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1. (20%) Suppose Gy, is the graph with vertex set V(G,) = {vo, v1,v2,...,vn} and
edge set F(G,) = {vov; : 1 < i< n}U{vwiy1:1 <1t < n—1} Determine the

number 7(G,,) of spanning trees of G,.

2. (20%) Suppose M is an n X n matrix of non-negative real numbers in which
each row or each column sums up to 1. Prove that there is a positive integer
r, v positive reals ¢, ¢y, ..., ¢y, and 7 permutation matrices P;, P,, ..., P, such

that M = SI_, ;P

3. (20%) (a) Prove that x(G) < A(G) + 1 for any graph G.

(b) Prove that x(G) < A(G) for any connected graph G that is neither a

complete graph nor an odd cycle.

4. (20%) Consider the Ramsey number R(m,n) which is the minimum number k

such that for every 2-edge coloring of K there is always a monochromatic copy
of K,, or IV,,.

(a) Prove that R(m,n) < R(m — 1,n)+ R(m,n — 1) + 1. Use this to derive an

uf)per bound for R(m,n) in terms of m and n.

(b) Derive a lower bound for R(n,n).

5. (20%) The thickness of a graph G, denoted by #(G), is the minimum k such
that the edges of G can be decomposed into k planar graphs.

(a) Determine (K4 4).

)
(b) Determine ¢(Kss).
c) Prove that ¢t(K,) > [(n + 2)/6].
)

(
(d) Prove that if n # 9,10, then t(K,) = [(n + 2)/6].
() What are the values of ¢(Ky) and ¢(K)? Why?




