility conditions on g(t) and f(z) such that ue C'in 0 <z <1
and t > 0.

3.(10%) Let © be an open bounded domain in R” and 0 € Q. Show that f(z) = |z|™®
belongs to W*?2(Q) whenever k + a < %, where k is a nonnegative integer. :

4.(20%) Let © be a bounded domain with Lipschitz boundary in R™. Define

1/
ug = — | u{z)dz.
°= o

Let 1 < p < n. For any u € WHP(Q), derive the Sobolev-Poincaré inequality
[l — uQ”L“P/(”-P)(Q) < C||Vull o),

where C' is independent of w. (Hint: use the contradiction argument based on the compact
embedding theorem to derive the Poincaré inequality and then by the continuous embedding
Wir(Q) c L™/(=P)(Q) to conclude the result.)



