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Problem 1 (20%). Let G be a group. For a map¢: G--+ Q and 9 E G, define the new 
map ¢9 : G --+ Q by 

¢9(h) = ¢(9h)- ¢(h). 

Show that ( ¢91 )92 = 0 for all 91, 92 E G if and only if there is a group homomorphism 
'1/J : G --+ Q such that ¢- '1/J is a constan~ (i.e., ¢(h1) - 'lj;(h1) = ¢(h2) - 'lj;(h2) for all 
h1, h2 E G). 

Problem 2 (20%). Let lFq be a finite field of q elements. Let G = GL2(lFq) be the group 
of invertible 2 x 2 matrices with entries in lFq. Compute the number of conjugacy classes 
of G and find an element in each conjugacy class. 

Problem 3. Let K c C be a quadratic field extension of Q. 

(1) (10%) Show that there exists D E Q such that K = {a+ b.JD I a, b E Q} as a subset 
of C. 

(2) (10%) Let A = {x E K I x2 +ax+ b = 0 for some a, bE Z}. Show that A is a free 
Z-module and find a basis. 

Problem 4. 

(1) (10%) Let p be a prime number and G a subgroup of the symmetric group Sp. 
Suppose G is transitive and contains a transposition. Show that G = Sp. 

(2) (10%) Show that the polynomial x 5 - 4x + 2 is irreducible and determine its Galois 
group over Q. 

Problem 5 (20%). Let A be a principal ideal domain. Let M be a free module of finite 
rank over A and N C M a submodule. Show that N is free and rank N :::; rank M. 
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