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Problem 1 (15 pts). Prove that a finite group of order 224 is NOT simple.

Problem 2 (15 pts). Let Q[z] denote the space of polynomials with rational coefficients. Let
f(z) = z% + 23 — pz? + p, where p is a prime number. Find all idempotents in the quotient
ring Q[z]/(f(x)). In other words, determine all v (mod f(z)) € Ql[z]/(f(z)) such that u? =1
(mod f(z)).

Problem 3 (20 pts). Let Z denote the set of integers.

(1) Show that Z[v/~2| is a principal ideal domain.
(2) Find all integers (a,b) € Z? with b% = a® — 2.

Problem 4 (20 pts). Let n be a positive integer and let M, (C) be the set of n by n matrices
with entries in C. Denote by tr : M,(C) — C the trace function. Let A, B € M, (C).

(1) If tr(A*) =0 for k=0,1,2,...,n, prove that A" = 0.
(2) Use (1) to show that if A(AB — BA) = (AB — BA)A, then (AB — BA)™ = 0.

Problem 5 (15 pts). Let K be the splitting field of the polynomial z° — 6z + 3 over Q. Show
that Gal(K/Q) ~ Ss.

Problem 6 (15 pts). Let E be a field and let o be an automorphism of E. Suppose that
o' =1 and

o(a)+c*(a) = a+o?(a) forall o € E.
Prove that % = 1.




