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(1) {25%) Let V be an n-dimensional vector space over a field F, with n > 2.
(a) Suppose F' is a finite field of order g. Find proper subspaces Vi, ..., Vyy1 of
V such that U V; = V.

(b) Show that if F'is an infinite field, then V' can not be a union of finitely many
proper subspaces. -

(2) (25‘7) Let D be a nonzero integer and denote Rp := Z[vD].

(a) Show that if D =1 (mod 4), then Rp is not a U.F.D.
(b) Find an integer D = 3 (mod 4) such that Rp is a U.F.D, also find an integer
D =3 (mod 4) such that Rp is not a U.F.D. Prove you assertions.

(3) (25%) Let F be a field and K/F a finite extension.
{a) Show that X = F(0), for some € ¢ K, if and only if there are only finitely
many distinct fields E satigfying I C E C K.
(b) Let K be the splitting field of & separable irreducible polynomul flz) € Fla]
and denote G := Gal(K/F). If for each g € G, there is an o € K, f(a) = 0,
such that %« = «, then K = F.

{4) {(25%) Let A be a Noetherian integral domain. For an- A-module M, denote
M '={m e M | a-m =0, for some nonzero a € A}. M is said to be torsion
free if Mo, = {0}.

(a) Show that A is a P.ID. if and only if every torsion free finitely generated

- A-module is a free module.

(b} If Ais a P.I1.D. then the exact sequence

0 —— M;or _— MH M/Mtur —(
aplits.



