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1. (30%) Assume (u, v) is a C1 solution of the following system 

!
U1 + v2ux = 0 in ~ x (0, T), 

v, +u2vx = 0 in ~x(O,T), 

(u, v) = (g,h) on ~ x {t = 0}, 

where T is a positiye constant, g and h are nonzero smooth 

functions with compact support. Find the conservation law for this 

system of equations. (20 pts) Must solution (u, v) become trivial if 

g = h = o ? Find and justify your answer. ( 1 Opts) 

2. (40%) Consider the following problem: 

Minimiz~{fn1Vul2 : u E H~ (n), fn u2 = 1}, (1) 

where n is a bounded smooth domain in 1R n' n ~ 2 . 

(i) Find the Euler-Lagrange equation of(1) 
(ii) Can the Lagrange multiplier of ( 1) become zero? Justify 

your answer. 
(iii) Prove that the minimizer of ( 1) exists 
(iv) Use the minimizer of(1) to find a nontrivial solution of 

uu = ~u for x e n,t > o with u = o at t = o. 

3. (30%) Let 

(i) 

(ii) 

(iii) 

Ea =Minimize{JR, !Vu!' +u!x!' u' +~u4 : u e H' {lR' ), JR, u' =I} 

for o- > 0. 

Prove that the minimizer of Ecr exists for o- > 0 . 

Find the limit lim E(j and justify your answer. 
cr-+0+ 

Let ucr be the minimizer of Ecr. Suppose that vcr = vcr(x,t) 



\

V
1 
=~v forxE1R 2 ,t>O, 

is a solution of v = uu at t = 0 

v(-,t) E H 1 (1R2
) 

for a > 0 . Is there 

any t > 0 such that v u ( ·, t) is also a minimizer of Eu? 

Justify your answer. 


