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1. [10°/o+5°/o]

(a) Suppose that (M, g) is a 3-dimensional Riemannian manifold which is Ricci flat. Does it have
to be flat? If your answer is yes, give a proof. If your answer is no, give a counter-example.

(b) What if M is 4-dimensional Ricei flat manifold? Explain the reason breifly.

2. [20%+10%] Let ¢ be a non-negative constant. Consider the following metric on R™:
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(a) Calculate the sectional curvatures of (R", g¢).

(b) For which values of cis (R", g;) complete? Justify your answer.

3. [10%+10%] Let F : (M, §) — (M, g) be a Riemannian submersion. Namely, F is a submersion, and
dF : ker(dF)* c T,M — Tr(pyM is an isometry for every p € M.

(a) Show that F shortens distances.

(b) Prove that if (M, ) is a complete metric space, so is (M, g).

4. [10%+10%] Let (M, g) be a Riemannian manifold, and let f be a smooth function on M. Suppose
that U, V € T, M; the Hessian of f in (U, V) is defined by

(Hess" f)(U, V) = U(V(f)) — (VuV)(f)

where V is any smooth extension of V. One can check that it does not depend on the extension of
V, and is symmetric in U, V. The Laplacian of f is defined to be the trace of the Hessian, AME s
try Hess™ f.

(a) Consider the unit sphere in the Euclidean space, " C R"**!, with the induced metric. Consider
the restriction of the standard coordinate function, x/ for =1, .. .n+1 Calciikite HessS" %/.

(b) Suppose that £ C S" is a minimal submanifold. Find AZx.

5. [5%+10%] Let M be a smooth 4-dimensional manifold. A symplectic form is a 2-form w on M such
that dw = 0, and w A w is a nowhere vanishing 4-form.

(a) Construct a symplectic form on R*.

(b) Show that there are no symplectic forms on the 4-sphere, St



