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1.	 R.ecall that a vector field J along a geodesicγis called a Jacobi field if 

D 2 J
__，~; + R(r'(t) ,J(t)h'(t) = 0
dt2 

(a) (15 points) If J is a Jacobi vector field along a geodesic γ ， show that 

g(J(t)， 于 (t)) = tg(J(O) ,,'(0)) 

for	 all t 

(b) (5 points) Prove that if J(如) = 0 for some to , then J'(O) must be orthogonal to 
γ(0) 

2.	 Consider the metric 9 = A2(r)dr ® dr + r2dB ® dB + r2 sin2 Bd¢ ® d¢ on M = J X S2 , 
where r is a local coordinate on J c Rand (B ,¢) are spherical local coordinates on S2 

(a) (10 points) Compute the Ricci curvature and the scalar curvature of this metric 

(b) (5 points) What happens when A(r) = 諾言? 

(c)	 (5 points) What happens when A(r) = 謊言? 

(d) (5 points) For which functions A(r) is the scalar curvature constant? 

3.	 (15 points) Let f : M •• R be a proper , distance-nonincreasi時 function on a Rieman
nian manifold (M ,g) , so If(x) - f(y)1 三 d叫M(X ， y). Here dM is the distance function 
induced by the Riemannian metric g. Prove that (M ,g) is complete. (Recall that 
"proper" means that the preimage of a compact set is compact.) 

4.	 Let M be a n-dimensional Riemannian manifold with the Levi-Civita connection Y'. 
Given a smooth function f εC∞ (M) ， we can define the Hessian of f (denoted by 
I-!ess(J) ) as follows 

H ess (J )(X,Y) = X(Y (J)) 一 (\J x Y) (J) 



where X and Yare smooth vector fields. 
(a) (5 points) Prove that Hess (J )(X,Y) = Hess (J )(Y,X) 
(b) (5 points) Prove that Hess(J )(hX,Y) = Hess(J )(X,hY) = hHess(J )(X,Y) for 
any smooth function h. 
(c) (10 points) One can define the Laplacian of 1 as the trace of the Hessian, i.e

叫=主 gZJHess(f)(￡￡)=主 gij (或7-h話) 
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5 ,	 (20 points) Let M be a Riemann surface (i.e. a 2-dimensional Riemannian manifold) 
with metric g, Define a new metric 互 = ef 9 for some smooth function 1. If Rg and Rg 

are the scalar curvatures of the two metrics 互 and 9 respectively, show that 

Rg = e- f (6g1 + Rg ) 

where 6 g denotes the Laplacian (on functions) in the g-metric 
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