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In what follows, {2 denotes a bounded domain in R™ with smooth boundary 49.

1.(20%) Let the vector-valued function space # := {u € L*(Q;R") : [|u|z2(q)+||div vl r2() <
oo}. Show that the trace map 7' : H 3 u — u - N|sq is a continuous map from H onto
H~12(6Q), where N is the unit outer normal of 8§}

2.(20%) Assume that I" is a C* hypersurface inside Q. We write Q = QF UT U Q~, where
QT N Q™ = 0 and both are open. Let a*(z) € C°(QF) be two positive scalar functions and
ut(z) € HY(OF) satisfy V - (a*(2)Vut) = 0 in QF. Find the conditions on u* such that if

we define
Q.—
u(m) u- ( ) T € §
ut(z), =€,
then u is a H'(Q) solution of V - (aVu) = 0 in €2, where

€,
ale) = { 8 ieﬂ#

3.

(1) (20%) Let f be a positive harmonic function in R™ with n > 2. Then f = constant.
(Hint: use the mean value property)

(2) (10%) The same result in (1) holds if f is a positive harmonic function in R?\ {0}.
(3) (10%) Does (2) remain true if R?\ {0} is replaced by R™\ {0} with n > 37

4.(20%) Let u be the solution to

—Au=0 in (0,00) x ,
ou
5]—\’—_0 on (0,00) x 9,
u=1y in {0} x99,

where ug is a smooth function. Show that

lim / lu(z,t) — toql’dz =0

t—00 Q

L r
Ugq = —/ uo(z)dz, |9 =/d9:.
2] Ja o

(Hint: the following Poincare’s inequality is useful:

f|f($)—f9|2d$ < G/ |V f|2dz.
Q 9]

Set v(z,t) = u(z,t) — \_slu Jq u(z,t)dz and proceed.)
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