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1
uz-f-uy:a, zeR,y>0,

1
u(z,0) = ‘m, z € R.

(b) Find the weak solution u(z,t) of the equation

{ u+(u), =0z eR,t>0,
U(.’L‘,O) = Q(CE), reR

which satisfies the entropy condition, where

1 ifz <0,
gz)=< 2 if0<z <1,
0 ifz>1.

(Assume the correponding conservation law of the equation is
b

d
0= = u(z,t) dz + u*(b,t) — u?(a, t)

for any a,b € R.)

2. (25 pts)
(a) Prove the Poincare inequality on [0, 1]: Assume that u is a C* function

with 4(0) = u(1) = 0. Then there exists a constant C' independent of
such that

[ s <o [ v
(b) Let u satisfy

us(z,t) = uzz(z,t), z€10,1],¢ >0,
u(0,t) = u(1,t) =0, t >0,
u(z,0) =z(1 —2), z €[0,1].

Show that (1) fol u%(z,t) dz tends to 0 exponetially as t — oo; (2) u(x,t)
tends to 0 as t — oo for each z € [0,1].

3. (25 pts) Let u be a C? solution of Au = 0 in a domain  C R2.

(a) Prove that maxg u < maxgg u if Q is bounded.

(b) Let Q@ = {(z,y) | z®> +y? > 1}. Show that the solution u is unique if u(z, y)
=0on |[(z,y)| = 1 and lim( y)|—00 u(z,y) = 5.

(¢) Let Q = {(z,y) | —00o <z < 00,0 <y < 1}. Show that the solution u is
a constant if a%u(a:,y) =0 fory=0or 1, and u{z,y) > 0 in Q.

4. (25 pts) Solve the equation

uge (T, 1) — Suge(z,t) + 2uge(z,t) = 0 in R2
u(z,0) =z,u(z,0) =1—z forz € R.




