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1. (30%) Assume (»,v) isa C' solution of the following system

u +vu, =0 in Rx(0,7),
v, +u’v, =0 in Rx(0,7),
(u,v)=(g,h) on Rx{t=0},

where T is a positive constant, g and & are nonzero smooth

functions with compact support. Find the conservation law for this

system of equations. (20 pts) Must solution (z,v) become trivial if

g =h=07?Find and justify your answer. (10pts)

2. (40%) Consider the following problem:
Minimizé{J.Qqul2 ueH, (Q)’L,”z =l}, (1)

where Q is a bounded smooth domain inR",n>2.

(i)  Find the Euler-Lagrange equation of (1)

(ii) Can the Lagrange multiplier of (1) become zero? Justify
your answer.

(iii) Prove that the minimizer of (1) exists

(iv) Use the minimizer of (1) to find a nontrivial solution of

U,=AU for xeQ,t>0 with U=0 at ¢r=0.
3. (30%) Let
Ea=Minimize{J' Vo[ +o|xf v it e (Rz),I u =1}
R 2 R
for >0.

(i)  Prove that the minimizer of E, exists for o>0.

(i) Find the limit lim E, and justify your answer.

g0+

(iii) Let u, be the minimizer of E_ . Suppose that v_=v_(x,?)



v,=Av forxeR>r>0,
is a solution of {v=u, at t=0 for o >0.Is there

v(.t)e H'(R?)
any t>0 suchthat v_(.¢) is also a minimizer of E,?

Justify your answer.



