
1. (25 pts) 
(a) Solve 

u ' ' 1 { 

Ux + Uy = ~' X E JR y > 0 

u(x ,O) =- x E JR 
1 +x2 ' · 

(b) Find the weak solution u(x, t) of the equation 

{ 
Ut + ( U2)x = 0 X E JR, t > 0, 
u(x, 0) = g(x), x E .IR 

which satisfies the entropy condition, where 

{ 

1 if X~ 0, 
9 (X) = 2 if 0 < X ~ 1, 

0 if X> 1. 

(Assume the correponding conservation law of the equation is 

0 = ! lb u(x , t) dx + u2 (b, t)- u2(a , t) 

for any a, b E JR.) 

2. (25 pts) 
(a) Prove the Poincare inequality on [0, 1]: Assume that u is a C1 function 

with u(O) = u(1) = 0. Then there exists a constant C independent of u 
such that 

(b) Let u satisfy 

{ 

Ut(X , t) = Uxx (X, t) , X E [0 , 1], t > 0, 
u(O, t) = u(1, t) = 0, t > 0, 
u(x, 0) = x(1- x) , x E [0, 1]. 

Show that (1) J0
1 u2 (x , t) dx tends to 0 exponetially as t-+ oo; (2) u(x , t) 

tends to 0 as t-+ oo for each x E [0, 1]. 

3. (25 pts) Let u be a C2 solution of .6.u = 0 in a domain S1 c .IR2
. 

(a) Prove that maxr1 u ~ maxan u if S1 is bounded. 
(b) Let n = { (x, y) I x2 + y2 > 1 }. Show that the solution u is unique if u(x, y) 

= 0 on l(x, y)l = 1 and liml(x,y)l-+oo u(x , y) = 5. 
(c) Let n = {(x , y) I - 00 < X< oo, 0 < y < 1}. Show that the solution u is 

a constant if %Yu(x, y) = 0 for y = 0 or 1, and u(x , y) > 0 in D. 

4. (25 pts) Solve the equation 

{ 
uu(x , t) - 3Uxt(X , t) + 2Uxx (x, t) = 0 in .IR2

, 

u(x , O) = x ,ut(x ,O) = 1- X for X E JR. 
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