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1. (20 points) Consider the initial value problem for an ordinary differential equation of the form:

d_‘zﬂ = fu(®),),  u(0)=uo,

where t € [0,T] is the time variable, T > 0, u € R™ is a real-valued vector function, and
the function f € R™ is assumed to be continuous with respect to ¢ and uniformly Lipschitz
continuous with respect to w for ¢t € [0,7), yielding the existence and uniqueness of the
solution for this problem.

Denote U™ and F™ to be the numerical approximation of 4 and f at time ¢, = nk, re-
spectively, where k is the time step. Which of the following linear multistep methods are
convergent when each of them are used to approximate this problem numerically ? For the
ones that are not, are they inconsistent, or not zero-stable, or both?

(8) U2 = LU 4 QU™ + 2kF™H,

(b) U+ = —4U™ 45U 4 k (4F™ + 2F™~1),

(c) Untd = Um + &k (F™3 4 Fri2 4 pril),

(@) U™ = —Un+2 L U™ 4 U 4 2k (F™2 4 FRH1).

2. (25 points) Consider the following finite-difference method for solving the heat equation dyu(z,t) =
Ozzu(z,t) on a unit domain z € [0, 1],
2k -
- +1 +1 +1
Uit =07+ h—z(U;"~1 = 2UPT UL R
with the initial and periodic boundary conditions u(z,0) = uo(z) and u(0,t) = u(1,1),
respectively. Here U denotes the approximate solution of u at a spatial point z; = jh and

at a time t, = nk, where h and k are the mesh sizes in the spatial and temporal domains,
respectively.

(a) Determine the order of accuracy of this method (in both space and time).

(b) Suppose we take k = ah? for some fixed & > 0 and refine the grid. For what values of
a (if any) will this method be Lax-Richtmyer stable and hence convergent?

(c) Is this & useful method ?

3. (30 points) Consider the Poisson problem V2u = f on a unit square domain D € [0,1] x [0, 1]
with the Dirichlet boundary condition u|sp = g. Devise a higher-order method for this
problem (that is, the order of accuracy of the proposed method is higher than 2); algorithmic
details are required.




4. (25 points) The Camassa-Holm equation,
Ou + 20U — Opztu + 3udzU — 20 UBz2U — UDggeu = 0,

results from an asymptotic expansion of the Euler equations governing the motion of an
inviscid fluid whose free surface can exhibit gravity-driven wave motion, where x € R is a
constant. Suppose that we are interested in an initial value problem with u(z,0) = g as the
initial condition for z € [0,1], and the periodic boundary conditions on both sides.

To find approximate solution of this problem numerically, one approach is to first rewrite the
above Camassa-Holm equation into the form

¢!
Oyu + B, <§u2) +8;p=0
with i
D — Ozzp = KU+ u? + 3 (azu)z .

Note that if 9;p = 0, we have the inviscid Burgers equation, while if u is known a priori
we have the Helmholtz equation for p. Now based on the above couple systems, devise a
“convergent” numerical method for this problem.





