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1. Recall that a vector field J along a geodesic =y is called a Jacobi field if

D+ RO (0, I () = 0

(a) (15 points) If J is a Jacobi vector field along a geodesic v , show that

for all ¢.

(b) (5 points) Prove that if J(ty) = 0 for some to, then J'(0) must be orthogonal to
7'(0).

2. Consider the metric g = A%(r)dr ® dr +r?df ® df + r?sin? 0d¢p ® dp on M = I x S? |
where 7 is a local coordinate on I C R and (6, ¢) are spherical local coordinates on S

(a) (10 points) Compute the Ricci curvature and the scalar curvature of this metric.
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(b) (5 points) What happens when A(r) = = A1
(c) (5 points) What happens when A(r) = =7
(d) (5 points) For which functions A(r) is the scalar curvature constant?

3. (15 points) Let f : M — R be a proper, distance-nonincreasing function on a Rieman-
nian manifold (M, g), so |f(z) — f(y)| < disty(z,y). Here dp is the distance function
induced by the Riemannian metric g. Prove that (M, g) is complete. (Recall that
"proper” means that the preimage of a compact set is compact.)

4. Let M be a n-dimensional Riemannian manifold with the Levi-Civita connection V.
Given a smooth function f € C®(M), we can define the Hessian of f (denoted by
Hess(f) ) as follows:

Hess(f)(X,Y) = XY (f)) — (VxY)(f)



where X and Y are smooth vector fields.

(a) (5 points) Prove that Hess(f)(X,Y) = Hess(f)(Y, X).

(b) (5 points) Prove that Hess(f)(hX,Y) = Hess(f)(X,hY) = hHess(f)(X,Y) for
any smooth function h.

(c) (10 points) One can define the Laplacian of f as the trace of the Hessian, i.e.

n . 8 a n 3 82 n a
a1 = 3 o Hess g ) = 2 (g ~ 2oVt )
=t ij=1 it

Prove that Af = \/_ D=1 2 (/199" 8—},) where |g| = det(gij). (Hint: You may use
the fact that the Christoffel symbols are F =23 gk‘( 5

that ﬁ;\/ lg| = 2\/ lg] Ep,q:lgpq#')

- —&i-) First show

. (20 points) Let M be a Riemann surface (i.e. a 2-dimensional Riemannian manifold)
with metric g. Define a new metric g = e/g for some smooth function f. If Rz and R,
are the scalar curvatures of the two metrics g and g respectively, show that

Ry=ef(A,f +Ry)

where A, denotes the Laplacian (on functions) in the g-metric.



