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Choose 4 from the following 5 problems
1. (25 pts) Consider the following conservation law
u(z,0) = g(z) forz € R.

(a) Define weak solutions for the equation.
(b) Derive the Rankine-Hugoniot condition for u along a discontinuity curve.

{ u(z, t) + [F(u(z,t)], =0 in R x (0, 00),

2. (25 pts) Let  be an open set in R*. Assume v € C%({) is subharmonic,
that is, Av > 0 in Q.
(a) Show that

1
v(z) < Bl /B(w)v(y) dy for all B(z,r) C Q,

where |B(z,7)| denotes the volume of B(z,7).
(b) Prove that maxg v = maxao v.
(c) Prove that |Vu|? is subharmonic if u is harmonic.

3. (25 pts) Assume for (z,t) € R x (0,00)

2tuy(z,t) + zuz(z,t) =0,
u(z, t) = Ugs(, t).

Solve u.

4. (25 pts) Solve
Qg (z, 1) — uge(T, 1) — Uzz(z,t) =0 in R X (0, 00),
u(z,0) = 47% + z,uy(z,0) =1 — 4z forz € R.
5. (25 pts) Let A =[0,a] x[0,b} C R2? and u be a C! function on A with u =0

on OA.
(a) Prove the Poincare inequality: there exists a constan

u such that .
/ lu(z)|? dz < C'/ |Vu(z)|? dz.
A A

(b) What is the best constant C?

t C independent of





