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for the advection equation u, + e, = G on 0 < & < 1 with periodic boundary conditions. Here
U} denotes the numerical approximation of the exact solution u{xr;, 4,) al the point 2, and time
iy, and R, k are the spatial and temporal step sizes, respectively.

{(a) This method can be viewed as the trapezoidal method applied to an ODE system U'(1) =
AU(t) arising from a method of lines discretization of the advection equation. What is the
matrix A7

(b} Suppose we wanl to fix the Conrant number v = ek/h as k, h — 0. For what range of
Courand. munbers will the method be stable if @ > 07 If @ < 0?7 Justify your answers in
terms of eigenvalues of the matrix A from part (a) and the stability regions of the trapezoidal
method.

(c} Apply von Neumann stability analysis to the method (1), What is the amplification factor ?
{(d) For whai range of v will the OFL condition be satisfied Tor this method {with periodic
boundary conditions)?
(¢} Derive the madified equation for the method (1) and shaw that it is second order accurate.
)

Suppose we use the same method (1) for the initial-boundary value problem with w(0,1) =
golt) specified. Since the method has a one-sided stencil, no numerical boundary condition
is needed at the right boundary. For what range of ¢ will the CI'L condition be satisfied in
this case? What are the eigenvalues of the A mutrix for this case and when will the method
be stable?

2. (60 points) Censider the Poisson equation in polar coordinates of the form

fr®, <r<l, 0<f<27,
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w(cosf,sind) = g(#), 0£8 < 2x,
where f and g ave some apecified real-value functions,

(a) To solve this problem numerically, devise & numerical algorithim based on a five-poinl finite
difference scheme with the appropriate boundary conditions. Give comments on the amount
of flops that will be required, when the method is carrying ont in a computer.

{h) Devise a Fourier based fast Poissou solver Lo solve this problem. How fast is this method as
in comparison with the traditional method in {a) 7



